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Abstract

This article formalises a proof of the maximum-flow minimal-cut
theorem for networks with countably many edges. A network is a
directed graph with non-negative real-valued edge labels and two ded-
icated vertices, the source and the sink. A flow in a network assigns
non-negative real numbers to the edges such that for all vertices except
for the source and the sink, the sum of values on incoming edges equals
the sum of values on outgoing edges. A cut is a subset of the vertices
which contains the source, but not the sink. Our theorem states that
in every network, there is a flow and a cut such that the flow saturates
all the edges going out of the cut and is zero on all the incoming edges.
The proof is based on the paper “The Max-Flow Min-Cut theorem for
countable networks” by Aharoni et al. [2].

Additionally, we prove a characterisation of the lifting operation for
relations on discrete probability distributions, which leads to a concise
proof of its distributivity over relation composition.
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1 Preliminaries

theory MFMC-Misc imports
HOL— Probability. Probability
HOL— Library. Transitive-Closure-Table
HOL- Library. Complete-Partial-Order2
HOL- Library. Bourbaki- Witt- Fizpoint
begin

hide-const (open)
hide-const (open) path
hide-const (open)
hide-const (open) orthogonal

lemmas disjE [consumes 1, case-names left right, cases pred] = disjE

lemma inj-on-Pair2 [simpl: inj-on (Pair z) A
by (simp add: inj-on-def)

lemma inj-on-Pairl [simp]: inj-on (Az. (z, y)) A
by (simp add: inj-on-def)

lemma inj-map-prod”: [ inj f; inj g | = inj-on (map-prod f g) X
by (rule subset-inj-on|OF prod.inj-map subset-UNIV])

lemma not-range-Inr: © ¢ range Inr <— z € range Inl
by (cases ) auto

lemma not-range-Inl: z ¢ range Inl <— = € range Inr
by (cases ) auto

lemma Chains-into-chain: M € Chains {(z, y). R x y} = Complete-Partial-Order.chain
R M
by(simp add: Chains-def chain-def)

lemma chain-dual: Complete-Partial-Order.chain (>) = Complete-Partial-Order.chain

(<)
by (auto simp add: fun-eq-iff chain-def)

lemma Cauchy-real-Suc-diff:
fixes X :: nat = real and z :: real
assumes bounded: An. |f (Sucn) — fn] < (c/z " n)
and z: I <=z
shows Cauchy f
proof(cases ¢ > 0)
case c: True
show ?thesis
proof (rule metric-Cauchyl)
fix € :: real



assume 0 < ¢

from bounded[of 0] z have c-nonneg: 0 < ¢ by simp
from z have 0 < In z by simp
from reals-Archimedean3|OF this| obtain M :: nat
where In (¢ x z) — In (e % (x — 1)) < real M * In = by blast
hence exp (In (¢ x z) — In (e x (x — 1))) < exp (real M * In z) by(rule
exp-less-mono)
hence M: ¢« (1 /z) "M /(1 —1/z)<eusing 0 <e»zc
by (simp add: exp-diff exp-of-nat-mult field-simps del: In-mult)

{ fix nm :: nat
assume n > Mm > M
then have [fm — fn|<ec¢x((1 /J2z) "M —(1/2z) “mazmmn)/ (1 — 1
/ @)
proof (induction n m rule: linorder-wlog)
case sym thus ?case by(simp add: abs-minus-commute maz.commute
min.commute)
next
case (le m n)
then show ?case
proof (induction k=n — m arbitrary: n m)
case 0 thus ?case using = c-nonneg by (simp add: field-simps mult-left-mono)

next
case (Suc k m n)
from «Suc k = -» obtain m’ where m: m = Suc m’ by(cases m) simp-all
with «Suc k = - Suc.prems have k=m' —nn<m' M <nM < m'
by simp-all

hence |fm' — fn| <c¢x (I /2) "M — (1 /z) " (mazm'n)) /(1 —
1 / z) by(rule Suc)

alsohave ... =cx ((1 Jz) "M —(1/z) "m')/ (1 -1/ z) using
«n < m’s by(simp add: mazx-def)
moreover

from bounded have |fm — fm'| < (¢ / z = m’) by(simp add: m)
ultimately have |[fm’ — fn|+ |[fm —fm/|<ecx (1 /z) M- (1/
z) "m’) /(1 —1/x)+ ... by simp
alsohave ... <c¢x ((1 /) " M —-(1/xz) "m)/ (1 —1/ x) using
m x by(simp add: field-simps)
also have |[fm — fn| < |fm'— fn| + |fm — fm/
using abs-triangle-ineqs[of f m' — fn fm — fm'] by simp
ultimately show ?case using <n < m» by(simp add: maz-def)
qged
qed
alsohave ... < c¢x (1 /z) "M /(1 — 1/ z) using z ¢ by(auto simp add:
field-simps)
also have ... < ¢ using M .
finally have [fm — fn| <e.}
thus IM. Vm>M. Vn>M. dist (f m) (f n) < € unfolding dist-real-def by
blast



qed
next

case Fulse

with bounded[of 0] have [simp]: ¢ = 0 by simp

have eq: fm = f 0 for m

proof (induction m)

case (Suc m) from bounded[of m] Suc.IH show ?case by simp

qed simp

show ?thesis by (rule metric-Cauchyl)(subst (1 2) eq; simp)
qged

lemma complete-lattice-ccpo-dual:
class.ccpo Inf (>) ((>) == - = complete-lattice = -)
by (unfold-locales)(auto intro: Inf-lower Inf-greatest)

lemma card-eq-1-iff: card A = Suc 0 +— (Jz. A = {z})
using card-eq-SucD by auto

lemma nth-rotatel: n < length xs = rotatel xs ! n = zs ! (Suc n mod length xs)
apply(cases xs; clarsimp simp add: nth-append not-less)

apply (subgoal-tac n = length list; simp)

done

lemma set-zip-rightl: [ = € set ys; length zs > length ys | = 2. (2, z) € set
(zip xs ys)

by (fastforce simp add: in-set-zip in-set-conv-nth simp del: length-greater-0-conv in-
trol: nth-zip congl[rotated])

lemma map-eq-append-conv:

map fas = ys Q zs +— (Fys’ zs’. xs = ys’ Q zs' A ys = map f ys’ A zs = map
fzs')
by(auto 4 4 intro: exI[where z=take (length ys) zs| exl[where z=drop (length
ys) xs] simp add: append-eq-conv-conj take-map drop-map dest: sym,)

lemma rotatel-append:
rotatel (zs @ ys) = (if xs = [] then rotatel ys else tl xs Q ys @ [hd zs])
by (clarsimp simp add: neg-Nil-conv)

lemma in-set-tlD: © € set (tl xs) = z € set xs
by (cases zs) simp-all

lemma countable-conversel:
assumes countable A
shows countable (converse A)
proof —
have converse A = prod.swap ‘ A by auto
then show ?thesis using assms by simp
qed



lemma countable-converse [simp]: countable (converse A) +— countable A
using countable-conversel[of A] countable-conversel|of converse A] by auto

lemma nn-integral-count-space-reindex:

inj-on f A =>([ T y. g y dcount-space (f “ A)) = ([T z. g (f z) Dcount-space A)
by(simp add: embed-measure-count-space’[symmetric] nn-integral-embed-measure’
measurable-embed-measurel)

syntax

-nn-sum :: pttrn = 'a set = 'b = 'b::comm-monoid-add («(2>. 1" -€-./ -)» [0,
51, 10] 10)

-nn-sum-UNIV :: pttrn = 'b = 'b::comm-monoid-add («(2>.7F -./ -)» [0, 10]
10)
syntax-consts

-nn-sum -nn-sum-UNIV = nn-integral
translations

St i€A. b = CONST nn-integral (CONST count-space A) (\i. b)

S i b= Yt icCONST UNIV. b

inductive-simps rtrancl-path-simps:
rtrancl-path R z [] y
rtrancl-path R x (a # bs) y

definition restrict-rel :: 'a set = (‘a x 'a) set = (‘a x 'a) set
where restrict-rel A R = {(z, y)eR. z € ANy e A}

lemma in-restrict-rel-iff: (z, y) € restrict-rel A R «— (z,y) E RNz € ANyE
A
by (simp add: restrict-rel-def)

lemma restrict-relE: [ (z, y) € restrict-rel AR; [ (z,y) E Rz € A;ye A] =
thesis | = thesis
by (simp add: restrict-rel-def)

lemma restrict-rell [introl]: [ (z, y) € Rz € A;y € A = (z, y) € restrict-rel
AR
by (simp add: restrict-rel-def)

lemma Field-restrict-rel-subset: Field (restrict-rel A R) C A N Field R
by (auto simp add: Field-def in-restrict-rel-iff)

lemma Field-restrict-rel [simp]: Refl R = Flield (restrict-rel A R) = A N Field
R

using Field-restrict-rel-subset[of A R|

by auto (auto simp add: Field-def dest: refl-onD)

lemma Partial-order-restrict-rel:
assumes Partial-order R
shows Partial-order (restrict-rel A R)



proof —
from assms have Refl R by(simp add: order-on-defs)
from Field-restrict-rel|OF this, of A] assms show ?thesis
by (simp add: order-on-defs trans-def antisym-def)
(auto intro: Fieldll FieldI2 intro!: refl-onl simp add: in-restrict-rel-iff elim:
refl-onD)
qed

lemma Chains-restrict-relD: M € Chains (restrict-rel A leq) = M € Chains leq
by (auto simp add: Chains-def in-restrict-rel-iff)

lemma bourbaki-witt-fixpoint-restrict-rel:

assumes leq: Partial-order leq

and chain-Field: AM. [ M € Chains (restrict-rel A leq); M # {} | = lub M €
A

and lub-least: AM z. | M € Chains leq; M # {}; N\z. 2 € M = (z, z) € leq |
= (lub M, 2) € legq

and lub-upper: AM z. [ M € Chains leq; z € M | = (2, lub M) € leg

and increasing: N\z. [z € A; x € Fieldleq | = (z, fz) Eleg N fz € A

shows bourbaki-witt-fizpoint lub (restrict-rel A leq) f
proof

show Partial-order (restrict-rel A leq) using leq by (rule Partial-order-restrict-rel)
next

from leq have Refl: Refl leq by(simp add: order-on-defs)

{fix Mz
assume M: M € Chains (restrict-rel A leq)
presume z: z € M
hence M # {} by auto
with M have lubA: lub M € A by(rule chain-Field)
from M have M'": M € Chains leq by(rule Chains-restrict-relD)
then have *: (z, lub M) € leq using z by(rule lub-upper)
hence lub M € Field leq by (rule FieldI2)
with lubA show lub M € Field (restrict-rel A leq) by(simp add: Field-restrict-rel|OF

Refl])
from Chains-FieldD[OF M z] have z € A by(simp add: Field-restrict-rel|OF

Refl])
with  lubA show (z, lub M ) € restrict-rel A leq by auto

fix 2
assume upper: N\z. z € M = (xz, z) € restrict-rel A leq
from upper|OF z] have z € Field (restrict-rel A leq) by(auto simp add:
Field-def)
with Field-restrict-rel-subset|of A leq] have z € A by blast
moreover from [ub-least{OF M’ «M # {} ] upper have (lub M, z) € leq
by (auto simp add: in-restrict-rel-iff)
ultimately show (lub M, z) € restrict-rel A leq using lubA by(simp add:
in-restrict-rel-iff) }
{ fix z



assume z € Field (restrict-rel A leq)
hence z € A z € Field leq by (simp-all add: Field-restrict-rel[OF Refl])
with increasing[OF this| show (z, f x) € restrict-rel A leq by auto }
show (SOME z. z € M) € M (SOME z. x € M) € M if M # {} for M :: 'a set
using that by(auto intro: somel)
qed

lemma Field-le [simp]: Field {(z :: - :: preorder, y). © < y} = UNIV
by (auto intro: Fieldll)

lemma Field-ge [simp]: Field {(z :: - :: preorder, y). y < z} = UNIV
by (auto intro: FieldIl)

lemma refl-le [simpl: refl {(x :: - :: preorder, y). z < y}
by (auto introl: refl-onl simp add: Field-def)

lemma refl-ge [simp]: refl {(z :: - :: preorder, y). y < z}
by (auto intro!: refl-onl simp add: Field-def)

lemma partial-order-le [simp]: partial-order-on UNIV {(z :: - :: order, z'). x <
z'}

by (auto simp add: order-on-defs trans-def antisym-def)

lemma partial-order-ge [simp): partial-order-on UNIV {(z :: - :: order, z'). x' <
}

by (auto simp add: order-on-defs trans-def antisym-def)

lemma incseg-chain-range: incseq f = Complete-Partial-Order.chain (<) (range

5
apply(rule chainl; clarsimp)
using linear by (auto dest: incseqD)

end

theory MFMC-Finite imports
EdmondsKarp-Mazxflow. EdmondsKarp- Termination-Abstract
HOL— Library. While- Combinator

begin

2 Existence of maximum flows and minimal cuts
in finite graphs
This theory derives the existencs of a maximal flow or a minimal cut for

finite graphs from the termination proof of the Edmonds-Karp algorithm.

context Graph begin



lemma outgoing-outside: © ¢ V = outgoing = = {}
by (auto simp add: outgoing-def V-def)

lemma incoming-outside: © ¢ V = incoming x = {}
by (auto simp add: incoming-def V-def)

end
context NFlow begin

lemma conservation: [ © # s; © # t | = sum f (incoming x) = sum f (outgoing
7)

by(cases x € V)(auto simp add: conservation-const outgoing-outside incom-
ing-outside)

lemma augmenting-path-imp-shortest:
isAugmentingPath p = I p. Graph.isShortestPath cf s p t
using Graph.obtain-shortest-path unfolding isAugmentingPath-def
by (fastforce simp: Graph.isSimplePath-def Graph.connected-def)

lemma shortest-is-augmenting:
Graph.isShortestPath cf s p t = isAugmentingPath p
unfolding isAugmentingPath-def using Graph.shortestPath-is-simple

by (fastforce)
definition augment-with-path p = augment (augmentingFlow p)
end
context Network begin

definition shortest-augmenting-path f = (SOME p. Graph.isShortestPath (residual Graph
cf)spt)

lemma shortest-augmenting-path:

assumes NFlow c st f

and Jp. NPreflow.isAugmentingPath ¢ st f p

shows Graph.isShortestPath (residualGraph c f) s (shortest-augmenting-path f)
t

using assms unfolding shortest-augmenting-path-def

by clarify(rule somel-ex, rule NFlow.augmenting-path-imp-shortest)

definition maz-flow where
maz-flow = while
(M. 3p. NPreflow.isAugmentingPath ¢ s t f p)
(M. NFlow.augment-with-path c f (shortest-augmenting-path f)) (A-. 0)

lemma maz-flow:
NFlow ¢ s t maz-flow (is ?thesisl)



= (3p. NPreflow.isAugmentingPath ¢ s t maz-flow p) (is ?thesis2)
proof —
have NFlow ¢ s t (A-. 0)
by unfold-locales(simp-all add: cap-non-negative)
moreover have NFlow ¢ s t (NFlow.augment-with-path ¢ f (shortest-augmenting-path
)
if NFlow ¢ s t f and 3 p. NPreflow.isAugmentingPath ¢ s t f p for f
proof —
interpret NFlow ¢ s t f using that(1) .
interpret F: Flow ¢ s t NFlow.augment ¢ f (NPreflow.augmentingFlow c f
(shortest-augmenting-path f))
by (intro augment-flow-presv augFlow-resFlow shortest-is-augmenting short-
est-augmenting-path|OF' that])
show ?thesis using that
by (simp add: NFlow.augment-with-path-def)(unfold-locales)
qged
ultimately have NFlow ¢ s t maz-flow A — (3 p. NPreflow.isAugmentingPath ¢
s t maz-flow p)
unfolding maz-flow-def
by (rule while-rule[where P=NFlow ¢ s t and r=measure (Af. ek-analysis-defs.ekMeasure
(residualGraph ¢ f) s t)])
(auto intro: shortest-augmenting-path NFlow.shortest-path-decr-ek-measure
stmp add: NFlow.augment-with-path-def)
thus ?thesis! ?thesis2 by simp-all
qed

end

end

3 Matrices for given marginals

This theory derives from the finite max-flow min-cut theorem the existence
of matrices with given marginals based on a proof by Georg Kellerer [4].

theory Matrixz-For-Marginals
imports MFMC-Misc HOL— Library. Diagonal-Subsequence MEFMC-Finite
begin

lemma bounded-matriz-for-marginals-finite:

fixes f g :: nat = real
and n :: nat
and R :: (nat X nat) set

assumes eg-sum: sum f {.n} = sum g {..n}
and le: AX. X C{.n} = sum f X < sum g (R “ X)
and f-nonneg: Az. 0 < fz
and g-nonneg: Ay. 0 < gy
and R: R C {..n} x {..n}

obtains & :: nat = nat = real

10



where Azy. [z <ny<n]=0<hzy
and Nz y. [0 <hzy;z<ny<n]= (z,y) €R
and Az. 2 <n = fz = sum (hz) {.n}
and A\y. y <n = gy=sum (Az. hzy) {.n}
proof(cases dxz<n. fx > 0)
case Fulse
hence f: fx = 0 if © < n for z using f-nonneglof z| that by(auto simp add:
not-less)
hence sum g {..n} = 0 using eq-sum by simp
hence g y = 0 if y < n for y using g-nonneg that by (simp add: sum-nonneg-eq-0-iff)
with f show thesis by (auto intro!: that[of A- -. 0])
next
case True
then obtain z0 where z0: 20 < n fz0 > 0 by blast

define R’ where R'= RN {z. fz > 0} x {y. gy > 0}

have [simp]: finite (R < A) for A
proof —
have R ““ A C {..n} using R by auto
thus ?thesis by(rule finite-subset) auto
qed

have R R’ C {..n} x {..n} using R by(auto simp add: R’-def)
have R": R’ ““ A C {..n} for A using R by(auto simp add: R’-def)
have [simp]: finite (R’ ** A) for A using R'[of A]

by (rule finite-subset) auto

have hop: 3y0<n. (20, y0) € R A g y0 > 0 if 20: 20 < n fz0 > 0 for z0
proof(rule ccontr)
assume — ?thesis
then have g y0 = 0 if (20, y0) € R y0 < n for y0 using g-nonneg|of y0]
that by auto
moreover from R have R ““ {z0} C {..n} by auto
ultimately have sum g (R “{z0}) = 0
using g-nonneg by (auto introl: sum-nonneg-eq-0-iff[ THEN iffD2])
moreover have {20} C {..n} using z0 by auto
from le[OF this] ©0 have R “ {z0} # {} sum g (R “{z0}) > 0 by auto
ultimately show Fulse by simp
qed
then obtain y0 where y0: y0 < n (20, y0) € R’ g y0 > 0 using 20 by(auto
simp add: R’-def)

define LARGE where LARGE = sum f {..n} + 1
have 1 < LARGF using f-nonneg by (simp add: LARGE-def sum-nonneg)
hence [simp]: LARGE # 0 0 # LARGE 0 < LARGE 0 < LARGE by simp-all

define s where s = 2 x n + 2
define t where t = 2 x n + 3

11



define ¢ where ¢ = (A(z, y).
ife=sNy<mnthenfuy
elseift <nAn<yAy<2xn+1A(z,y—n—1)€ R then LARGE
elseifn <z ANz <2xn+1ANy=ttheng (z—n— 1)
else 0)

have st [simp]: s <n—-s< Suc(2xn)s#tt#s—-t<n-t< Suc(2x
n)
by (simp-all add: s-def t-def)

have c-simps: ¢ (z, y) =
(fcr=sANy<mnthenfy
elseift<nAn<yAy<2xn+1A(z,y—n—1)€ R then LARGE
elseifn <z Ahz<2xn+1ANy=ttheng(z—n—1)
else 0)
for x y by(simp add: c-def)

have cs [simp]: ¢ (s, y) = (if y < n then fy else 0)

and ct [simp]: ¢ (z,t) = (ifn <z Ax<2%n+ Itheng(x —n — 1) else 0)
for z y by(auto simp add: c-simps)

interpret Graph c .
note [simp del] = zero-cap-simp

interpret Network c st

proof
have (s, z0) € FE using z0 by(simp add: E-def)
thus s € V by(auto simp add: V-def)

have (y0 + n + 1, t) € E using y0 by(simp add: E-def)
thus t € V by(auto simp add: V-def)

show s # t by simp

show Vu v. 0 < ¢ (u, v) by(simp add: c-simps f-nonneg g-nonneg maz-def)
show Vu. (u, s) ¢ E by(simp add: E-def c-simps)

show Y u. (t, u) ¢ E by(simp add: E-def c-simps)

show Yu v. (u, v) € E — (v, u) ¢ E by(simp add: E-def c-simps)

have isPath s [(s, z0), (0, y0 + n+ 1), (y0 + n + 1, )] ¢
using z0 y0 by(auto simp add: E-def c-simps)
hence st: connected s t by(auto simp add: connected-def simp del: isPath.simps)

show Yve V. connected s v A\ connected v t
proof (intro strip)
fix v
assume v: v € V
hence v < 2 x n + 8 by(auto simp add: V-def E-def c-simps t-def s-def split:
if-split-asm)
then consider (left) v < n | (right)y n <vv<2xn+1|(s)v=s]|(t)v
=1

12



by (fastforce simp add: s-def t-def)
then show connected s v A connected v t
proof cases
case left
have sv: (s, v) € E using v left
by (fastforce simp add: E-def V-def c-simps maz-def R'-def split: if-split-asm)
hence connected s v by(auto simp add: connected-def intro!: exl[where
z=((s, v)]])
moreover from sv left f-nonneg[of v] have fv > 0 by(simp add: E-def)
from hop[OF left this] obtain v’ where (v, v') € R v/ < n g v’ > 0 by
auto
hence isPath v [(v, v/ + n + 1), (v'+ n + 1, t)] t using left <fv > 0>
by (auto simp add: E-def c-simps R’-def)
hence connected v t by(auto simp add: connected-def simp del: isPath.simps)
ultimately show ?thesis ..
next
case right
hence vt: (v, t) € E using v by(auto simp add: V-def E-def c-simps maz-def
R'-def split: if-split-asm)
hence connected v t by(auto simp add: connected-def intro!: exI[where
z=((v, )]])
moreover
have x: g (v — n — 1) > 0 using vt g-nonneglof v — n — 1] right by(simp
add: E-def )
have Fv'<n. (v, v—n—1)e RAfv' >0
proof (rule ccontr)
assume — ?thesis
hence zero: [ v/ < n; (v, v —n — 1) € R] = fv' = 0 for v’ using
f-nonneglof v'] by auto
have sum f {.n} =sum f {z. 2 <nAz¢ R—1 “{v—n—1}}
by (rule sum.mono-neutral-cong-right)(auto dest: zero)
also have ... <sumg (R “{z. 2 <nAz¢ R —1“{v—n—1}})
by (rule le) auto
also have ... < sumg ({.n} —{v—n—1})
by (rule sum-mono2)(use R in <auto simp add: g-nonneg»)

also have ... = sum g {.n} — g (v — n — 1) using right by(subst
sum-diff) auto
also have ... < sum g {..n} using x by simp
also have ... = sum f {..n} by(simp add: eg-sum)
finally show Fulse by simp
qed

then obtain v/ where v/ < n (v, v —n — 1) € R fv' > 0 by auto
with right = have isPath s [(s, v'), (v/, v)] v by(auto simp add: E-def
c-stmps R'-def)
hence connected s v by (auto simp add: connected-def simp del: isPath.simps)
ultimately show ?thesis by blast
qed(simp-all add: st)
qed
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have reachableNodes s C V using <s € V» by(rule reachable-ss-V')
also have V C {.2 x n + 3}
by (clarsimp simp add: V-def E-def)(simp-all add: c-simps s-def t-def split:
if-split-asm)
finally show finite (reachableNodes s) by(rule finite-subset) simp
qed

interpret h: NFlow ¢ s t max-flow by(rule maz-flow)

let ?h = Az y. maz-flow (z, y + n + 1)

from maz-flow(2)[THEN h.fofu-II-III] obtain C where C: NCut ¢ st C
and eq: h.val = NCut.cap ¢ C by blast

interpret C: NCut ¢ st C using C .

have sum ¢ (outgoing s) = sum (A(-, z). fz) (Pair s ‘{..n})

by (rule sum.mono-neutral-cong-left)(auto simp add: outgoing-def E-def)
also have ... = sum f {..n} by(subst sum.reindex)(auto simp add: inj-on-def)
finally have out: sum ¢ (outgoing s) = sum f {..n} .

have no-leaving: (A\y. y + n+ 1) *(R" “(Cn{.n})) C C
proof (rule ccontr)
assume — “thesis
then obtain z y where x: (z, y) e R’z <nze Cy+n+ 1¢ C by auto
then have zy: (z,y+ n+ 1) e Ey<nc(z,y+ n+ 1) =LARGE
using R by(auto simp add: E-def c-simps R’-def)

have h.val < sum f {..n} using h.val-bounded(2) out by simp
also have ... < sum ¢ {(z, y + n + 1)} using zy * by(simp add: LARGE-def)
also have ... < C.cap using * zy unfolding C.cap-def
by (intro sum-mono2|OF finite-outgoing’]) (auto simp add: outgoing’-def cap-non-negative)
also have ... = h.val by(simp add: eq)
finally show Fulse by simp
qed

have C.cap < sum f {..n} using out h.val-bounded(2) eq by simp
then have cap: C.cap = sum f {..n}
proof (rule antisym)
let 2L={z.2<nAzeCAfz>0}
let R=(A\y.y+n+ 1) ‘(R “?L)
have sum f {.n} = sum f L + sum f ({..n} — ?L) by(subst sum-diff) auto
also have sum f 7L < sum g (R * ?L) by(rule le) auto
also have ... = sum g (R’ * ?L) using g-nonneg
by (intro sum.mono-neutral-cong-right)(auto 4 8 simp add: R'-def Image-iff
intro: antisym)
also have ... = sum ¢ (A\y. (y + n + 1, t)) (R’ * ?L)) using R
by (subst sum.reindez)(auto intro!: sum.cong simp add: inj-on-def R'-def)
also have sum f ({..n} — ?L) = sum ¢ (Pair s ‘ ({.n} — ?L)) by(simp add:
sum.reindex inj-on-def)
also have sum ¢ (A\y. (y +n+ 1, 1)) ‘(R' “?L)) + ... =
sum ¢ ((Ay. (y +n+ 1,1) ‘(R “ ?L)) U (Pair s ‘ ({..n} — ?2L)))
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by (subst sum.union-disjoint) auto
also have ... < sumc (A\y. (y+n+ 1,1t) ‘(R “2L)) U (Pairs ‘ ({..n}
— L) U{(z, t) |z.zceCAn<zAz<2xn+1})
by (rule sum-mono2)(auto simp add: g-nonneg)
also have ((A\y. (y + n+ 1,¢)) (R’ ““?L)) U (Pairs ‘ ({.n} — ?L)) U {(=,
H]lzzeCAn<zAz<2xn+1})=(Pairs‘ ({.n} — ?0L)) U {(z,t) |
z.re CAn<zAz<2xn+1}
using no-leaving R’ by(fastforce simp add: Image-iff intro: rev-image-eql)
also have sum ¢ ... = sum ¢ (outgoing’ C) using C'.s-in-cut C.t-ni-cut f-nonneg
no-leaving
apply (intro sum.mono-neutral-cong-right)
apply(auto simp add: outgoing’-def E-def intro: le-neq-trans)
apply/(fastforce simp add: c-simps Image-iff intro: rev-image-eql split: if-split-asm)+

done
also have ... = C.cap by(simp add: C.cap-def)
finally show sum f {..n} < ... by simp
qed

show thesis
proof
show 0 < ?h z y for z y by(rule h.f-non-negative)
show (z,y) e Rif 0 < ?hzyzx <ny<nforzy
using h.capacity-const[rule-format, of (z, y + n + 1)] that
by (simp add: c-simps R’-def split: if-split-asm)

have sum-h: sum (?h z) {..n} = maz-flow (s, z) if z < n for z
proof —
have sum (?h z) {..n} = sum maz-flow (Pair z * ((+) (n + 1)) ‘{..n})
by(simp add: sum.reindex add.commute inj-on-def)
also have ... = sum maz-flow (outgoing z) using that
apply (intro sum.mono-neutral-cong-right)
apply(auto simp add: outgoing-def E-def)
subgoal for y by(auto 4 3 simp add: c-simps maz-def split: if-split-asm
intro: rev-image-eql [where x=y — n — 1))

done
also have ... = sum maz-flow (incoming x) using that by (subst h.conservation)
auto
also have ... = sum maz-flow {(s, z)} using that

by (intro sum.mono-neutral-cong-left; auto simp add: incoming-def E-def;
stmp add: c-simps split: if-split-asm)

finally show ?thesis by simp
qed
hence le: sum (?h z) {.n} < fzif 2 < nfor z

using sum-h[OF that] h.capacity-const[rule-format, of (s, z)] that by simp
moreover have fz < sum (?h z) {.n} if z < n for z
proof (rule ccontr)

assume — ?thesis

hence sum (?h x) {..n} < fx by simp

hence sum (Az. (sum (?h z) {..n})) {.n} < sum f {..n}
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using le that by (intro sum-strict-mono-exl) auto
also have sum (A\z. (sum (?h z) {..n})) {..n} = sum maz-flow (Pair s ‘{..n})
using sum-h by(simp add: sum.reindex inj-on-def)
also have ... = sum maz-flow (outgoing s)
by (rule sum.mono-neutral-right)(auto simp add: outgoing-def E-def)
also have ... = sum f {..n} using eq cap by(simp add: h.val-alt)
finally show Fulse by simp
qed
ultimately show fz = sum (?h z) {..n} if z < n for z using that by(auto
intro: antisym,)

have sum-h" sum (Az. ?h z y) {.n} = maz-flow (y + n + 1, t) if y < n for y
proof —
have sum (Az. ?h z y) {..n} = sum maz-flow (Az. (z, y + n+ 1)) ‘{.n})
by (simp add: sum.reindex inj-on-def)
also have ... = sum maz-flow (incoming (y + n + 1)) using that
apply(intro sum.mono-neutral-cong-right)
apply(auto simp add: incoming-def E-def)
apply(auto simp add: c-simps t-def split: if-split-asm)

done
also have ... = sum maz-flow (outgoing (y + n + 1))

using that by (subst h.conservation)(auto simp add: s-def t-def)
also have ... = sum maz-flow {(y + n + 1, t)} using that

by (intro sum.mono-neutral-cong-left; auto simp add: outgoing-def E-def;
simp add: s-def c-simps split: if-split-asm)
finally show ?thesis by simp
qed
hence le”: sum (Az. ?hzy) {.n} < gyify < nfory
using sum-h'[OF that] h.capacity-const|[rule-format, of (y + n + 1, t)] that
by simp
moreover have g y < sum (Az. ?hzy) {.n} if y < nfor y
proof (rule ccontr)
assume — ?thesis
hence sum (Az. ?h z y) {.n} < g y by simp
hence sum (Ay. (sum (Az. ?h z y) {..n})) {.n} < sum g {..n}
using le’ that by (intro sum-strict-mono-exl) auto
also have sum (Ay. (sum (Az. ?h z y) {..n})) {..n} = sum maz-flow ((A\y. (y
+n+1,¢) ‘{.n})
using sum-h’ by(simp add: sum.reindex inj-on-def)

also have ... = sum maz-flow (incoming t)
apply(rule sum.mono-neutral-right)
apply simp

apply(auto simp add: incoming-def E-def cong: rev-conj-cong)
subgoal for u by(auto intro: rev-image-eql [where z=u — n — 1])

done
also have ... = sum maz-flow (outgoing s) by (rule h.inflow-t-outflow-s)
also have ... = sum f {..n} using eq cap by(simp add: h.val-alt)
finally show Fulse using eq-sum by simp
qed
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ultimately show g y = sum (A\z. ?h z y) {.n} if y < n for y using that
by (auto intro: antisym)
qed
qed

lemma convergent-bounded-family-nat:
fixes f :: nat = nat = real
assumes bounded: A\z. bounded (range (An. fn x))
obtains k where strict-mono k Az. convergent (An. f (k n) x)
proof —
interpret subseqs Az k. convergent (An. f (k n) z)
proof (unfold-locales)
fix z and s :: nat = nat
have bounded (range (An. f (s n) x)) using bounded by(rule bounded-subset)
auto
from bounded-imp-convergent-subsequence| OF this]
show 3 r. strict-mono r A convergent (An. f ((s o r) n) x)
by (auto simp add: o-def convergent-def)
qed
{ fix &
have convergent (An. f ((diagseq o (+) (Suc k)) n) k)
by (rule diagseq-holds)(auto dest: convergent-subseg-convergent simp add: o-def)
hence convergent (An. f (diagseq n) k) unfolding o-def
by (subst (asm) add.commute)(simp only: convergent-ignore-initial-segment[where
f=Xz. f (diagseq x) k])
} with subseg-diagseq show ?thesis ..
qged

lemma convergent-bounded-family:
fixes [ :: nat = ’a = real
assumes bounded: \z. z € A = bounded (range (An. fn z))
and A: countable A
obtains k where strict-mono k Az. © € A = convergent (An. f (k n) z)
proof(cases A = {})
case Fulse
define f’ where f' n x = fn (from-nat-into A z) for n x
have bounded (range (An. f' n z)) for z
unfolding f’-def using from-nat-into[OF False] by (rule bounded)
then obtain £ where k: strict-mono k
and conv: convergent (An. f' (kn) z) for z
by (rule convergent-bounded-family-nat) iprover
have convergent (An. f (kn) z) if z € A for x
using conv|of to-nat-on A x] A that by(simp add: f'-def)
with k show thesis ..
next
case True
with strict-mono-id show thesis by(blast introl: that)
qed
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abbreviation zero-on :: ('a = 'b :: zero) = ‘a set = ‘a = 'b
where zero-on f = override-on f (A-. 0)

lemma zero-on-le [simp]: fixes f :: 'a = b :: {preorder, zero} shows
zero-on f Xz < fr+— (z€ X — 0 < fux)
by (auto simp add: override-on-def)

lemma zero-on-nonneg: fixes f :: ‘a = 'b :: {preorder, zero} shows
0<zero-onfXz+— (¢ X — 0 < fax)
by (auto simp add: override-on-def)

lemma sums-zero-on:
fixes [ :: nat = 'a::real-normed-vector
assumes f: f sums s
and X: finite X
shows zero-on f X sums (s — sum f X)
proof —
have (Az. if v € X then f x else 0) sums sum (Az. f z) X using X by(rule
sums-If-finite-set)
from sums-diff [OF f this| show ?thesis
by (simp add: sum-negf override-on-def if-distrib cong del: if-weak-cong)
qged

lemma

fixes [ :: nat = 'a::real-normed-vector

assumes f: summable f

and X: finite X

shows summable-zero-on [simp]: summable (zero-on f X) (is ?thesisl)

and suminf-zero-on: suminf (zero-on f X) = suminf f — sum f X (is ?thesis2)
proof —

from f obtain s where f sums s unfolding summable-def ..

with sums-zero-on[OF this X] show ?thesisl ?thesis2

by(auto simp add: summable-def sums-unique[symmetric))

qed

lemma summable-zero-on-nonneg:
fixes f :: nat = 'a :: {ordered-comm-monoid-add,linorder-topology,conditionally-complete-linorder}
assumes f: summable f
and nonneg: A\z. 0 < fz
shows summable (zero-on f X)
proof (rule summablel-nonneg-bounded)
fix n
have sum (zero-on f X) {..<n} < sum f {..<n} by(rule sum-mono)(simp add:
nonneg)
also have ... < suminf f using f by(rule sum-le-suminf)(auto simp add: non-
neg)
finally show sum (zero-on f X) {..<n} < suminf f .
qed(simp add: zero-on-nonneg nonneg)
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lemma zero-on-ennreal [simp]: zero-on (Az. ennreal (fx)) A = (Az. ennreal (zero-on

[A )
by (simp add: override-on-def fun-eg-iff)

lemma sum-lessThan-conv-atMost-nat:
fixes [ :: nat = 'b :: ab-group-add
shows sum f {.<n} = sum f {.n} — fn
by (metis Groups.add-ac(2) add-diff-cancel-left’ less Than-Suc-atMost sum.less Than-Suc)

lemma Collect-disjoint-atLeast:
Collect PN {z..} = {} «— Vy>z. - Py)
by (auto simp add: atLeast-def)

lemma bounded-matriz-for-marginals-nat:
fixes f g :: nat = real
and R :: (nat X nat) set
and s :: real
assumes sum-f: f sums s and sum-g: g sums s
and f-nonneg: Az. 0 < fz and g-nonneg: Ay. 0 < gy
and f-le-g: AX. suminf (zero-on f (— X)) < suminf (zero-on g (— R “ X))
obtains & :: nat = nat = real
where Azy. 0 < hzy
and Azy. 0 < hzy—=— (z,y) € R
and Az. h z sums fz
and Ay. (Az. hz y) sums gy
proof —
have summ-f: summable f and summ-g: summable g and sum-fg: suminf f =
suminf g
using sum-f sum-g by(auto simp add: summable-def sums-unique[symmetric])

have summ-zf: summable (zero-on f A) for A

using summ-f f-nonneg by(rule summable-zero-on-nonneg)
have summ-zg: summable (zero-on g A) for A

using summ-g g-nonneg by(rule summable-zero-on-nonneg)

define f’ :: nat = nat = real
where f' nz = (if £ < n then f z else if © = Suc n then >, k. f (K + (n +
1)) else 0) for n x
define ¢’ :: nat = nat = real
where ¢’ ny = (if y < n then g y else if y = Suc n then > k. g (k + (n +
1)) else 0) for n y
define R’ :: nat = (nat x nat) set
where R’ n =
Rn{.n} x{.n}u
{(n+1,9) |y Jz>n. (z/,y) e RANy<n} U
{(z,n+ 1) |z. Jy>n. (z,y) € RNz <n}U
(if Ja>n. Jy>n. (z,y) € Rthen {(n + 1, n + 1)} else {})
for n
have R’-simps [simplified, simp]:
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[z<ny<n]= (z,y) € R"n+— (z,y) € R
y<n= (n+1,y) € R n<+— (Fz'>n. (z/, y) € R)
t<n= (z,n+1)€ R n<+— 3Fy>n. (2, y") €R)
(n+1,n+1)€ R n+— 3Fz'>n. Iy'>n. (¢, y) € R)
r>n+1Vy>n+1=(z,y) ¢ R'n

for x y n by(auto simp add: R'-def)

have R’-cases: thesis if (z, y) € R’ n

and [z < n;y < n; (z, y) € R] = thesis

and A\z". [z=n+ 1; y<n;n<z’(z,y) € R] = thesis

and Ay . [z<ny=n+1;n<y’(z,y) € R] = thesis

and Az’ ¢y . [z=n+1;y=n+1;n<zin<y’(z/,y) € R] = thesis
for thesis z y n using that by(auto simp add: R’'-def split: if-split-asm)

have R’-intros:

[(z,y) e Rjz<my<n]= (z,y) €ER'n

[(z,y) e Ryn<z;y<n] (n+1,y) €R'n
[(z,y) € Rz <nyn<y’ (z,n+1)€R'n
[(zhy)YeRn<zin<y]=m+1I,n+1)€ER n
for n z y 2’ y’ by(auto)

=
—

have Image-R":
R'n“X=R“(Xn{.n}))n{.n}U
(if n + 1 € X then (R “{n+1..}) N {..n} else {}) U
(Gf (R“(Xn{n})n{n+1.} ={} then {} else {n + 1}) U

(if n+1e€XANR“{n+1..}) N {n+1.} # {} then {n + 1} else {}) for n
X

apply(simp add: Image-def)

apply (safe elim!: R'-cases; auto simp add: Collect-disjoint-atLeast intro: R’-intros
stmp add: Suc-le-eq dest: Suc-le-lessD)

apply(metis R'-simps(4) R'-intros(3) Suc-eg-plusl)+

done

{ fix n

have sum (f' n) {.n + 1} = sum (¢’ n) {..n + 1} using sum-fg
unfolding f'-def g'-def suminf-minus-initial-segment| OF summ-f] suminf-minus-initial-segment| OF
summ-g|
by (simp)(metis (no-types, opaque-lifting) add.commute add.left-inverse atLeast0At-
Most atLeastOLess Than atLeastLess ThanSuc-atLeastAtMost minus-add-distrib sum.less Than-Suc
uminus-add-conv-diff)
moreover have sum (f'n) X < sum (¢’ n) (R'n “X)if X C {..n + 1} for
X
proof —
from that have [simp]: finite X by (rule finite-subset) simp
define X' where X' = ifn + 1 € X then X U {n+1..} else X

define Y/ where Y'=if R “X'N{n+1..} ={} then R “ X' else R “ X'
U{n+1.}
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have sum (f'n) X = sum (f'n) (X —{n+1}) 4+ (ifn+ 1 € Xthen f'n
(n+ 1) else0)
by(simp add: sum.remove)
also have sum (f'n) (X — {n + 1}) = sum f (X — {n + 1}) using that
by (intro sum.cong)(auto simp add: f’-def)
also have ... + (if n + 1 € X then f'n (n + 1) else 0) = suminf (zero-on
)
proof(cases n + 1 € X)
case True
with sum-f that show ?thesis
apply (simp add: summable-def X'-def f'-def suminf-zero-on[OF sums-summable]
del: One-nat-def)
apply(subst suminf-minus-initial-segment[ OF summ-f])
apply(simp add: algebra-simps)
apply (subst sum.union-disjoint[symmetric])
apply(auto simp add: sum-less Than-conv-atMost-nat introl: sum.cong)
done
next
case Fulse
with sum-f show ?thesis
by (simp add: X'-def suminf-finitelwhere N=X])

qed
also have ... < suminf (zero-on g (— R ““ X)) by(rule f-le-g)
also have ... < suminf (zero-on g (— Y))

by (rule suminf-le[OF - summ-zg summ-zg|)(clarsimp simp add: over-
ride-on-def g-nonneg Y'-def summ-zg)
also have ... = suminf (Ak. zero-on g (— Y') (k+ (n + 1))) + sum (zero-on
g (= Y) {un}
by (subst suminf-split-initial-segment| OF summ-zg, of - n + 1])(simp add:
sum-less Than-conv-atMost-nat)
also have sum (zero-on g (— Y')) {.n} = sum ¢ (Y' N {..n})
by (rule sum.mono-neutral-cong-right)(auto simp add: override-on-def)
also have ... = sum (¢’ n) (Y' N {..n})
by (rule sum.cong)(auto simp add: g’-def)
also have suminf (Ak. zero-on g (— Y') (k+ (n + 1)) < (if R “ X' N
{n+1..} ={} then O else ¢’ n (n + 1))
apply(clarsimp simp add: Y'-def g'-def simp del: One-nat-def)
apply (subst suminf-eq-zero-iff [ THEN iffD2])
apply(auto simp del: One-nat-def simp add: summable-iff-shift summ-zg
zero-on-nonneg g-nonneg)
apply(auto simp add: override-on-def)
done
also have ... + sum (¢’ n) (Y'Nn {.n}) = sum (¢’ n) (R' n “ X)
using that by (fastforce simp add: Image-R’ Y'-def X'-def atMost-Suc intro:
sum.cong| OF - refl])
finally show ?thesis by simp
qed
moreover have A\z. 0 < f'nz Ay. 0 < g'ny
by (auto simp add: f’-def g'-def f-nonneg g-nonneg summable-iff-shift summ-f
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summe-g introl: suminf-nonneg simp del: One-nat-def)

moreover have R’ n C {.n+1} x {.n+1}
by (auto elim!: R'-cases)

ultimately obtain A
where Azy. [z<n+1;y<n+1]=0<hzy
and A\vy. [O0<hzy;z<n+1;y<n+1]= (z,y) €R'n
and A\z. 2 <n+1 = f'nz=sum(hz){.n+ 1}
and Ay. y<n+ 1= g¢g'ny=sum Az. hzy) {.n+ 1}
by (rule bounded-matriz-for-marginals-finite) blast+

hence 3h. Vzy. 2 <n+1 —y<n+1—0<hzy) A
Vzy.0<hzy—z<n+1-—>y<n+1-—(z,y €R n)A
Vz.z<n+1—f'ne=sumn(hz){.n+1}) A
Vyy<n+1-—g ny=sum (Az. hzy) {.n+ 1}) by blast }

hence 3h.Vn. Vzy.z2<n+1 —y<n+1—0<hnzy) A

Vzy 0<hnzy—z<n+1—y<n+1-—(z,y) €R n)A
Vz.z<n+1—f nz=sum(hnz){n+1})A
NVMy.y<n+1-—9 ny=sum (Az. hnzy) {n+ 1})

by (subst choice-iff [symmetric]) blast

then obtain h where h-nonneg: Anzy. [z <n+ 1;y<n+1]= 0<h
nzTy

and h-R: Anzy. [0 <hnzy;z<n+ 1;y<n+ 1] = (z,y) € R'n

and h-f: Anz. 2 <n+ 1= f'nzx=sum(hnz){.n+1}

and h-g: Any.y<n+1 = g'ny=sum (Ax. hnzy) {.n+ 1}

apply(rule exFE)

subgoal for h by(erule meta-allE[of - h]) blast

done

define b’ :: nat = nat x nat = real
where b/ n = (A(z, y). if e < n Ay <nthen hnzyelse 0) for n
have h’-nonneg: h' n xy > 0 for n zy by(simp add: h’-def h-nonneg split:
prod.split)

have h' n zy < s for n zy
proof(cases xy)
case [simp]: (Pair x y)
consider (le) z < ny < n| (beyond) z > n V y > n by fastforce
then show ?thesis
proof cases
case le
have h/ n zy = h n x y by(simp add: h'-def le)
also have ... <hnazy+ sum (hnz) {.<y} + sum (hnz) {y<.n+ 1}
using h-nonneg le by(auto introl: sum-nonneg add-nonneg-nonneg)

also have ... = sum (hnz) {.y} + sum (hnx) {y<.n+ 1}
by (simp add: sum-lessThan-conv-atMost-nat)
also have ... = sum (hnz) {.n+1} using le
by (subst sum.union-disjoint[symmetric])(auto simp del: One-nat-def introl:
sum.cong)
also have ... = f’ n z using le by(simp add: h-f)
also have ... = fz using le by(simp add: f’-def)
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also have ... = suminf (zero-on f (— {z}))
by (subst suminf-finitelwhere N={z}]) simp-all
also have ... < suminf f
by (rule suminf-le)(auto simp add: f-nonneg summ-zf summ-f)
also have ... = s using sum-f by(simp add: sums-unique[symmetric])
finally show ?thesis .
next
case beyond
then have i’ n zy = 0 by(auto simp add: h'-def)
also have 0 < s using summ-f by(simp add: sums-unique[OF sum-f] sum-
inf-nonneg f-nonneg)
finally show ?thesis .
qed
qed
then have bounded (range (An. h' n z)) for z unfolding bounded-def
by (intro exI[of - 0] exI[of - s]; simp add: h'-nonneg)
from convergent-bounded-family[OF this, of UNIV %z. z] obtain k
where k: strict-mono k and conv: Azy. convergent (An. b’ (k n) zy) by auto

define H :: nat = nat = real
where H z y = lim (An. b/ (kn) (z, y)) for z y

have H: (An. b’ (kn) (z,y)) —— Hz y for z y
unfolding H-def using conv|of (z, y)] by(simp add: convergent-LIMSEQ-iff)

show thesis
proof(rule that)
show H-nonneg: 0 < H z y for z y using H[of = y] by(rule LIMSEQ-le-const)(simp
add: h'-nonneg)
show (z,y) € Rif 0 < Hzyfor z y
proof (rule ccontr)
assume (z, y) ¢ R
hence 1’ n (z, y) = 0 for n using h-nonneg[of © n y] h-Rlof n z y]
by (fastforce simp add: h'-def)
hence H z y = 0 using H|of z y] by(simp add: LIMSEQ-const-iff)
with that show Fualse by simp
qed
show H z sums f ¢ for z unfolding sums-iff
proof
have sum-H: sum (H z) {..<m} < fz for m
proof —
have sum (A\y. h' (kn) (z, y)) {.<m} < fz for n
proof(cases x < k n)
case True
from k have n < k n by(rule seq-suble)
have sum (Ay. b’ (kn) (z, y)) {..<m} = sum (Ay. b’ (kn) (z, y)) {..<min
m(kn+ 1)}
by (rule sum.mono-neutral-right)(auto simp add: h'-def min-def)
also have ... < sum (A\y. h (kn) zy) {..kn + 1} using True
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by (intro sum-le-included|where i=id])(auto simp add: h'-def h-nonneg)
also have ... = f’ (k n) z using h-f True by simp
also have ... = fz using True by(simp add: f’-def)
finally show ?thesis .
qed(simp add: f-nonneg h'-def)
then show %thesis by —((rule LIMSEQ-le-const2 tendsto-sum H)+, simp)
qed
with H-nonneg show summ-H: summable (H z) by (rule summableI-nonneg-bounded)
hence suminf (H z) < f x using sum-H by(rule suminf-le-const)
moreover
have (Am. sum (H z) {..<m} + suminf (An. g (n + m))) —— suminf (H
z)+ 0
by (rule tendsto-intros summable-LIMSEQ summ-H suminf-exist-split2 summ-g)+
hence fz < suminf (Hz) + 0
proof (rule LIMSEQ-le-const)
have fz < sum (H z) {..<m} + suminf (An. g (n + m)) for m
proof —
have (An. sum (Ay. b’ (k n) (z, y)) {..<m} + suminf (\i. g (i + m)))
—— sum (H z) {..<m} + suminf (\i. g (i + m))
by (rule tendsto-intros H)+
moreover have IN. Vn>N. fo < sum (Ay. b’ (kn) (z, y)) {.<m} +
suminf (Ai. g (i + m))
proof (intro exl strip)
fix n
assume mar xm < n
with seq-suble[OF k, of n] have z: x < kn and m: m < k n by auto
have fz = f' (k n) = using z by(simp add: f'-def)
also have ... = sum (h (kn) z) {.k n + 1} using z by(simp add: h-f)
also have ... = sum (h (kn) z) {.<m} + sum (h (kn) z) {m..kn + 1}
using x m by (subst sum.union-disjoint[symmetric])(auto intro!: sum.cong
simp del: One-nat-def)
also have sum (h (k n) z) {.<m} = sum (Ay. b’ (kn) (z, y)) {..<m}
using = m by(auto simp add: h'-def)
also have sum (h (kn) z) {m..kn + 1} = sum (A\y. sum (A\z. h (kn) z
y) {z}) {m.kn + 1} by simp
also have ... < sum (Ay. sum (Az. h (kn) zy) {.kn+ 1}) {m..kn +
1} using =z
by (intro sum-mono sum-mono2)(auto simp add: h-nonneg)

also have ... = sum (g’ (k n)) {m..k n + 1} by(simp add: h-g del:
One-nat-def)
also have ... = sum g {m..k n} + suminf (A\i. g (¢ + (kn + 1))) using
m by (simp add: g'-def)
also have ... = suminf (\i. g (i + m)) using m

apply (subst (2) suminf-split-initial-segment[where k=k n + 1 — m|)
apply(simp-all add: summable-iff-shift summ-g)

apply (rule sum.reindex-cong|OF - - refl])

apply (simp-all add: Suc-diff-le lessThan-Suc-atMost)

apply(safe; clarsimp)

subgoal for z by(rule image-eql[where z=x — m]) auto
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subgoal by auto

done
finally show fz < sum (A\y. b’ (kn) (z, y)) {..<m} + ... by simp
qed
ultimately show ?thesis by(rule LIMSEQ-le-const)

qged

thus AN. Vn>N. fz < sum (Hz) {.<n} + O i. g (i + n)) by auto
qed
ultimately show suminf (H z) = f x by simp

qged
show (Az. H z y) sums ¢ y for y unfolding sums-iff
proof
have sum-H: sum (Az. H z y) {..<m} < gy for m
proof —

have sum (Az. h' (kn) (z, y)) {.<m} < gy for n
proof(cases y < k n)
case True
from k have n < k n by(rule seq-suble)
have sum (Az. h' (kn) (z, y)) {..<m} = sum (Az. b’ (kn) (z, y)) {..<min
m(kn+ 1)}
by (rule sum.mono-neutral-right)(auto simp add: h'-def min-def)
also have ... < sum (Az. h (kn) zy) {..kn + 1} using True
by (intro sum-le-included|where i=id])(auto simp add: h'-def h-nonneg)
also have ... = ¢’ (k n) y using h-g True by simp
also have ... = g y using True by(simp add: g’-def)
finally show ?thesis .
qed(simp add: g-nonneg h'-def)
then show ?thesis by —((rule LIMSEQ-le-const2 tendsto-sum H)+, simp)
qed
with H-nonneg show summ-H: summable (Az. H x y) by (rule summablel-nonneg-bounded)
hence suminf (A\x. H z y) < g y using sum-H by(rule suminf-le-const)
moreover
have (Am. sum (Az. Hz y) {..<m} + suminf (An. f (n + m))) —— suminf
(M. Hzy) + 0
by (rule tendsto-intros summable-LIMSEQ summ-H suminf-exist-split2 summ-f)—+
hence g y < suminf (Az. Hxz y) + 0
proof (rule LIMSEQ-le-const)
have g y < sum (Az. H z y) {..<m} + suminf (An. f (n + m)) for m
proof —
have (An. sum (Az. b’ (k n) (z, y)) {..<m} + suminf (\i. f (i + m)))
—— sum (Az. Hzy) {..<m} + suminf (Mi. f (i + m))
by (rule tendsto-intros H)+
moreover have IN. Vn>N. gy < sum (Az. b’ (kn) (z, y)) {.<m} +
suminf (Ai. f (i + m))
proof (intro exl strip)
fix n
assume mar y m < n
with seq-suble[OF k, of n] have y: y < kn and m: m < k n by auto
have g y = ¢’ (k n) y using y by(simp add: g'-def)
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also have ... = sum (Az. h (kn) zy) {.kn + 1} using y by(simp add:
h-g)
also have ... = sum (Az. h (kn) z y) {..<m} + sum (Az. h (kn) z y)
{m.kn+ 1}
using y m by (subst sum.union-disjoint[symmetric])(auto introl: sum.cong
simp del: One-nat-def)
also have sum (Az. h (kn) zy) {..<m} = sum (Az. b’ (k n) (z, y))
{..<m}
using y m by(auto simp add: h'-def)
also have sum (Az. h (kn) z y) {m.kn + 1} = sum (Az. sum (A\y. h
(kn) zy) {y}) {m..kn+ 1} by simp
also have ... < sum (Az. sum (Ay. h (kn) zy) {.kn+ 1}) {m..kn +
1} using y
by (intro sum-mono sum-mono2)(auto simp add: h-nonneg)

also have ... = sum (f' (kn)) {m.kn + 1} by(simp add: h-f del:
One-nat-def)
also have ... = sum f {m..k n} + suminf (\i. f (i + (kn + 1))) using
m by(simp add: f’'-def)
also have ... = suminf (Ai. f ({ + m)) using m

apply (subst (2) suminf-split-initial-segment[where k=k n + 1 — m))
apply (simp-all add: summable-iff-shift summ-f)
apply(rule sum.reindex-cong[OF - - refl])
apply(simp-all add: Suc-diff-le lessThan-Suc-atMost)
apply(safe; clarsimp)
subgoal for z by(rule image-eql[where z=x — m|) auto
subgoal by auto
done
finally show g y < sum (Az. b’ (kn) (z, y)) {..<m} + ... by simp
qed
ultimately show ?thesis by (rule LIMSEQ-le-const)
qed
thus IN.Vn>N. gy < sum (Az. Hz y) {.<n} + O 4. f (i + n)) by auto
qed
ultimately show suminf (Az. H x y) = g y by simp
qed
qed
qed

lemma bounded-matriz-for-marginals-ennreal:
assumes sum-eq: (>, T z€A. fz) = (3.1 yeB. g y)
and finite: (3.1t z€B. gx) # T
and le: AX. X C A= (" zeX. fz) < (1T yeR “X. gvy)
and countable [simp]: countable A countable B
and R: RC A x B
obtains h where Az y. 0 < hzy= (z,y) € R
and Az y. hay £ T
and A\z.z€ A= (3T yeB. hzy) =fzx
and \y. ye B= ()T z€A. hzy) =gy
proof —

26



have fin-g [simp]: gy # T if y € B for y using finite
by (rule neg-top-trans)(rule nn-integral-ge-point| OF that))

have fin-f [simp]: fz # T if x € A for = using finite unfolding sum-eq[symmetric|
by (rule neg-top-trans)(rule nn-integral-ge-point] OF that))

define f’ where [’ z = (if © € to-nat-on A * A then ennZreal (f (from-nat-into
A z)) else 0) for z

define g’ where g’ y = (if y € to-nat-on B ‘ B then enn2real (g (from-nat-into
B y)) else 0) for y

define s where s = enn2real (3.1 z€B. g z)

define R’ where R’ = map-prod (to-nat-on A) (to-nat-on B) ‘R

have f’-nonneg: f' x

0 for z by(simp add: f'-def)
have g’-nonneg: g’ y

>
> 0 for y by(simp add: g’-def)

have (>t z. f'z) = (3" z€to-nat-on A “ A. f' z)

by (auto simp add: nn-integral-count-space-indicator f'-def intro!: nn-integral-cong)

also have ... = (Y. " z€A. fz)

by (subst nn-integral-count-space-reindex)(auto simp add: inj-on-to-nat-on f’-def
ennreal-enn2real-if introl: nn-integral-cong)

finally have sum-f" (3" x. f'2) = (3.1 z€A. fx).

have (3" " y. ¢’ y) = (3°* y€to-nat-on B “ B. g’ y)
by (auto simp add: nn-integral-count-space-indicator g'-def intro!: nn-integral-cong)
also have ... = (3" yeB. g y)
by (subst nn-integral-count-space-reindex)(auto simp add: inj-on-to-nat-on g’-def
ennreal-enn2real-if introl: nn-integral-cong)
finally have sum-g"- (3. T y. ¢’ y) = O T yeB. gy) .

have summ-f". summable f'
proof (rule summablel-nonneg-bounded)
show sum f' {..<n} < enn2real (3. " z. f' z) for n
proof —
have sum f' {..<n} = enn2real (3T z€{..<n}. f' z)
by (simp add: nn-integral-count-space-finite f'-nonneg sum-nonneg)
also have enn2real (3.1 ze{..<n}. f' ) < ennZreal (3. z. f' z) using
finite sum-eq[symmetric]
by(auto simp add: nn-integral-count-space-indicator sum-f'[symmetric]
less-top introl: nn-integral-mono enn2real-mono split: split-indicator)
finally show ?thesis .
qed
qed(rule f’-nonneg)
have suminf-f": suminf f' = enn2real (3. % y. f' y)
by (simp add: nn-integral-count-space-nat suminf-ennreal2[OF f'-nonneg summ-f’)
suminf-nonneg| OF summ-f'] f’-nonneg)
with summ-f' sum-f’ sum-eq have sums-f: f sums s by (simp add: s-def sums-iff)
moreover
have summ-g": summable g’
proof (rule summablel-nonneg-bounded)
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show sum g’ {.<n} < ennZreal (3. * y. g’ y) for n
proof —
have sum g’ {.<n} = ennZreal (3_+ ye{..<n}. ¢’ y)
by (simp add: nn-integral-count-space-finite g'-nonneg sum-nonneg)
also have ennZreal (3.1 ye{..<n}. ¢’ y) < ennZreal (3. y. ¢’ y) using
finite
by(auto simp add: nn-integral-count-space-indicator sum-g’[symmetric]
less-top introl: nn-integral-mono enn2real-mono split: split-indicator)
finally show ?Zthesis .
qed
qed(rule g'-nonneg)
have suminf-g" suminf g’ = enn2real (3.7 y. g’ y)
by (simp add: nn-integral-count-space-nat suminf-ennreal2[OF g'-nonneg summ-g’]
suminf-nonneg| OF summ-g’] g’-nonneg)
with summ-g’ sum-g’ have sums-g: g’ sums s by(simp add: s-def sums-iff)
moreover note f’-nonneg g’-nonneg
moreover have suminf (zero-on f' (— X)) < suminf (zero-on g’ (— R’ “ X))
for X
proof —
define X’ where X' = from-nat-into A “ (X N to-nat-on A * A)
have X" to-nat-on A * X' = X N (to-nat-on A ‘ A)
by(auto 4 8 simp add: X'-def intro: rev-image-eql)

have ennreal (suminf (zero-on f' (— X))) = suminf (zero-on (A\z. ennreal (f'
z)) (= X))

by (simp add: suminf-ennreal2 zero-on-nonneyg f'-nonneg summable-zero-on-nonneg
summ-f')

also have ... = (3. " zeX. f' x)

by (auto simp add: nn-integral-count-space-nat[symmetric] nn-integral-count-space-indicator
introl: nn-integral-cong split: split-indicator)

also have ... = (3. " z€to-nat-on A * X'. f' z) using X'

by (auto simp add: nn-integral-count-space-indicator f’'-def intro!: nn-integral-cong
split: split-indicator)

also have ... = (3.t z € X' fux)

by (subst nn-integral-count-space-reindex)(auto simp add: X'-def inj-on-def

f'-def ennreal-enn2real-if introl: nn-integral-cong)

also have ... < (3>t y € R “ X' g y) by(rule le)(auto simp add: X'-def)

also have ... = (3_* y € to-nat-on B * (R ““ X'). g’ y) using R fin-g

by (subst nn-integral-count-space-reindex)(auto 4 & simp add: X'-def inj-on-def
g'-def ennreal-enn2real-if simp del: fin-g intro!: nn-integral-cong from-nat-into dest:
to-nat-on-inj| THEN iffD1, rotated —1])

also have to-nat-on B * (R “ X') = R’ ““ X using R

by(auto 4 4 simp add: X'-def R’-def Image-iff intro: rev-image-eql rev-bexl

intro!: imagel)

also have (3° 1" ye.... g’ y) = suminf (zero-on (\y. ennreal (¢’ y)) (— ...))

by (auto simp add: nn-integral-count-space-nat[symmetric] nn-integral-count-space-indicator
introl: nn-integral-cong split: split-indicator)

also have ... = ennreal (suminf (zero-on g’ (— R’ * X)))

by (simp add: suminf-ennreal2 zero-on-nonneg g'-nonneg summable-zero-on-nonneg

28



summ-g”)
finally show ?thesis
by (simp add: suminf-nonneg summable-zero-on-nonneg[OF summ-g’ g'-nonneg]
zero-on-nonneg g'-nonneg)
qged
ultimately obtain A’ where h'-nonneg: Az y. 0 < h' zy
and dom-h: Nz y. 0 < h'zy = (z,y) € R’
and h'-f: Nz. b/ z sums ' x
and h'-g: Ay. (A\z. bz y) sums g’y
by (rule bounded-matriz-for-marginals-nat) blast

define h where h z y = ennreal (if v € A N y € B then h' (to-nat-on A z)
(to-nat-on B y) else 0) for z y
show ?thesis
proof
show (z,y) € Rif 0 < hzyfor zy
using that dom-h’[of to-nat-on A x to-nat-on B y] R
by(auto simp add: h-def R’-def dest: to-nat-on-inj| THEN iffD1, rotated —1]
split: if-split-asm)
show h zy # T for x y by(simp add: h-def)

fix z

assume z: ¢ € A

have (3 * yeB. hzy) = (3. y€Eto-nat-on B * B. h' (to-nat-on A z) y)

by (subst nn-integral-count-space-reindex)(auto simp add: inj-on-to-nat-on h-def
x introl: nn-integral-cong)

also have ... = (3. y. b’ (to-nat-on A z) y) using dom-h'[of to-nat-on A x|
h’-nonneg R

by (fastforce introl: nn-integral-cong intro: rev-image-eql simp add: nn-integral-count-space-indicator
R'-def less-le split: split-indicator)

also have ... = ennreal (suminf (h’ (to-nat-on A z)))

by (simp add: nn-integral-count-space-nat suminf-ennreal-eq|OF - h'-f] h'-nonneg)

also have ... = ennreal (f’ (to-nat-on A z)) using h’-f[of to-nat-on A z]
by (simp add: sums-iff)
also have ... = fz using z by(simp add: f’-def ennreal-enn2real-if)
finally show (> " yeB. hzy) = fz.
next
fix y

assume y: y € B

have (3" * z€A. hzy) = (3. T z€to-nat-on A * A. b’ x (to-nat-on B y))

by (subst nn-integral-count-space-reindex)(auto simp add: inj-on-to-nat-on h-def
y introl: nn-integral-cong)

also have ... = (3. " z. b’ x (to-nat-on B y)) using dom-h'[of - to-nat-on B
y] h'-nonneg R

by (fastforce introl: nn-integral-cong intro: rev-image-eql simp add: nn-integral-count-space-indicator
R'-def less-le split: split-indicator)

also have ... = ennreal (suminf (Az. h' z (to-nat-on B y)))

by (simp add: nn-integral-count-space-nat suminf-ennreal-eq[OF - h'-g] h'-nonneg)

29



also have ... = ennreal (g’ (to-nat-on B y)) using h’-g[of to-nat-on B y]
by (simp add: sums-iff)
also have ... = g y using y by(simp add: g’-def ennreal-enn2real-if )
finally show (3.t z€d. hzy) =gy .
qed
qed

end

theory MFMC-Network imports
MFMC-Misc

begin

4 Graphs
type-synonym v edge = v X v

record 'v graph =
edge :: 'v = v = bool

abbreviation edges :: (v, ‘more) graph-scheme = 'v edge set (\En)
where E; = {(z, y). edge G z y}

definition outgoing :: ('v, 'more) graph-scheme = v = v set (+OUTD)
where OUT; z = {y. (z, y) € Eg}

definition incoming :: ('v, ‘'more) graph-scheme = 'v = "v set (<INv)
where IN y = {z. (2, y) € E¢}

Vertices are implicitly defined as the endpoints of edges, so we do not allow
isolated vertices. For the purpose of flows, this does not matter as isolated
vertices cannot contribute to a flow. The advantage is that we do not need
any invariant on graphs that the endpoints of edges are a subset of the
vertices. Conversely, this design choice makes a few proofs about reductions
on webs harder, because we have to adjust other sets which are supposed to
be part of the vertices.

definition vertez :: (v, ‘'more) graph-scheme = 'v = bool

where vertex G x <— Domainp (edge G) x V Rangep (edge G) x

lemma vertex!:
shows vertexll: edge I' x y = vertex I' z
and vertexl2: edge I' x y = vertex I y
by (auto simp add: vertex-def)

abbreviation wvertices :: ("v, 'more) graph-scheme = v set ((V1)
where V5 = Collect (vertex G)

lemma V-def: Vg = fst ‘Eqg U snd ‘Eg
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by (auto 4 3 simp add: vertex-def intro: rev-image-eql prod.expand)
type-synonym v path = 'v list

abbreviation path :: ("v, ‘'more) graph-scheme = v = v path = v = bool
where path G = rtrancl-path (edge G)

inductive cycle :: ('v, ‘more) graph-scheme = 'v path = bool

for G
where — Cycles must not pass through the same node multiple times. Otherwise,
the cycle might enter a node via two different edges and leave it via just one edge.
Thus, the clean-up lemma would not hold any more.

cycle: [ path G v p v; p # []; distinct p | = cycle G p

inductive-simps cycle-Nil [simp]: cycle G Nil

abbreviation cycles :: ('v, ‘more) graph-scheme = 'v path set
where cycles G = Collect (cycle G)

lemma countable-cycles [simp]:

assumes countable (V )

shows countable (cycles G)
proof —

have cycles G C lists V g

by (auto elim!: cycle.cases dest: rtrancl-path-Range-end rtrancl-path-Range simp

add: vertex-def)

thus ?thesis by (rule countable-subset)(simp add: assms)
qed

definition cycle-edges :: 'v path = v edge list
where cycle-edges p = zip p (rotatel p)

lemma cycle-edges-not-Nil: cycle G p = cycle-edges p # |]
by (auto simp add: cycle-edges-def cycle.simps neq-Nil-conv zip-Cons1 split: list.split)

lemma distinct-cycle-edges:
cycle G p = distinct (cycle-edges p)
by (erule cycle.cases)(simp add: cycle-edges-def distinct-zipI2)

lemma cycle-enter-leave-same:
assumes cycle G p
shows card (set [(z/, y) + cycle-edges p. ©' = z]) = card (set [(z’, y) + cy-
cle-edges p. y = )
(is ?lhs = %rhs)
using assms
proof cases
case (cycle v)
from distinct-cycle-edges| OF assms]
have ?lhs = length [z’ < map fst (cycle-edges p). z' = x]
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by (subst distinct-card; simp add: filter-map o-def split-def)
also have ... = (if ¢ € set p then I else 0) using cycle
by (auto simp add: cycle-edges-def filter-empty-conv length-filter-conv-card card-eq-1-iff
in-set-conv-nth dest: nth-eq-iff-indez-eq)
also have ... = length [y < map snd (cycle-edges p). y = z] using cycle
apply(auto simp add: cycle-edges-def filter-empty-conv Suc-length-conv introl:
exl[where z=z])
apply(drule split-list-first)
apply(auto dest: split-list-first simp add: append-eq-Cons-conv rotatel-append
filter-empty-conv split: if-split-asm dest: in-set-tlD)
done
also have ... = %rhs using distinct-cycle-edges|OF assms]
by (subst distinct-card; simp add: filter-map o-def split-def)
finally show ?thesis .
qed

lemma cycle-leave-ex-enter:
assumes cycle G p and (z, y) € set (cycle-edges p)
shows 3z. (z, z) € set (cycle-edges p)
using assms
by (cases)(auto 4 3 simp add: cycle-edges-def cong: conj-cong split: if-split-asm in-
tro: set-zip-rightl dest: set-zip-leftD)

lemma cycle-edges-edges:
assumes cycle G p
shows set (cycle-edges p) C Eq
proof
fix z
assume z € set (cycle-edges p)
then obtain ¢ where z: z = (p ! ¢, rotatel p ! i) and i: ¢ < length p
by (auto simp add: cycle-edges-def set-zip)
from assms obtain v where p: path G v p v and p # [| and distinct p by cases
let ?i = Suc ¢ mod length p
have ?i < length p by (simp add: <p # [])
note rtrancl-path-nth[OF p this]
also have (v# p) ! 2i=p !l
proof(cases Suc i < length p)
case True thus ?thesis by simp
next
case Fulse
with ¢ have Suc i = length p by simp
moreover from p «p # []» have last p = v by(rule rtrancl-path-last)
ultimately show ?thesis using <p # [|» by(simp add: last-conv-nth)(metis
diff-Suc-Suc diff-zero)
qed
also have p | %i = rotatel p ! { using ¢ by(simp add: nth-rotatel)
finally show z € E 4 by(simp add: z)
qed
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5 Network and Flow

record v network = 'v graph +

capacity :: 'v edge = ennreal

source :: v

sink :: v
type-synonym v flow = 'v edge = ennreal
inductive-set support-flow :: 'v flow = 'v edge set
for f

where fe > 0 = e € support-flow f

lemma support-flow-conv: support-flow f = {e. fe > 0}
by (auto simp add: support-flow.simps)

lemma not-in-support-flowD: z ¢ support-flow f = fz = 0
by (simp add: support-flow-conv)

definition d-OUT :: v flow = v = ennreal
where d-OUT gz = 3" y. g (z, v))

definition d-IN :: v flow = v = ennreal
where d-INgy = " z. g (z, y))

lemma d-OUT-mono: (Ay. f (z, y) < g (z, y)) = d-OUT fz < d-OUT gz
by(auto simp add: d-OUT-def le-fun-def intro: nn-integral-mono)

lemma d-IN-mono: (Az. f (z, y) < g (z,y)) = d-INfy < d-INgy
by (auto simp add: d-IN-def le-fun-def intro: nn-integral-mono)

lemma d-OUT-0 [simp]: d-OUT (A-. 0) 2 =0
by (simp add: d-OUT-def)

lemma d-IN-0 [simp]: d-IN (A-. 0) z = 0
by(simp add: d-IN-def)

lemma d-OUT-add: d-OUT (Xe. fe+ ge) x = d-OUT fz + d-OUT g x
unfolding d-OUT-def by(simp add: nn-integral-add)

lemma d-IN-add: d-IN (Ae. fe+ ge) z = d-INfz + d-INgz
unfolding d-IN-def by(simp add: nn-integral-add)

lemma d-OUT-cmult: d-OUT (Xe. ¢ x fe) z = c* d-OUT fux
by (simp add: d-OUT-def nn-integral-cmult)

lemma d-IN-cmult: d-IN (Ae. ¢ * fe) x = c* d-IN fz
by (simp add: d-IN-def nn-integral-cmult)
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lemma d-OUT-ge-point: f (z, y) < d-OUT f =z
by (auto simp add: d-OUT-def intro!: nn-integral-ge-point)

lemma d-IN-ge-point: f (y, ) < d-IN fz
by (auto simp add: d-IN-def intro!: nn-integral-ge-point)

lemma d-OUT-monotone-convergence-SUP:

assumes incseq (An y. fn (z, y))

shows d-OUT (Xe. SUP n. fne) x = (SUP n. d-OUT (f n) x)
unfolding d-OUT-def by (rule nn-integral-monotone-convergence-SUP[OF assms])
simp

lemma d-IN-monotone-convergence-SUP:

assumes incseq (An z. fn (z, y))

shows d-IN (Ae. SUP n. fn e) y = (SUP n. d-IN (fn) y)
unfolding d-IN-def by(rule nn-integral-monotone-convergence-SUP[OF assms])
simp

lemma d-OUT-diff:

assumes Ay. g (z, y) < f (z, y) d-OUT gz # T

shows d-OUT (Me. fe —ge) x = d-OUT fzr — d-OUT g x
using assms by (simp add: nn-integral-diff d-OUT-def)

lemma d-IN-diff:
assumes Az. g (z,y) < f (z,y) d-INgy # T
shows d-IN (Ae. fe—ge)y=d-INfy—dINgy
using assms by (simp add: nn-integral-diff d-IN-def)

lemma fixes G (structure)

shows d-OUT-alt-def: (N\y. (z, y) ¢ E = g (z, y) = 0) = d-OUT gz =
(XF yeOUT z. g (z, y))

and d-IN-alt-def: (Nz. (z,y) ¢ E= g (v, y) = 0) = d-INgy = (> z€IN
y- 9 (=, 9))
unfolding d-OUT-def d-IN-def
by (fastforce simp add: maz-def d-OUT-def d-IN-def nn-integral-count-space-indicator
outgoing-def incoming-def intro!: nn-integral-cong split: split-indicator)+

lemma d-OUT-alt-def2: d-OUT gz = (3>, " ye{y. (z, y) € support-flow g}. g (,
v))

and d-IN-alt-def2: d-IN gy = (3. + z€{x. (z, y) € support-flow g}. g (z, y))
unfolding d-OUT-def d-IN-def
by(auto simp add: max-def d-OUT-def d-IN-def nn-integral-count-space-indicator
outgoing-def incoming-def support-flow.simps introl: nn-integral-cong split: split-indicator)+

definition d-diff :: ('v edge = ennreal) = 'v = ennreal
where d-diff g x = d-OUT gz — d-IN g x

abbreviation KIR :: ('v edge = ennreal) = v = bool
where KIR fz = d-OUT fx = d-IN fz
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inductive-set SINK :: (‘v edge = ennreal) = v set
for f
where SINK: d-OUT fz = 0 = z € SINK f

lemma SINK-mono:
assumes Ae. fe<ge
shows SINK g C SINK f
proof (rule subsetl; erule SINK .cases; hypsubst)
fix z
assume d-OUT gz =0
moreover have d-OUT fz < d-OUT g x using assms by(rule d-OUT-mono)
ultimately have d-OUT fx = 0 by simp
thus =z € SINK f ..
qed

lemma SINK-mono” f < ¢ = SINK g C SINK f
by (rule SINK-mono)(rule le-funD)

lemma support-flow-Sup: support-flow (Sup Y) = (UfeY. support-flow f)
by (auto simp add: support-flow-conv less-SUP-iff)

lemma
assumes chain: Complete-Partial-Order.chain (<) Y
and YV: Y # {}
and countable: countable (support-flow (Sup Y))
shows d-OUT-Sup: d-OUT (Sup Y) z = (SUP feY. d-OUT fz) (is ?0OUT z is
?lhs1 © = ?rhsl x)
and d-IN-Sup: d-IN (Sup Y) y = (SUP feY. d-IN fy) (is ?IN is ?lhs2 = ?rhs2)
and SINK-Sup: SINK (Sup Y) = (N feY. SINK f) (is ?SINK)
proof —
have chain’. Complete-Partial-Order.chain (<) (Afy. f (z, y)) ‘' Y) for = using
chain
by (rule chain-imagel)(simp add: le-fun-def)
have countable’: countable {y. (z, y) € support-flow (Sup Y)} for =
using - countable] THEN countable-image[where f=snd))
by (rule countable-subset)(auto intro: prod.expand rev-image-eql)
{ fix z
have ?lhsl x = (3. ye{y. (z, y) € support-flow (Sup Y)}. SUP feY. f (,

y))
by (subst d-OUT-alt-def2; simp)

also have ... = (SUP feY. > T ye{y. (z, y) € support-flow (Sup Y)}. f (=,

y)) using Y
by (rule nn-integral-monotone-convergence-SUP-countable)(auto simp add:

chain’ intro: countable’)

also have ... = ?rhs! x unfolding d-OUT-alt-def2

by (auto 4 8 simp add: support-flow-Sup maz-def nn-integral-count-space-indicator
intro!: nn-integral-cong SUP-cong split: split-indicator dest: not-in-support-flowD)

finally show ?0UT z . }
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note out = this

have chain'". Complete-Partial-Order.chain (<) (M z. f (z, y)) ° Y) for y using
chain
by (rule chain-imagel)(simp add: le-fun-def)
have countable’: countable {z. (z, y) € support-flow (Sup Y)} for y
using - countable[ THEN countable-image[where f=fst]]
by (rule countable-subset)(auto intro: prod.expand rev-image-eql)
have ?lhs2 = (3T ze{z. (z, y) € support-flow (Sup Y)}. SUP feY. f (z, y))
by (subst d-IN-alt-def2; simp)
also have ... = (SUP feY. >t ze{z. (z, y) € support-flow (Sup Y)}. f (=,
y)) using Y
by (rule nn-integral-monotone-convergence-SUP-countable)(simp-all add: chain’
countable’")
also have ... = ?rhs2 unfolding d-IN-alt-def2
by (auto 4 8 simp add: support-flow-Sup max-def nn-integral-count-space-indicator
introl: nn-integral-cong SUP-cong split: split-indicator dest: not-in-support-flowD)
finally show ?IN .

show ?SINK by (rule set-eql)(simp add: SINK .simps out Y bot-ennreal[symmetric])
qed

lemma

assumes chain: Complete-Partial-Order.chain (<) Y

and YV: Y # {}

and countable: countable (support-flow f)

and bounded: Nge. g€ Y = ge< fe

shows d-OUT-Inf: d-OUT fx # top = d-OUT (Inf Y) x = (INF g€ Y. d-OUT
gz) (is - = ?0UT is - = ?lhsl = ?rhsl)

and d-IN-Inf: d-IN fz # top = d-IN (Inf Y) x = (INF geY. d-IN g z) (is -
= ?IN is - = ?lhs2 = ?rhs2)
proof —

We take a detour here via suprema because we have more theorems about
integral’ with suprema than with infinma.

from Y obtain g0 where ¢0: g0 € Y by auto
have g0-le-f: g0 e < f e for e by(rule bounded[OF ¢0])

have support-flow (SUP geY. (Me. fe — g e)) C support-flow f
by (clarsimp simp add: support-flow.simps less-SUP-iff elim!: less-le-trans introl:
diff-le-self-ennreal)
then have countable’. countable (support-flow (SUP ge€Y. (Ae. fe — g e)))
by (rule countable-subset)(rule countable)

have Complete-Partial-Order.chain (>) Y using chain by(simp add: chain-dual)
hence chain’. Complete-Partial-Order.chain (<) (Age. fe—ge) °Y)

by (rule chain-imagel)(auto simp add: le-fun-def intro: ennreal-minus-mono)

{ assume finite: &-OUT fx # top
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have finite’ [simp]: [ (z, y) # T for y using finite
by (rule neg-top-trans) (rule d-OUT-ge-point)

have finite’-g: g (z, y) # T if g € Y for g y using finite'[of y]
by (rule neg-top-trans)(rule bounded|OF that])

have finitel: >_ % y. f (x, y) — (INF geY. g (z, y))) # top
using finite by (rule neg-top-trans)(auto simp add: d-OUT-def intro!: nn-integral-mono)
have finite2: d-OUT g z # top if g € Y for g using finite

by (rule neg-top-trans)(auto intro: d-OUT-mono bounded|OF that))

have bounded1: ([geY. d-OUT g z) < d-OUT fx
using Y by (blast intro: INF-lower2 d-OUT-mono bounded)

have ?lhs1 = (3. y. INF geY. g (z, y)) by(simp add: d-OUT-def)
also have ... = d-OUT fz — (3" y. f (z, y) — (INF geY. g (z, y)))
unfolding d-OUT-def
using finitel g0-le-f
apply (subst nn-integral-diff [symmetric])
apply (auto simp add: AE-count-space intro!: diff-le-self-ennreal INF-lower2[OF
g0] nn-integral-cong diff-diff-ennreal[symmetric])
done
also have (3. y. f (z, y) — (INF g€Y. g (2, y))) = d-OUT (Xe. SUP geY.
fe—ge)x
unfolding d-OUT-def by(subst SUP-const-minus-ennreal)(simp-all add: Y)

also have ... = (SUP he(Age. fe —ge) ‘Y. d-OUT h z) using countable’
chain’ Y
by (subst d-OUT-Sup[symmetric])(simp-all add: SUP-apply|abs-def])
also have ... = (SUP geY. d-OUT (Xe. f e — g e) z) unfolding image-image
also have ... = (SUP ¢g€Y. d-OUT fz — d-OUT g x)

by (rule SUP-cong[OF refl] d-OUT-diff)+(auto intro: bounded simp add:
finite?2)

also have ... = d-OUT fx — ?rhs1 by(subst SUP-const-minus-ennreal)(simp-all
add: Y)
also have d-OUT fx — ... = %rhsl

using Y by(subst diff-diff-ennreal)(simp-all add: boundedl finite)
finally show ?0UT .
next
assume finite: d-IN f x # top
have finite’ [simp]:  (y, ) # T for y using finite
by (rule neg-top-trans) (rule d-IN-ge-point)

have finite’-g: g (y, ) # T if g € Y for g y using finite'[of y]
by (rule neg-top-trans)(rule bounded|OF that])

have finitel: (3. y. f (y, z) — (INF g€Y. g (y, x))) # top
using finite by (rule neg-top-trans)(auto simp add: d-IN-def diff-le-self-ennreal
introl: nn-integral-mono)
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have finite2: d-IN g x # top if g € Y for g using finite
by (rule neg-top-trans)(auto intro: d-IN-mono bounded[OF' that])

have boundedl: ([|g€Y. d-IN g z) < d-IN fz
using Y by (blast intro: INF-lower2 d-IN-mono bounded)

have ?lhs2 = (3.7 y. INF geY. g (y, z)) by(simp add: d-IN-def)
alsohave ... = d-INfz — (3.t y. f (y, z) — (INF geY. g (y, z))) unfolding
d-IN-def
using finitel g0-le-f
apply (subst nn-integral-diff [symmetric])
apply(auto simp add: AE-count-space intro: diff-le-self-ennreal INF-lower2|OF
g0] nn-integral-cong diff-diff-ennreal[symmetric])
done
also have (3" y. f (v, ) — (INF geY. g (y, z))) = d-IN (Ae. SUP geY. f
e—ge)x
unfolding d-IN-def by(subst SUP-const-minus-ennreal)(simp-all add: Y)

also have ... = (SUP he(Age. fe — ge) ‘Y. d-IN h z) using countable’
chain’ Y
by (subst d-IN-Sup[symmetric])(simp-all add: SUP-apply[abs-def])
also have ... = (SUP geY. d-IN (Xe. f e — g e) z) unfolding image-image
also have ... = (SUP g€VY. d-IN fz — d-IN g x)
by (rule SUP-cong|OF refl] d-IN-diff )+ (auto intro: bounded simp add: finite2)
also have ... = d-IN fz — ?rhs2 by(subst SUP-const-minus-ennreal)(simp-all
add: Y)
also have d-IN fz — ... = ?rhs2

by (subst diff-diff-ennreal)(simp-all add: finite bounded?)
finally show ?IN . }
qed

inductive flow :: ('v, ‘'more) network-scheme = v flow = bool
for A (structure) and f
where
flow: [ Ne. fe < capacity A e;
Nz. [  # source A; x # sink A] = KIR fz]
= flow A f

lemma flowD-capacity: flow A f = fe < capacity A e
by (cases €)(simp add: flow.simps)

lemma flowD-KIR: | flow A f; © # source A; © # sink A] = KIR fz
by (simp add: flow.simps)

lemma flowD-capacity-OUT: flow A f = d-OUT fz < d-OUT (capacity A) z
by (rule d-OUT-mono)(erule flowD-capacity)

lemma flowD-capacity-IN: flow A f = d-IN fz < d-IN (capacity A) z
by (rule d-IN-mono)(erule flowD-capacity)
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abbreviation value-flow :: (v, 'more) network-scheme = (v edge = ennreal) =
ennreal
where value-flow A f = d-OUT f (source A)

5.1 Cut

type-synonym v cut = 'v set

inductive cut :: (v, 'more) network-scheme = "v cut = bool
for A and S
where cut: [ source A € S; sink A ¢ S| = cut A S

inductive orthogonal :: (v, 'more) network-scheme = "v flow = v cut = bool
for A f S
where
[Azy [edge Azy;zeSiy¢ S| = f(z y) = capacity A (z, y);
Ney [edge Azy;x g S;yeS]=f(z,y)=0]
= orthogonal A f S

lemma orthogonalD-out:
[ orthogonal A fS; edge Axy;z € S;y¢ S| = f (z,y) = capacity A (z, y)
by (simp add: orthogonal.simps)

lemma orthogonalD-in:
[ orthogonal A fS; edge Azy;z ¢ S;yeS]=f(z,y) =0
by (simp add: orthogonal.simps)

5.2 Countable network

locale countable-network =
fixes A :: ('v, 'more) network-scheme (structure)
assumes countable-E [simp]: countable E
and source-neg-sink [simp]: source A # sink A
and capacity-outside: e ¢ E = capacity A e = 0
and capacity-finite [simpl: capacity A e # T
begin

lemma sink-neg-source [simp]: sink A # source A
using source-neg-sink[symmetric] .

lemma countable-V [simp]: countable V
unfolding V-def using countable-FE by auto

lemma flowD-outside:
assumes ¢: flow A g
shows e ¢ E = ge= 0
using flowD-capacity|OF g, of e] capacity-outside[of €] by simp

lemma flowD-finite:
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assumes flow A g
shows ge # T
using flowD-capacity|OF assms, of €] by (auto simp: top-unique)

lemma zero-flow [simpl: flow A (A-. 0)
by (rule flow.intros) simp-all

end

5.3 Reduction for avoiding antiparallel edges

locale antiparallel-edges = countable-network A
for A :: (v, 'more) network-scheme (structure)
begin

We eliminate the assumption of antiparallel edges by adding a vertex for
every edge. Thus, antiparallel edges are split up into a cycle of 4 edges.
This idea already appears in [1].

datatype (plugins del: transfer size) v’ vertex = Vertex 'v' | Edge "v' v’

inductive edg :: v vertex = v vertexr = bool
where

OUT: edge A x y = edg (Vertex x) (Edge x y)
| IN: edge A ©y = edg (Edge x y) (Vertex y)

inductive-simps edg-simps [simp]:
edg (Vertex z) v
edg (Edge = y) v
edg v (Vertex x)
edg v (Edge x y)

fun split :: v flow = 'v vertex flow
where

split f (Vertex z, Edge x' y) = (if x' = z then f (x, y) else 0)
| split f (Edge x y', Vertex y) = (if y' = y then f (z, y) else 0)
| split f-=0

lemma split-Vertexl-eq-0I: (N\z. y # Edge x z) = split f (Vertex z, y) = 0
by (cases y) auto

lemma split- Vertex2-eq-0I: (N\z. y # Edge z ) = split f (y, Vertex z) = 0
by (cases y) simp-all

lemma split-Edgel-eq-0I: (N\z. y # Vertex x) = split f (Edge z z, y) = 0
by (cases y) simp-all

lemma split-Edge2-eq-0I: (\z. y # Vertex x) = split f (y, Fdge = z) = 0
by(cases y) simp-all
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definition A" :: 'v vertex network
where A" = (edge = edg, capacity = split (capacity A), source = Vertex (source
A), sink = Vertex (sink A))

lemma A’'-sel [simp]:
edge A" = edg
capacity A" = split (capacity A)
source A" = Vertex (source A)
sink A" = Vertex (sink A)

by (simp-all add: A"-def)

lemma E-A": Exnv = (A\(z, y). (Vertex z, Edge v y)) ‘E U (A\(z, y). (Edge z y,
Vertez y)) ‘' E
by (auto elim: edg.cases)

lemma V-A": V5 = Vertex 'V U case-prod Edge ‘E
by (auto 4 4 simp add: vertex-def elim!: edg.cases)

lemma inj-on-Edgel [simpl: inj-on (Az. Edge z y) A
by (simp add: inj-on-def)

lemma inj-on-Edge2 [simp]: inj-on (Edge ) A
by (simp add: inj-on-def)

lemma d-IN-split-Vertex [simp: d-IN (split ) (Vertex x) = d-IN f z (is ?lhs =
?rhs)
proof (rule trans)
show ?lhs = (3. T v'erange (\y. Edge y z). split f (v’, Vertex 1))
by (auto introl: nn-integral-cong split- Vertex2-eq-0I simp add: d-IN-def nn-integral-count-space-indicator
split: split-indicator)
show ... = %rhs by(simp add: nn-integral-count-space-reindex d-IN-def)
qed

lemma d-OUT-split-Vertex [simp]: d-OUT (split f) (Vertex z) = d-OUT f z (is
?lhs = ?rhs)
proof (rule trans)
show ?lhs = (3. * v'€range (Edge ). split f (Vertex x, v'))
by (auto introl: nn-integral-cong split- Vertex1-eq-0I simp add: d-OUT-def nn-integral-count-space-indicator
split: split-indicator)
show ... = %rhs by(simp add: nn-integral-count-space-reindex d-OUT-def)
qed

lemma d-IN-split-Edge [simp]: d-IN (split f) (Edge x y) = maz 0 (f (z, y)) (is
?lhs = 2rhs)
proof (rule trans)
show ?lhs = (31 v'. split f (v', Edge x y) * indicator { Vertex x} v’)
unfolding d-IN-def by(rule nn-integral-cong)(simp add: split-Edge2-eq-01 split:
split-indicator)
show ... = %rhs by(simp add: maz-def)
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qed

lemma d-OUT-split-Edge [simp): d-OUT (split f) (Edge = y) = maz 0 (f (z, y))
(is ?lhs = %rhs)
proof (rule trans)

show ?lhs = (3° T v'. split f (Edge x y, v’) * indicator { Vertex y} v’)

unfolding d-OUT-def by(rule nn-integral-cong)(simp add: split-Edgel-eq-01

split: split-indicator)

show ... = %rhs by(simp add: maz-def)
qed

lemma A'’-countable-network: countable-network A’
proof

show countable E 5 » unfolding E-A"" by (simp)

show source A" # sink A" by auto

show capacity A" e = 0 if e ¢ E, v for e using that

by (cases (capacity A, e) rule: split.cases)(auto simp add: capacity-outside)

show capacity A" e # top for e by(cases (capacity A, e) rule: split.cases)(auto)

qed

interpretation A”: countable-network A’ by(rule A''-countable-network)

lemma flow-split [simpl:
assumes flow A f
shows flow A" (split f)
proof
show split f e < capacity A’ e for e
by(cases (f, €) rule: split.cases)(auto intro: flowD-capacity[OF assms] intro:
SUP-upper?2 assms)
show KIR (split f) z if z # source A" © # sink A" for z
using that by(cases z)(auto dest: flowD-KIR[OF assms])
qed

abbreviation (input) collect :: v vertex flow = v flow
where collect f = (A(z, y). f (Edge z y, Vertex y))

lemma d-OUT-collect:
assumes f: flow A" f
shows d-OUT (collect f) x = d-OUT f (Vertex z)
proof —
have d-OUT (collect f) z = (3. y. f (Edge z y, Vertez y))
by (simp add: nn-integral-count-space-reindex d-OUT-def)
also have ... = (3. yerange (Edge z). f (Verter z, y))
proof (clarsimp simp add: nn-integral-count-space-reindex introl: nn-integral-cong)
fix y
have (3.1 2. f (Edge z y, 2) * indicator { Vertez y} z) = d-OUT f (Edge z y)
unfolding d-OUT-def by(rule nn-integral-cong)(simp split: split-indicator
add: A".flowD-outside[OF f])
also have ... = d-IN f (Edge z y) using f by(rule flowD-KIR) simp-all
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also have ... = (3. z. f (2, Edge z y) x indicator { Vertex z} z)
unfolding d-IN-def by(rule nn-integral-cong)(simp split: split-indicator add:
A" flowD-outside| OF f])
finally show f (Edge z y, Vertex y) = f (Vertex z, Edge x y)
by (simp add: maz-def)
qed
also have ... = d-OUT f (Vertex z)
by (auto intro!: nn-integral-cong A" .flowD-outside| OF f] simp add: nn-integral-count-space-indicator
d-OUT-def split: split-indicator)
finally show ?thesis .
qged

lemma flow-collect [simp]:
assumes f: flow A" f
shows flow A (collect f)
proof
show collect f e < capacity A e for e using flowD-capacity|OF f, of (case-prod
Edge e, Vertex (snd e))]
by (cases e)(simp)

fix z
assume z: ¢ # source A x # sink A
have d-OUT (collect f) x = d-OUT f (Vertex x) using f by(rule d-OUT-collect)

also have ... = d-IN f (Vertex z) using z flowD-KIR|OF f, of Vertezr x]
by (simp)
also have ... = (3. yerange (\z. Edge z z). f (y, Vertex x))

by (auto introl: nn-integral-cong A".flowD-outside| OF f] simp add: nn-integral-count-space-indicator
d-IN-def split: split-indicator)

also have ... = d-IN (collect ) x by(simp add: nn-integral-count-space-reindex
d-IN-def)

finally show KIR (collect f) z .
qed

lemma value-collect: flow A" f = value-flow A (collect ) = value-flow A" f
by (simp add: d-OUT-collect)

end

end

theory MFMC-Web imports
MFMC-Network

begin

6 Webs and currents
record v web = v graph +
weight :: 'v = ennreal

A v oset
B :: v set
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lemma vertex-weight-update [simp|: vertex (weight-update f T') = vertex T’
by (simp add: vertez-def fun-eq-iff)

type-synonym v current = v edge = ennreal

inductive current :: ('v, 'more) web-scheme = 'v current = bool
forT" f
where
current:
[ Az. d-OUT fz < weight T z;
Nz. d-IN fx < weight T x;
Ne. 2 ¢ AT = d-OUT fz < d-IN fu;
Na.a € AT = d-IN fa = 0,
Nb. b€ BT = d-OUT fb = 0;
Ne.e ¢ Ep = fe=10]
= current I' f

lemma currentD-weight-OUT: current T f = d-OUT fx < weight T x
by (simp add: current.simps)

lemma currentD-weight-IN: current I' f = d-IN fz < weight I z
by(simp add: current.simps)

lemma currentD-OUT-IN: [ current T f; 2 ¢ AT | = d-OUT fz < d-IN f =z
by (simp add: current.simps)

lemma currentD-IN: [ current T' f; a € AT ]| = d-INfa =0
by(simp add: current.simps)

lemma currentD-OUT: [ current T f; b€ BT | = d-OUT fb= 0
by (simp add: current.simps)

lemma currentD-outside: | current T f; medge T zy ] = f (x, y) = 0
by (blast elim: current.cases)

lemma currentD-outside” [ current T f; e ¢ Ep | = fe= 0
by (blast elim: current.cases)

lemma currentD-OUT-eq-0:
assumes current I' f
shows d-OUT fz =0 «— (Vy. f (z, y) = 0)
by (simp add: d-OUT-def nn-integral-0-iff emeasure-count-space-eq-0)

lemma currentD-IN-eq-0:
assumes current I' f
shows d-IN fz = 0 «— (Vy. f (y, z) = 0)
by (simp add: d-IN-def nn-integral-0-iff emeasure-count-space-eq-0)
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lemma current-support-flow:

fixes I' (structure)

assumes current I' f

shows support-flow f C E
using currentD-outside]OF assms| by(auto simp add: support-flow.simps intro:
ccontr)

lemma currentD-outside-IN: [ current I f; x ¢ Vp | = d-IN fz = 0
by (auto simp add: d-IN-def vertez-def nn-integral-0-iff AE-count-space emeasure-count-space-eq-0
dest: currentD-outside)

lemma currentD-outside-OUT: [ current T f; x ¢ Vp | = d-OUT fz =0
by(auto simp add: d-OUT-def vertex-def nn-integral-0-iff AE-count-space emea-
sure-count-space-eq-0 dest: currentD-outside)

lemma currentD-weight-in: current T h = h (z, y) < weight T y
by (metis order-trans d-IN-ge-point currentD-weight-IN)

lemma currentD-weight-out: current I' h = h (z, y) < weight "
by (metis order-trans d-OUT-ge-point currentD-weight-OUT)

lemma current-lel:
fixes I' (structure)
assumes f: current I' f
and le: Ae.ge < fe
and OUT-IN: N\z. 2 ¢ AT = d-OUT gz < dINgzx
shows current T" ¢
proof
show d-OUT g = < weight T z for z
using d-OUT-monolof g x f, OF le] currentD-weight-OUT|[OF f] by(rule or-
der-trans)
show d-IN g x < weight I' = for z
using d-IN-mono|of g z f, OF le] currentD-weight-IN|[OF f] by (rule order-trans)
show d-INga = 0if a € AT for a
using d-IN-monolof g a f, OF le] currentD-IN[OF f that] by auto
show d-OUT gb=0if b € BT for b
using d-OUT-monolof g b f, OF le] currentD-OUT|OF f that] by auto
show ge=0if e ¢ E for ¢
using currentD-outside|OF f that] le|of €] by simp
qed(blast intro: OUT-IN)+

lemma current-weight-mono:

[ current T f; edge T' = edge T''; AT = AT'; BT = BT/; Az. weight T z <
weight T z ]

= current T/ f
by (auto 4 3 elim!: current.cases introl: current.intros intro: order-trans)

abbreviation (input) zero-current :: 'v current
where zero-current = A-. 0
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lemma SINK-0 [simp]: SINK zero-current = UNIV
by (auto simp add: SINK .simps)

lemma current-0 [simp]: current T zero-current
by (auto simp add: current.simps)

inductive web-flow :: (v, 'more) web-scheme = "v current = bool

for T' (structure) and f
where

web-flow: [ current T f; Ne. [z € Via ¢ AT; 2 ¢ BT | = KIR fz ] =
web-flow T f

lemma web-flowD-current: web-flow I' f = current T f
by (erule web-flow.cases)

lemma web-flowD-KIR: | web-flow T f; 2 ¢ AT; 2 ¢ BT ] = KIR fz
apply(cases x € V)

apply (fastforce elim!: web-flow.cases)

apply (auto simp add: vertez-def d-OUT-def d-IN-def elim!: web-flow.cases)
apply (subst (1 2) currentD-outside|of - f]; auto)

done

6.1 Saturated and terminal vertices

inductive-set SAT :: ('v, ‘'more) web-scheme = v current = v set
forT" f

where
Az e ATl = 2e€ SATT f

| IN: d-IN fz > weight T © = z € SATT f
— We use > weight such that SAT is monotone w.r.t. increasing currents

lemma SAT-0 [simp]: SAT T' zero-current = AT U {z. weight T’ z < 0}
by (auto simp add: SAT.simps)

lemma SAT-mono:
assumes Ae. fe<ge
shows SAT T f C SAT T ¢
proof
fix =
assume z € SAT T f
thus z € SAT T ¢
proof cases
case IN
also have d-IN fx < d-IN g x using assms by(rule d-IN-mono)
finally show ?%thesis ..
qed(rule SAT.A)
qed
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lemma SAT-Sup-upper: f € Y = SAT T f C SATT (Sup Y)
by (rule SAT-mono)(rule Sup-upper[ THEN le-funD])

lemma currentD-SAT:
assumes current I' f
shows x € SATT f+—xz€ AT V d-IN fx = weight T z
using currentD-weight-IN[OF assms, of x| by (auto simp add: SAT.simps)

abbreviation terminal :: (v, 'more) web-scheme = v current = v set (¢ TERw)
where terminal I f = SAT T" f N SINK f

6.2 Separation

inductive separating-gen :: ('v, 'more) graph-scheme = v set = v set = v set
= bool

for GABS
where separating:

(Nzyp. [z€ A, yeB;path Gepy]| = (Fz€ setp. z€ S) Vel

— separating-gen G A B S

abbreviation separating :: (v, ‘'more) web-scheme = 'v set = bool
where separating I' = separating-gen I' (AT") (B T)

abbreviation separating-network :: ('v, 'more) network-scheme = 'v set = bool
where separating-network A = separating-gen A {source A} {sink A}

lemma separating-networkl [intro?):
(Ap. path A (source A) p (sink A) = (3z € set p. z € §) V source A € S)
= separating-network A S

by (auto intro: separating)

lemma separatingD:

NA B. [ separating-gen G A B S; path Gxpy,z € A;y € B] = (Iz € set
p.zeS)vVees
by (blast elim: separating-gen.cases)

lemma separating-left [simp]: NA B. A C A’ = separating-gen T' A B A’
by (auto simp add: separating-gen.simps)

lemma separating-weakening:
NA B. [ separating-gen G A B S; S C S| = separating-gen G A B S’
by (rule separating; drule (3) separatingD; blast)

definition essential :: (v, ‘'more) graph-scheme = "v set = v set = v = bool
where — Should we allow only simple paths here?

AB. essential G B S © +— (Ip. JyEB. path Gz p y A (v # y — (VzEset p.
z=zVz¢gJ.g))

abbreviation essential-web :: ('v, ‘more) web-scheme = v set = v set («€1)
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where essential-web T' S = {z€S. essential T (B T) S z}

lemma essential-weight-update [simp):
essential (weight-update f G) = essential G
by (simp add: essential-def fun-eq-iff)

lemma not-essentialD:

AB. [ = essential G B S x; path Gzpy; y€ B] = x# y A (Fz2€set p. 2 £ x
AzeS)
by (simp add: essential-def)

lemma essentialE [elim?, consumes 1, case-names essential, cases pred: essentiall:
AB. [ essential G B S z; Apy. [ path Gzpy; y € B; Nz. [ # y; 2 € set p ]

= z=1aV z¢S] = thesis | = thesis

by (auto simp add: essential-def)

lemma essentiall [intro?]:

AB. [path Gzpy;y € By Nz. [t #y;2€Esetp] = 2=2V2¢ 5] =
essential G B S z
by (auto simp add: essential-def)

lemma essential-verter: \B. [ essential G B S z; x ¢ B | = vertex G «
by (auto elim!: essentialE simp add: vertex-def elim: rtrancl-path.cases)

lemma essential-BI: A\B. x € B = essential G B S z
by (auto simp add: essential-def intro: rtrancl-path.base)

lemma £-F [elim?, consumes 1, case-names &, cases set: essential-web]:

fixes I' (structure)

assumes z € £ S

obtains p y where pathT zpyy € BT A\z. [z £ y; 2 € setp] = z=2 V
z¢ S

using assms by(auto elim: essentialFE)

lemma essential-mono: \B. [ essential G B S xz; S’ C S| = essential G B S’ x
by (auto simp add: essential-def)

lemma separating-essential: — Lem. 3.4 (cf. Lem. 2.14 in [5])

fixes GABS

assumes separating-gen G A B S

shows separating-gen G A B {z€S. essential G B S z} (is separating-gen - - -
proof

fixzyp

assume z: ¢ € Aand y: y € Band p: path Gz py

from separatingD[OF assms p x y] have 3z € set (x # p). z € S by auto

from split-list-last-prop| OF this] obtain ys z zs where decomp: © # p = ys Q z
# 28

and z: z € S and last: \z. z € set zs = z ¢ S by auto
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from decomp consider (empty) ys =[]z =2 p = zs
| (Cons) ys’ where ys = = # ys' p = ys' Q z # zs
by (auto simp add: Cons-eg-append-conv)

then show (Jz€set p. z € ?E) V x € ?E

proof (cases)
case empty
hence z € ?F using z p last y by(auto simp add: essential-def)
thus ?thesis ..

next
case (Cons ys’)
from p have path G z zs y unfolding Cons by(rule rtrancl-path-appendE)
hence z € ?F using z y last by(auto simp add: essential-def)
thus ?thesis using Cons by auto

qed

qed

definition roofed-gen :: (v, 'more) graph-scheme = v set = 'v set = v set
where roofed-def: A\B. roofed-gen G B S = {z. Vp. Vy€B. path Gz p y —
(Jz€setp. z€ S) VvV z e S}

abbreviation roofed :: ('v, ‘more) web-scheme = v set = v set (<RFD)
where roofed T' = roofed-gen T (B T)

abbreviation roofed-network :: (v, 'more) network-scheme = 'v set = v set
(«(RFNv)
where roofed-network A = roofed-gen A {sink A}

lemma roofedl [intro?):

AB. (Ap y. [ path Gzpy;y € B] = (Fz€setp.z€ S) Vel = z¢€
roofed-gen G B S
by (auto simp add: roofed-def)

lemma not-roofedE: fixes B

assumes z ¢ roofed-gen G B S

obtains p y where path Gzpyy € BNz. 2z € set (x # p) = 2¢ S
using assms by(auto simp add: roofed-def)

lemma roofed-greater: \B. S C roofed-gen G B S
by (auto simp add: roofed-def)

lemma roofed-greaterl: AB. x € S = x € roofed-gen G B S
using roofed-greater[of S G| by blast

lemma roofed-mono: AB. S C S’ = roofed-gen G B S C roofed-gen G B S’
by (fastforce simp add: roofed-def)

lemma in-roofed-mono: AB. [ x € roofed-gen G B S; S C S| = x € roofed-gen

GBS’
using roofed-mono[ THEN subsetD)] .
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lemma roofedD: A\B. [ z € roofed-gen G B S; path Gz p y; y € B] = (J2€set
p.zeS)Vveels
unfolding roofed-def by blast

lemma separating-RF-A:
fixes A B
assumes separating-gen G A B X
shows A C roofed-gen G B X
by (rule subsetl roofedl)+(erule separatingD[OF assms])

lemma roofed-idem: fixes B shows roofed-gen G B (roofed-gen G B S) = roofed-gen
GBS
proof(rule equalityl subsetl roofedl)+

fixzpy

assume z: € roofed-gen G B (roofed-gen G B S) and p: path G z p y and y:
ye b

from roofedD[OF z p y] obtain z where x: z € set (z # p) and z: z € roofed-gen
G B S by auto

from split-listfOF x] obtain ys zs where split: © # p = ys Q z # zs by blast

with p have p" path G z zs y by(auto simp add: Cons-eq-append-conv elim:
rtrancl-path-appendE)

from roofedD[OF z p' y] split show (Fz€set p. z€ S)Vz e S

by (auto simp add: Cons-eg-append-conv)

qed(rule roofed-mono roofed-greater)+

lemma in-roofed-mono”: \B. [ x € roofed-gen G B S; S C roofed-gen G B S']
= 1 € roofed-gen G B S’
by (subst roofed-idem[symmetric])(erule in-roofed-mono)

lemma roofed-mono” AB. S C roofed-gen G B S' = roofed-gen G B S C
roofed-gen G B S’

by (rule subsetl)(rule in-roofed-mono’)

lemma roofed-idem-Unl: fixes B shows roofed-gen G B (roofed-gen G B S U T)
= roofed-gen G B (S U T)
proof —
have S C T U roofed-gen G B S
by (metis (no-types) UnCI roofed-greater subsetCE subsetl)
then have S U T C T U roofed-gen G B.S N T U roofed-gen G B S C roofed-gen
GB(SUT)
by (metis (no-types) Un-subset-iff Un-upper2 roofed-greater roofed-mono sup.commute)
then show ?thesis
by (metis (no-types) roofed-idem roofed-mono subset-antisym sup.commute)
qed

lemma roofed-UN: fixes A B

shows roofed-gen G B (|Ji€A. roofed-gen G B (X i)) = roofed-gen G B (| i€A.
X i) (is ?lhs = ?rhs)
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proof (rule equalityl)
show ?rhs C ?2lhs by (rule roofed-mono)(blast intro: roofed-greaterl)
show ?lhs C ?rhs by(rule roofed-mono’)(blast intro: in-roofed-mono)
qed

lemma RF-essential: fixes I' (structure) shows RF (£ S) = RF S
proof (intro set-eql iffI)
fix z
assume RF: z € RF S
show z € RF (£ §)
proof
fixpy
assume p: path' zpyand y: y € BT
from roofedD[OF RF this| have 3z€set (x # p). z € S by auto
from split-list-last-prop[ OF this] obtain ys z zs where decomp: x # p = ys Q
z F# 28
and z: z € S and last: \z. z € set zs = z ¢ S by auto
from decomp consider (empty) ys =[] 2 = z2p = zs
| (Cons) ys’ where ys = © # ys' p = ys’ Q z # zs
by (auto simp add: Cons-eq-append-conv)
then show (Jz€setp. z€ ES)vez el S
proof (cases)
case empty
hence z € £ S using z p last y by (auto simp add: essential-def)
thus ?thesis ..
next
case (Cons ys’)
from p have path T' z zs y unfolding Cons by(rule rtrancl-path-appendE)
hence z € £ S using z y last by(auto simp add: essential-def)
thus ?thesis using Cons by auto
qed
qed
qed(blast intro: in-roofed-mono)

lemma essentialE-RF":
fixes I (structure) and B
assumes essential I' B S z
obtains p y where path T x p y y € B distinct (x # p) \z. z € set p = 2z ¢
roofed-gen I' B S
proof —
from assms obtain p y where p: path ' zp y and y: y € B
and bypass: N\z. [x £ y; 2z € setp] = z =2 V z ¢ S by(rule essentialF)
blast
from p obtain p’ where p”: path T’ z p’ y and distinct: distinct (z # p’)
and subset: set p’ C set p by(rule rtrancl-path-distinct)
{ fix 2z
assume z: z € set p’
hence y € set p’ using rtrancl-path-last|OF p’, symmetric] p’
by (auto elim: rtrancl-path.cases intro: last-in-set)
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with distinct z subset have neq: x # y and z € set p by(auto)
from bypass|OF this| z distinct have z ¢ S by auto

have z ¢ roofed-gen T' B S
proof
assume 2" z € roofed-gen T' B S
from split-list[OF z] obtain ys zs where decomp: p’ = ys @Q z # zs by blast
with p’ have path T z zs y by(auto elim: rtrancl-path-appendE)
from roofedD|OF z' this y] <z ¢ S» obtain 2z’ where 2’ € set zs 2/ € S by
auto
with bypass|of 2’| neq decomp subset distinct show False by auto
qed }
with p’ y distinct show thesis ..
qed

lemma &-E-RF:

fixes I' (structure)

assumes z € £ S

obtains p y where path T z p y y € B T distinct (z # p) N\z. 2 € set p = z
¢ RF S
using assms by (auto elim: essentialE-RF)

lemma in-roofed-essentialD:

fixes I' (structure)

assumes RF: z € RF §

and ess: essential T (BT) Sz

shows z € §
proof —

from ess obtain p y where p: path T’ z p y and y: y € B I' and distinct (z #
p)

and bypass: N\z. z € set p = z ¢ S by(rule essentialE-RF)(auto intro:

roofed-greaterl)

from roofedD[OF RF p y] bypass show x € S by auto
qed

lemma separating-RF: fixes T’ (structure) shows separating T' (RF S) +— sep-
arating I' S
proof
assume sep: separating I' (RF S)
show separating I' S
proof
fixzyp
assume p: path ' zpyand z: z € AT and y: y € BT
from separatingD|OF sep p x y] have 3z € set (z # p). 2 € RF S by auto
from split-list-last-prop| OF this| obtain ys z zs where split: x # p = ys Q 2
# 28
and z: z € RF S and bypass: N\z'. 2z’ € set zs = 2z’ ¢ RF S by auto
from p split have path T z zs y by(cases ys)(auto elim: rtrancl-path-appendE)
hence essential T' (BT) S z using y
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by (rule essentiall)(auto dest: bypass intro: roofed-greaterI)
with z have z € S by(rule in-roofed-essentialD)
with split show (Fze€set p. z € §) V z € S by(cases ys)auto
qed
qed(blast intro: roofed-greaterl separating-weakening)

definition roofed-circ :: ('v, 'more) web-scheme = "v set = v set (<(RF°1)
where roofed-circ I' S = roofed ' S — Ep S

lemma roofed-circl: fixes T' (structure) shows
[te RET; 2 € T = —essential ' (BT) Ta] = z € RF° T
by (simp add: roofed-circ-def)

lemma roofed-circE:
fixes I' (structure)
assumes z € RF° T
obtains z € RF T — essential T' (BT) T x
using assms by (auto simp add: roofed-circ-def intro: in-roofed-essentialD)

lemma £-&: fixes ' (structure) shows £ (£ ) =& S
by (auto intro: essential-mono)

lemma roofed-circ-essential: fixes I' (structure) shows RF° (£ S) = RF° S
unfolding roofed-circ-def RF-essential £-E ..

lemma essential-RF': fixes B
shows essential G B (roofed-gen G B S) = essential G B S (is essential - - ?RF
=)
proof (intro ext iffI)
show essential G B S z if essential G B ?RF z for z using that
by (rule essential-mono)(blast intro: roofed-greaterl)
show essential G B RF x if essential G B S z for x
using that by (rule essentialE-RF)(erule (1) essentiall, blast)
qed

lemma E-RF: fixes I' (structure) shows £ (RF S) =€ S
by (auto dest: in-roofed-essentialD simp add: essential-RF intro: roofed-greaterl)

lemma essential-E: fixes I" (structure) shows essential ' (BT') (€ §) = essential
rBrI)S
by (subst essential-RF[symmetric])(simp only: RF-essential essential-RF)

lemma RF-in-B: fixes I' (structure) shows s € BI' = 2z € RFS+—z€ S
by (auto intro: roofed-greaterI dest: roofedD{OF - rtrancl-path.base])

lemma RF-circ-edge-forward:
fixes ' (structure)
assumes z: ¢ € RF° §
and edge: edge I' z y
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shows y € RF S
proof
fix p 2z
assume p: path ' yp zand z: z € BT
from z have rf: v € RF S and ness: © ¢ £ S by(auto elim: roofed-circE)
show (Jz€setp. z€ S)Vvye s
proof(cases Fz'eset (y # p). 2’ € S)
case Fulse
from edge p have p’: path T z (y # p) z ..
from roofedD[OF rf this z] False have z € S by auto
moreover have essential I' (B T') S z using p’ False z by(auto intro!: essen-
tiall)
ultimately have z € £ S by simp
with ness show ?thesis by contradiction

qed auto
qed
6.3 Waves

inductive wave :: (v, ‘'more) web-scheme = v current = bool
for I' (structure) and f
where
wave:
[ separating T' (TER f);
Nz. z ¢ RF (TER f) = d-OUT fz = 0]
— wave I' f

lemma wave-0 [simp]: wave T zero-current
by rule simp-all

lemma waveD-separating: wave I' f = separating T' (TERp f)
by (simp add: wave.simps)

lemma waveD-OUT: [ wave T f; v ¢ RFp (TERp f) ]| = d-OUT fz =0
by (simp add: wave.simps)

lemma wave-A-in-RF: fixes I' (structure)
shows [ wave I f; x € AT | = z € RF (TER )
by (auto introl: roofedl dest!: waveD-separating separatingD)

lemma wave-not-RF-IN-zero:
fixes I' (structure)
assumes f: current I' f
and w: wave ' f
and x: ¢ ¢ RF (TER f)
shows d-IN fz = 0
proof —
from z obtain p z where 2: 2z € BT and p: path T z p z
and bypass: N\z. z € set p— 2 ¢ TER fz ¢ TER f
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by (clarsimp simp add: roofed-def)
have f (y, ) = 0 for y
proof(cases edge I' y z)
case edge: True
have d-OUT fy = 0
proof(cases y € TER f)
case Fulse
with z p bypass edge have y ¢ RF (TER f)
by (auto simp add: roofed-def intro: rtrancl-path.step introl: exl rev-bexl)
thus d-OUT fy = 0 by(rule waveD-OUT[OF w])
qed(auto simp add: SINK .simps)
moreover have f (y, ) < d-OUT fy by (rule d-OUT-ge-point)
ultimately show ¢thesis by simp
qed(simp add: currentD-outside[OF f])
then show d-IN fx = 0 unfolding d-IN-def
by (simp add: nn-integral-0-iff emeasure-count-space-eq-0)
qed

lemma current-Sup:
fixes I' (structure)
assumes chain: Complete-Partial-Order.chain (<) Y
and Y: Y # {}
and current: Af. f € Y = current T f
and countable [simp]: countable (support-flow (Sup Y))
shows current I' (Sup Y)
proof(rule, goal-cases)
case (I x)
have d-OUT (Sup Y) © = (SUP feY. d-OUT f z) using chain Y by(simp add:
d-OUT-Sup)
also have ... < weight I' z using 1
by (intro SUP-least)(auto dest!: current currentD-weight-OUT)
finally show ?case .
next
case (2 1)
have d-IN (Sup Y) ¢ = (SUP feY. d-IN f z) using chain Y by(simp add:
d-IN-Sup)
also have ... < weight I' z using 2
by (intro SUP-least)(auto dest!: current currentD-weight-IN)
finally show ?Zcase .
next
case (3 1)
have d-OUT (Sup Y) z = (SUP feY. d-OUT f z) using chain Y by(simp add:
d-OUT-Sup)
also have ... < (SUP feY. d-IN f z) using 3
by (intro SUP-mono)(auto dest: current currentD-OUT-IN)

also have ... = d-IN (Sup Y) z using chain Y by(simp add: d-IN-Sup)
finally show ?case .

next
case (4 a)
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have d-IN (Sup Y) a = (SUP feY. d-IN f a) using chain Y by(simp add:
d-IN-Sup)

also have ... = (SUP feY. 0) using 4 by(intro SUP-cong)(auto dest!: current
currentD-IN)

also have ... = 0 using Y by simp

finally show ?case .
next

case (5 b)

have d-OUT (Sup Y) b = (SUP feY. d-OUT f b) using chain Y by(simp add:
d-OUT-Sup)

also have ... = (SUP feY. 0) using 5 by(intro SUP-cong)(auto dest!: current
currentD-OUT)

also have ... = 0 using Y by simp

finally show ?Zcase .
next

fix e

assume ¢ ¢ E

from currentD-outside’|OF current this] have fe = 0 if f € Y for f using that
by simp

hence Sup Y e = (SUP -€Y. 0) by(auto intro: SUP-cong)

then show Sup Y e = 0 using Y by(simp)
qed

lemma wave-lub: — Lemma 4.3
fixes I' (structure)
assumes chain: Complete-Partial-Order.chain (<) Y
and V: Y # {}
and wave: \f. f € ¥ = wave T f
and countable [simp]: countable (support-flow (Sup Y))
shows wave I' (Sup Y)
proof
{fixzyp
assume p: path ' zpyand y: y € BT
define P where P = {z} U set p

let ?f = Af. SINK f N P
have Complete-Partial-Order.chain (2) (?f ¢ Y) using chain
by (rule chain-imagel)(auto dest: SINK-mono’)
moreover have ... C Pow P by auto
hence finite (?f © Y) by(rule finite-subset)(simp add: P-def)
ultimately have (N (9f‘Y)) € ‘Y
by (rule ccpo.in-chain-finite]OF complete-lattice-ccpo-dual])(simp add: Y')
then obtain f where f: f € Y and eq: ((9f * Y) = ?f f by clarify
hence *: ((feY. SINK f) n P = SINK f N P by(clarsimp simp add:
prod-lub-def Y )+
{fixg
assume g€ Y f <y
with x have ([ feY. SINK f) N P = SINK g N P by(blast dest: SINK-mono’)
then have TER (Sup Y)N P2 TERgN P

o6



using SAT-Sup-upper[OF g € Y», of T SINK-Sup[OF chain Y countable]
by blast }
with f have 3feY.VgeY. g>f — TER gN P C TER (Sup Y) N P by
blast }
note subset = this

show separating T' (TER (Sup Y))
proof
fixzyp
assume *: path ' zpyy € Bl andz € AT
let P = {z} U set p
from subset[OF %] obtain f where f:f € Y
and subset: TER f N P C TER (Sup Y) N 2P by blast
from wave|OF f] have TER f N 2P # {} using x <z € AT
by (auto simp add: wave.simps dest: separatingD)
with subset show (Jz€setp. z € TER (Sup Y)) V z € TER (Sup Y) by blast
qed

fix
assume z ¢ RF (TER (Sup Y))
then obtain p y where y: y € BT
and p: pathT zp y
and ter: TER (Sup Y) N ({z} U set p) = {} by(auto simp add: roofed-def)
let ?P = {z} U set p
from subset[OF p y| obtain f where f: f € YV
and subset: Ng. [g€ Y;f<g]= TERgnN ?P C TER (Sup Y) N ?P by
blast

{fixg

assume g: g € Y

with chain f have f < g V g < f by(rule chainD)

hence d-OUT gz = 0

proof
assume f < g
from subset|OF g this| ter have TER g N ?P = {} by blast
with p y have z ¢ RF (TER g) by(auto simp add: roofed-def)
with wave|OF g] show ?thesis by (blast elim: wave.cases)

next
assume g < f
from subset ter f have TER f N ?P = {} by blast
with y p have z ¢ RF (TER f) by(auto simp add: roofed-def)
with wave[OF f] have d-OUT fx = 0 by(blast elim: wave.cases)

moreover have d-OUT g z < d-OUT f z using <g < f+[THEN le-funD]
by (rule d-OUT-mono)

ultimately show ?thesis by simp

qed }

thus d-OUT (Sup Y) z = 0 using chain Y by(simp add: d-OUT-Sup)
qed
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lemma ex-mazimal-wave: — Corollary 4.4

fixes I' (structure)

assumes countable: countable E

shows 3f. current ' f A wave ' f A (Vw. current ' w A wave I' w A f < w
— f=w)
proof —

define Field-r where Field-r = {f. current T' f A wave T f}

define r where r = {(f, g). f € Field-r A g € Field-r A f < g}

have Field-r: Field r = Field-r by(auto simp add: Field-def r-def)

have Partial-order r unfolding order-on-defs
by (auto introl: refl-onl transl antisymlI simp add: Field-r r-def Field-def)
hence I3meField r. VacFieldr. (m, a) € r — a=m
proof (rule Zorns-po-lemma)
fix Y
assume Y € Chains r
hence Y: Complete-Partial-Order.chain (<) Y
and w: \f. f € Y = wave T f
and f: Af. f € Y = current T f
by (auto simp add: Chains-def r-def chain-def Field-r-def)
show Jw € Fieldr.Vf e Y. (f, w) €r
proof(cases Y = {})
case True
have zero-current € Field r by (simp add: Field-r Field-r-def)
with True show ?thesis by blast
next
case Fulse
have support-flow (Sup Y) C E by(auto simp add: support-flow-Sup elim!:
support-flow.cases dest!: f dest: currentD-outside)
hence c: countable (support-flow (Sup Y)) using countable by(rule count-
able-subset)
with Y Fulse f w have Sup Y € Field r unfolding Field-r Field-r-def
by (blast intro: wave-lub current-Sup)
moreover then have (f, Sup V) € rif f € Y for f using w|[OF that] f[OF
that] that unfolding Field-r
by (auto simp add: r-def Field-r-def intro: Sup-upper)
ultimately show ?thesis by blast
qed
qed
thus %thesis by (simp add: Field-r Field-r-def)(auto simp add: r-def Field-r-def)
qed

lemma essential-lel:
fixes I' (structure)
assumes g: current I' g and w: wave I' g
and le: \e. fe<ge
and z: z € £ (TER g)
shows essential T (BT) (TER f) z
proof —
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from z obtain p y where p: path I' z p y and y: y € B ' and distinct: distinct
(z # p)
and bypass: \z. z € set p = z ¢ RF (TER g) by(rule £-E-RF) blast
show ?thesis using p y
proof
fix z
assume z € set p
hence z: z ¢ RF (TER g) by(auto dest: bypass)
with w have OUT: d-OUT g z = 0 and IN: d-IN g z = 0 by(rule waveD-OUT
wave-not-RF-IN-zero| OF g])+
with 2z have 2z ¢ AT weight T z > 0 by(auto intro!: roofed-greaterl simp add:
SAT.simps SINK .simps)
moreover from IN d-IN-mono|of f z g, OF le] have d-IN f z < 0 by(simp)
ultimately have z ¢ TER [ by(auto simp add: SAT.simps)
then show z = z V z ¢ TER f by simp
qged
qed

lemma essential-eq-lel:
fixes I' (structure)
assumes g: current I' g and w: wave ' g
and le: Ae. fe<ge
and subset: £ (TER g) C TER f
shows & (TER f) = € (TER g)
proof
show subset: £ (TER g) C € (TER f)
proof
fix z
assume z: © € £ (TER g)
hence z € TER f using subset by blast
moreover have essential T' (B T) (TER f) z using g w le z by(rule essen-
tial-lel)
ultimately show z € £ (TER f) by simp
qed

show ... C & (TER g)
proof
fix z
assume z: z € £ (TER f)
hence = € TER f by auto
hence z € RF (TER g)
proof (rule contrapos-pp)
assume z: © ¢ RF (TER g)
with w have OUT: d-OUT g« = 0 and IN: d-IN g z = 0 by(rule waveD-OUT
wave-not-RF-IN-zero| OF g])+
with z have z ¢ A T weight T z > 0 by(auto intro!: roofed-greaterl simp
add: SAT.simps SINK .simps)
moreover from IN d-IN-mono[of f x g, OF le] have d-IN fx < 0 by(simp)
ultimately show = ¢ TER f by(auto simp add: SAT.simps)
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qed
moreover have z ¢ RF° (TER g)
proof
assume z € RF° (TER g)
hence RF: z € RF (£ (TER g)) and not-E: z ¢ £ (TER g)
unfolding RF-essential by(simp-all add: roofed-circ-def)
from x obtain p y where p: path I' z p y and y: y € B I' and distinct:
distinct (z # p)
and bypass: N\z. z € set p = z ¢ RF (TER f) by(rule £-E-RF') blast
from roofedD[OF RF p y| not-E obtain z where z € set p z € £ (TER g)
by blast
with subset bypass[of z] show False by (auto intro: roofed-greaterl)
qed
ultimately show z € £ (TER g) by(simp add: roofed-circ-def)
qed
qed

6.4 Hindrances and looseness

inductive hindrance-by :: ('v, 'more) web-scheme = 'v current = ennreal = bool
for I" (structure) and f and ¢
where
hindrance-by:
[a€ AT;a¢ & (TER f); d-OUT fa < weight T a; e < weight T’ a — d-OUT f
a ] = hindrance-by T f ¢

inductive hindrance :: ('v, ‘'more) web-scheme = v current = bool
for T’ (structure) and f
where
hindrance:
[ac AT; a ¢ & (TER f); d-OUT fa < weight ' a | = hindrance T" f

inductive hindered :: ('v, 'more) web-scheme = bool
for I (structure)
where hindered: | hindrance T' f; current T f; wave T' f | = hindered T

inductive hindered-by :: (v, 'more) web-scheme = ennreal = bool

for I" (structure) and ¢
where hindered-by: [ hindrance-by T f ; current T f; wave T f | = hindered-by
I'e

lemma hindrance-into-hindrance-by:
assumes hindrance I f
shows Je>0. hindrance-by T f €
using assms
proof cases
case (hindrance a)
let % = if weight T' a = T then 1 else (weight T' a — d-OUT fa) / 2
from «d-OUT f a < weight ' a> have weight I' a — d-OUT fa > 0 weight T a
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# T = weight ' a — d-OUT fa < T
by (simp-all add: diff-gr0-ennreal less-top diff-less-top-ennreal)

from ennreal-mult-strict-left-mono[of 1 2, OF - this]

have 0 < % and % < weight I' a — d-OUT f a using <d-OUT f a < weight T
a

by (auto intro!: diff-gr0-ennreal simp: ennreal-zero-less-divide divide-less-ennreal)

with hindrance show ?thesis by(auto introl: hindrance-by.intros)
qed

lemma hindrance-by-into-hindrance: hindrance-by U f ¢ = hindrance T" f
by (blast elim: hindrance-by.cases intro: hindrance.intros)

lemma hindrance-conv-hindrance-by: hindrance I' f <— (Fe>0. hindrance-by T f

€)

by (blast intro: hindrance-into-hindrance-by hindrance-by-into-hindrance)

lemma hindered-into-hindered-by: hindered I' = Je>0. hindered-by I €
by (blast intro: hindered-by.intros elim: hindered.cases dest: hindrance-into-hindrance-by)

lemma hindered-by-into-hindered: hindered-by I' € => hindered T
by (blast elim: hindered-by.cases intro: hindered.intros dest: hindrance-by-into-hindrance)

lemma hindered-conv-hindered-by: hindered T' <— (Fe>0. hindered-by T" €)
by (blast intro: hindered-into-hindered-by hindered-by-into-hindered)

inductive loose :: ('v, 'more) web-scheme = bool

for '
where

loose: | Nf. [ current T f; wave T' f | = f = zero-current; — hindrance T
zero-current |

= loose T

lemma looseD-hindrance: loose I' = — hindrance I" zero-current
by (simp add: loose.simps)

lemma looseD-wave:
[ loose T'; current T' f; wave T f | = f = zero-current
by (simp add: loose.simps)

lemma loose-unhindered:

fixes I' (structure)

assumes loose I’

shows — hindered T’
apply auto

apply(erule hindered.cases)
apply(frule (1) looseD-wave[OF assms])
apply simp
using looseD-hindrance[OF assms)
by simp
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context
fixes T' T :: ('v, 'more) web-scheme
assumes [simp]: edge ' = edge " AT = AT'BT = BT'
and weight-eq: N\z. © ¢ AT/ = weight T = weight T z
and weight-le: Na. a € AT/ = weight T' a > weight T/ a
begin

private lemma essential-eq: essential I' = essential T’
by (simp add: fun-eq-iff essential-def)

qualified lemma TER-eq: TERp f = TERp/ f
apply(auto simp add: SINK .simps SAT .simps)
apply(erule contrapos-np; drule weight-eq; simp)+
done

qualified lemma separating-eq: separating-gen I' = separating-gen T’
by (intro ext iffI; rule separating-gen.intros; drule separatingD; simp)

qualified lemma roofed-eq: \B. roofed-gen T' B S = roofed-gen T/ B S
by (simp add: roofed-def)

lemma wave-eq-web: — Observation 4.6
wave I' f +— wave T'' f
by (simp add: wave.simps separating-eq TER-eq roofed-eq)

lemma current-mono-web: current I'' f = current T f

apply(rule current, simp-all add: currentD-OUT-IN currentD-IN currentD-OUT
currentD-outside”)

subgoal for = by (cases x € A T"')(auto dest!: weight-eq weight-le dest: currentD-weight-OUT
intro: order-trans)

subgoal for z by(cases z € AT)(auto dest!: weight-eq weight-le dest: currentD-weight-IN
intro: order-trans)

done

lemma hindrance-mono-web: hindrance I'' f = hindrance T' f
apply (erule hindrance.cases)
apply(rule hindrance)
apply simp
apply(unfold TER-eq, simp add: essential-eq)
apply (auto dest!: weight-le)
done

lemma hindered-mono-web: hindered T'' = hindered T
apply(erule hindered.cases)
apply(rule hindered.intros)
apply(erule hindrance-mono-web)
apply(erule current-mono-web)
apply(simp add: wave-eg-web)
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done

end

6.5 Linkage

The following definition of orthogonality is stronger than the original def-
inition 3.5 in [2] in that the outflow from any A-vertices in the set must
saturate the vertex; S C SAT T f is not enough.

With the original definition of orthogonal current, the reduction from net-
works to webs fails because the induced flow need not saturate edges going
out of the source. Consider the network with three nodes s, z, and ¢ and
edges (s, ) and (z, t) with capacity 1. Then, the corresponding web has
the vertices (s, z) and (z, t) and one edge from (s, z) to (z, t). Clearly,
the zero current zero-current is a web-flow and TER zero-current = {(s,
x)}, which is essential. Moreover, zero-current and {(s, =)} are orthogonal
because zero-current trivially saturates (s, z) as this is a vertex in A.

inductive orthogonal-current :: ('v, 'more) web-scheme = 'v current = 'v set =
bool
for T’ (structure) and f S
where orthogonal-current:
[Az.[z€S;2¢ AT ] = weight T x < d-IN f x;
Ne.[ze€S;2€ AT 2 ¢ BT | = d-OUT fz = weight T x;
Nuvv.[veERFS;u¢ RFC S| = f (u,v) = 0]
= orthogonal-current T f S

lemma orthogonal-currentD-SAT: [ orthogonal-current T' f S; 2 € S ] = z €
SAT T f
by (auto elim!: orthogonal-current.cases intro: SAT .intros)

lemma orthogonal-currentD-A: | orthogonal-current T fS; x € S; 2 € AT; z ¢
BT ]| = d-OUT fx = weight T z
by (auto elim: orthogonal-current.cases)

lemma orthogonal-currentD-in: [ orthogonal-current T' f S; v € RFp S; u ¢ RF°p
Sl=f(u,v)=0
by (auto elim: orthogonal-current.cases)
inductive linkage :: (v, 'more) web-scheme = v current = bool
for ' f
where — Omit the condition web-flow

linkage: (Nz. x € AT = d-OUT fx = weight T ) = linkage T f

lemma linkageD: [ linkage T f; 2 € AT | = d-OUT fz = weight T z
by (rule linkage.cases)

abbreviation linkable :: ('v, 'more) web-scheme = bool

63



where linkable I' = 3 f. web-flow T f A linkage T f

6.6 Trimming

context
fixes T :: ('v, ‘'more) web-scheme (structure)
and f :: 'v current

begin

inductive trimming :: v current = bool

for ¢
where

trimming:

— omits the condition that f is a wave

[ current T g; wave T g; g < f; Nz. [z € RF° (TER f); 2 ¢ AT ] = KIR g
2;E(TER g) — AT =& (TERf) — AT ]

= trimming g

lemma assumes trimming g
shows trimmingD-current: current I' g
and trimmingD-wave: wave I g
and trimmingD-le: Ne. ge < fe
and trimmingD-KIR: [ © € RF° (TER f);x ¢ AT]| = KIR gz
and trimmingD-E: £ (TER g) — AT =& (TERf) — AT
using assms by (blast elim: trimming.cases dest: le-funD)+

lemma ex-trimming: — Lemma 4.8

assumes f: current I' f

and w: wave T" f

and countable: countable E

and weight-finite: \z. weight T x # T

shows dg. trimming g
proof —

define F where F = {g. current T' g AN wave T g A g < f AN E (TER g) = &
(TER f)}

define leq where leq = restrict-rel F {(g, ¢). ¢’ < g}

have in-F [simp]: g € F «— current T' g A wave T' g A (Ve. ge < fe) AN E
(TER g) = £ (TER f) for ¢

by (simp add: F-def le-fun-def)

have f-finite [simp]: fe # T for e

proof(cases e)
case (Pair z y)
have f (z, y) < d-IN fy by (rule d-IN-ge-point)
also have ... < weight T' y by(rule currentD-weight-IN[OF f])
also have ... < T by(simp add: weight-finite less-top[symmetric])
finally show ?thesis using Pair by simp

qed
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have chainD: Inf M € F if M: M € Chains leq and nempty: M # {} for M
proof —
from nempty obtain g0 where g0: g0 € M by auto
have g0-le-f: g0 e < fe and g: current I' g0 and w0: wave I' g0 for e
using Chains-FieldD[OF M ¢0] by(cases e, auto simp add: leq-def)

have finite-OUT: d-OUT fx # T for z using weight-finite[of x]
by (rule neg-top-trans)(rule currentD-weight-OUT[OF f])

have finite-IN: d-IN f x # T for z using weight-finite|of x|
by (rule neg-top-trans)(rule currentD-weight-IN[OF f])

from M have M € Chains {(g, 7). ¢’ < g}

by (rule mono-Chains| THEN subsetD, rotated)])(auto simp add: leq-def in-restrict-rel-iff )
then have chain: Complete-Partial-Order.chain (>) M by (rule Chains-into-chain)
hence chain’. Complete-Partial-Order.chain (<) M by(simp add: chain-dual)

have countable”: countable (support-flow f)
using current-support-flow[OF f] by (rule countable-subset)(rule countable)

have OUT-M: d-OUT (Inf M) x = (INF ge M. d-OUT g z) for x using chain’
nempty countable’ - finite-OUT
by(rule d-OUT-Inf)(auto dest!: Chains-FieldD[OF M| simp add: leg-def)
have IN-M: d-IN (Inf M) z = (INF ge M. d-IN g z) for z using chain’ nempty
countable’ - finite-IN
by (rule d-IN-Inf)(auto dest!: Chains-FieldD|OF M| simp add: leg-def)

have c¢: current T (Inf M) using g
proof (rule current-lel)
show (Inf M) e < g0 e for e using g0 by(auto intro: INF-lower)
show d-OUT ([|M) z < d-IN ([|M) zifx ¢ AT for z
by(auto 4 4 simp add: IN-M OUT-M leg-def intro!: INF-mono dest:
Chains-FieldD[OF M| intro: currentD-OUT-IN|OF - that])
qed

have INF-le-f: Inf M e < f e for e using g0 by(auto intro!: INF-lower2 g0-le-f)
have eq: £ (TER (Inf M)) = £ (TER f) using f w INF-le-f
proof (rule essential-eq-lel; intro subsetl)
fix z
assume z: z € £ (TER f)
hence z € SINK (Inf M) using d-OUT-mono[of Inf M z f, OF INF-le-f]
by (auto simp add: SINK .simps)
moreover from z have z € SAT T g if g € M for g using Chains-FieldD[OF
M that] by(auto simp add: leg-def)
hence x € SAT T (Inf M) by(auto simp add: SAT.simps IN-M intro!:
INF-greatest)
ultimately show = € TER (Inf M) by auto
qed

have w’: wave T’ (Inf M)
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proof
have separating T (€ (TER f)) by(rule separating-essential)(rule waveD-separating| OF
w])
then show separating T' (TER (Inf M)) unfolding eq[symmetric] by (rule
separating-weakening) auto

fix z
assume z ¢ RF (TER (Inf M))
hence z ¢ RF (£ (TER (Inf M))) unfolding RF-essential .
hence z ¢ RF (TER f) unfolding eq RF-essential .
hence d-OUT fz = 0 by(rule waveD-OUT[OF w))
with d-OUT-monolof - z f, OF INF-le-f]
show d-OUT (Inf M) x = 0 by (metis le-zero-eq)

qed

from c w’ INF-le-f eq show ?thesis by simp

qged

define trim1
where trim1 g =
(if trimming g then g
else let z = SOME 2. z € RF° (TER g) AN 2 ¢ AT N = KIR g z;
factor = d-OUT g z / d-IN g 2
in (My, z). (if © = z then factor else 1) x g (y, z))) for g

have increasing: trim1 g < g A triml g € Fif g € F for g
proof(cases trimming g)
case True
thus %thesis using that by (simp add: trim1-def)
next
case Fulse
let P = Xz. 2 € RF° (TERg)AN2¢ AT AN~ KIR gz
define z where 2 = Eps 7P
from that have g: current T' g and w”: wave I' g and le-f: Ae. ge < fe
and &: € (TER g) = £ (TER f) by(auto simp add: le-fun-def)
{ with Fulse obtain z where z: z € RF° (TER f) and A: z ¢ AT and neq:
d-OUT gz # d-IN g 2
by (auto simp add: trimming.simps le-fun-def)
from z have 2z € RF° (£ (TER f)) unfolding roofed-circ-essential .
with & roofed-circ-essentiallof I' TER g] have z € RF° (TER g) by simp
with A neq have 3z. ?P x by auto }
hence ?P z unfolding z-def by(rule somel-ex)
hence RF: z € RF° (TER g) and A: z ¢ AT and neq: d-OUT g z # d-IN g
z by simp-all
let ?factor = d-OUT g 2 / d-IN g z
have trim1 [simpl: triml g (y, ) = (if ¢ = z then Zfactor else 1) x g (y, z)
for z y
using Fualse by(auto simp add: trim1-def z-def Let-def)

from currentD-OUT-IN|[OF g A] neq have less: d-OUT g z < d-IN g z by auto
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hence ?factor < 1 (is %factor < -)
by (auto introl: divide-le-posI-ennreal simp: zero-less-iff-neq-zero)
hence le”: ?factor * g (y, ) < 1 * g (y, z) for y z
by (rule mult-right-mono) simp
hence le: triml g e < g e for e by(cases e)simp
moreover {
have c¢: current T (trim1 g) using g le
proof (rule current-lel)
fix z
assume : 2 ¢ AT
have d-OUT (trim! g) * < d-OUT ¢ x unfolding d-OUT-def using le’
by (auto intro: nn-integral-mono)
also have ... < d-IN (triml g) =
proof(cases x = z)
case True
have d-OUT g x = d-IN (trim1 g) x unfolding d-IN-def
using True currentD-weight-IN[OF g, of z] currentD-OUT-IN[OF g 1]
apply (cases d-IN g x = 0)
apply (auto simp add: nn-integral-divide nn-integral-cmult d-IN-def [symmetric]
ennreal-divide-times)
apply (subst ennreal-divide-self)
apply (auto simp: less-top[symmetric] top-unique weight-finite)
done
thus ?thesis by simp
next
case Fulse
have d-OUT g x < d-IN g z using z by(rule currentD-OUT-IN[OF g])
also have ... < d-IN (trim! g) = unfolding d-IN-def using False by (auto
introl: nn-integral-mono)
finally show ?thesis .

qed
finally show d-OUT (triml1 g) x < d-IN (triml g) x .
qed
moreover have le-f: triml g < f using le le-f by(blast intro: le-funl or-
der-trans)

moreover have eq: £ (TER (triml1 g)) = £ (TER f) unfolding &[symmetric]
using g w’ le
proof (rule essential-eq-lel; intro subsetl)
fix z
assume z: z € £ (TER g)
hence z € SINK (triml g) using d-OUT-mono|of trim1 g © g, OF le]
by (auto simp add: SINK .simps)
moreover from z have z # 2 using RF by(auto simp add: roofed-circ-def)
hence d-IN (triml1 g) z = d-IN g z unfolding d-IN-def by simp
with <z € € (TER g¢)» have z € SAT T (trim! g) by(auto simp add:
SAT.simps)
ultimately show z € TER (triml g) by auto
qed
moreover have wave I' (trim1 g)
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proof
have separating I' (€ (TER f)) by (rule separating-essential)(rule waveD-separating| OF
w])
then show separating T' (TER (triml g)) unfolding eq[symmetric] by (rule
separating-weakening) auto

fix z
assume z ¢ RF (TER (triml g))
hence z ¢ RF (£ (TER (triml g))) unfolding RF-essential .
hence z ¢ RF (TER f) unfolding eq RF-essential .
hence d-OUT fz = 0 by(rule waveD-OUT[OF w))
with d-OUT-mono|of - © f, OF le-f[THEN le-funD]]
show d-OUT (trim! g) © = 0 by (metis le-zero-eq)
qed
ultimately have trim! g € F by(simp add: F-def) }
ultimately show ?thesis using that by (simp add: le-fun-def del: trim1)
qed

have bourbaki-witt-fixrpoint Inf leq trim1 using chainD increasing unfolding
leq-def
by (intro bourbaki-witt-fizpoint-restrict-rel)(auto intro: Inf-greatest Inf-lower)
then interpret bourbaki-witt-fixrpoint Inf leq trim1 .

have f-Field: f € Field leq using f w by(simp add: leg-def)
define g where g = fizp-above f

have g € Flield leq using f-Field unfolding g-def by(rule fixp-above-Field)
hence le-f: g < f

and g: current I ¢

and w” wave T’ g

and TER: £ (TER g) = £ (TER f) by(auto simp add: leg-def intro: le-funl)

have trimming g
proof(rule ccontr)
let P = Az. 2z € RF° (TERg) N2 ¢ AT A= KIRgx
define z where z = Eps ?P
assume Fualse: = ?thesis
hence 3. ?P z using le-f g w’ TER
by (auto simp add: trimming.simps roofed-circ-essentiallof T TER g, symmet-
ric] roofed-circ-essentiallof T' TER f, symmetric])
hence ?P z unfolding z-def by(rule somel-ex)
hence z: € RF° (TER g) and A: z ¢ AT and neq: d-OUT gx # d-IN g x
by simp-all
from neq have Jy. edge I' y z A g (y, ) > 0
proof (rule contrapos-np)
assume — ?thesis
hence d-IN g © = 0 using currentD-outside[OF g, of - z]
by (force simp add: d-IN-def nn-integral-0-iff-AE AE-count-space not-less)
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with currentD-OUT-IN[OF g A] show KIR g x by simp
qed
then obtain y where y: edge I' y z and ¢r0: g (y, z) > 0 by blast

have [simp]: g (y, x) # T

proof —
have g (y, z) < d-OUT g y by (rule d-OUT-ge-point)
also have ... < weight T' y by(rule currentD-weight-OUT[OF g])
also have ... < T by(simp add: weight-finite less-top[symmetric])
finally show ?thesis by simp

qed

from neq have factor: d-OUT gz / d-INgx # 1
by (simp add: divide-eq-1-ennreal)

have trim! g (y, z) = g (y, ) * (d&-OUT g x / d-IN g z)
by (clarsimp simp add: False trim1-def Let-def z-def[symmetric] mult.commute)
moreover have ... # g (y, ) * 1 unfolding ennreal-mult-cancel-left using
gr0 factor by auto
ultimately have trim1 g (y, ) # g (y, x) by auto
hence trim1 g # g by(auto simp add: fun-eq-iff)
moreover have triml g = g using f-Field unfolding g-def by (rule fixp-above-unfold[symmetric])
ultimately show Fulse by contradiction
qed
then show “thesis by blast
qed

end

lemma trimming-&:
fixes ' (structure)
assumes w: wave I' f and trimming: trimming I f g
shows & (TER f) = € (TER g)
proof(rule set-eql)
show z € £ (TER f) «+— = € £ (TER g) for ¢
proof(cases z € AT)
case False
thus ?thesis using trimmingD-E[OF trimming] by blast
next
case True
show ?thesis
proof
assume z: z € £ (TER f)
hence © € TER g using d-OUT-monolof g x f, OF trimmingD-le[OF trim-
ming|] True
by(simp add: SINK .simps SAT.A)
moreover from z have essential T' (B T) (TER f) z by simp
then obtain p y where p: pathT' z pyand y: y € BT
and bypass: \z. z € set p = z ¢ RF (TER f) by(rule essentialE-RF)
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blast
from p y have essential I' (BT') (€ (TER g))
proof (rule essentiall)
fix z
assume z € set p
hence z: 2z ¢ RF (TER f) by(rule bypass)
with waveD-separating]OF w, THEN separating-RF-A] have z ¢ AT by
blast
with z have z ¢ £ (TER g) using trimmingD-E[OF trimming] by (auto
intro: roofed-greaterl)
thus z =z V 2 ¢ £ (TER g) ..
qed
ultimately show z € £ (TER g) unfolding essential-E by simp
next
assume z € £ (TER g)
then obtain p y where p: pathT' z pyand y: y € BT
and bypass: \z. z € set p = z ¢ RF (TER g) by(rule £-E-RF') blast
have z: z ¢ £ (TER f) if z € set p for z
proof —
from that have z: z ¢ RF (TER g) by(rule bypass)
with waveD-separating| OF trimmingD-wave| OF trimming|, THEN separat-
ing-RF-A] have z ¢ AT by blast
with z show 2z ¢ £ (TER f) using trimmingD-E[OF trimming] by (auto
intro: roofed-greaterl)
qed
then have essential T (BT) (£ (TER f)) x by(intro essentiall[OF p y]) auto
moreover have x € TER f
using waveD-separating| THEN separating-essential, THEN separatingD, OF
wp True y] z
by auto
ultimately show z € £ (TER f) unfolding essential-£ by simp
qed
qed
qed

6.7 Composition of waves via quotients

/ /

definition quotient-web :: (
web-scheme
where — Modifications to original Definition 4.9: No incoming edges to nodes in
A, BT — AT is not part of A such that A contains only vertices is disjoint from
B. The weight of vertices in B saturated by f is therefore set to 0.

quotient-web T f =

(edge = Az y. edge I z y A x ¢ roofed-circ I’ (TERp f) A y ¢ roofed I' (TERy

v, 'more) web-scheme = "v current = ('v, 'more)

),

weight = \z. if x € RF°p (TERp f) V & € TERp f N BT then 0 else weight
Iz,

A=¢&p (TERp f) — (BT — AT),

B=BT,
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. = web.more T

lemma quotient-web-sel [simp]:

fixes ' (structure) shows

edge (quotient-web T f) x y <— edge T x y ANz ¢ RF° (TER f) ANy ¢ RF (TER
)

weight (quotient-web T' f) x = (if v € RF° (TER f) V © € TERp f N BT then
0 else weight T' x)

A (quotient-web T' f) = & (TER f)— (BT — AT)

B (quotient-web T' f) = BT

web.more (quotient-web T' f) = web.more T
by (simp-all add: quotient-web-def)

lemma vertez-quotient-webD: fixes T' (structure) shows
vertex (quotient-web T' f) x = vertex T ¢ A z ¢ RF° (TER f)
by (auto simp add: vertex-def roofed-circ-def)

lemma path-quotient-web:
fixes I' (structure)
assumes path I' zp y
and z ¢ RF° (TER f)
and Az z € set p = 2z ¢ RF (TER f)
shows path (quotient-web T f) zp y
using assms by (induction)(auto intro: rtrancl-path.intros simp add: roofed-circ-def)

definition restrict-current :: (v, 'more) web-scheme = v current = 'v current =
"v current

where restrict-current T f g = (M(z, y). g (=, y) * indicator (— RF°p (TERp f))
z * indicator (— RFp (TERp f)) v)

abbreviation restrict-curr :: 'v current = (v, ‘'more) web-scheme = v current
= 'v current (<-1 -/ - [100, 0, 100] 100)
where restrict-curr g I f = restrict-current T' f g

lemma restrict-current-simps [simpl: fixes T’ (structure) shows
(91T /1) (z,y) = (9 (z, y) * indicator (— RF° (TER f)) = * indicator (— RF

(TER f)) y)
by (simp add: restrict-current-def)

lemma d-OUT-restrict-current-outside: fixes I' (structure) shows
z € RF° (TER f) = d-OUT (¢ 1T/ flz=10
by (simp add: d-OUT-def)

lemma d-IN-restrict-current-outside: fixes ' (structure) shows
v € RF (TERf) = d-IN (¢ 1T /f)z =20

by(simp add: d-IN-def)

lemma restrict-current-le: (¢ 1T/ f)e<ge

by (cases €)(clarsimp split: split-indicator)
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lemma d-OUT-restrict-current-le: d-OUT (g 1T/ f) ¢ < d-OUT g z
unfolding d-OUT-def by(rule nn-integral-mono, simp split: split-indicator)

lemma d-IN-restrict-current-le: d-IN (¢ 1T / f) x < d-IN gz
unfolding d-IN-def by(rule nn-integral-mono, simp split: split-indicator)

lemma restrict-current-IN-not-RF":
fixes I' (structure)
assumes g: current I' g
and z: ¢ ¢ RF (TER f)
shows d-IN (¢ 1T/ f)z=d-INgz
proof —
{
fix y
assume y: y € RF° (TER f)
have ¢ (y, z) = 0
proof(cases edge T' y x)
case True
from y have y" y € RF (TER f) and essential: y ¢ £ (TER f) by(simp-all
add: roofed-circ-def)
moreover from z obtain p z where 2: z € BT and p: path I z p 2
and bypass: N\z. 2z € set p = 2 ¢ TER fx ¢ TER |
by (clarsimp simp add: roofed-def)
from roofedD[OF y' rtrancl-path.step, OF True p z| bypass have x € TER f
V y € TER f by auto
with roofed-greater|[ THEN subsetD, of © TER f T'] « have © ¢ TER fy €
TER f by auto
with essential bypass have False
by (auto dest!: not-essential D[OF - rtrancl-path.step, OF - True p z])
thus ?thesis ..
qged(simp add: currentD-outside[OF g]) }
then show ?thesis unfolding d-IN-def
using z by (auto intro!: nn-integral-cong split: split-indicator)
qed

lemma restrict-current-IN-A:
a € A (quotient-web T f) = d-IN (¢ 1T/ f)a=10
by (simp add: d-IN-restrict-current-outside roofed-greaterI)

lemma restrict-current-nonneg: 0 < ge= 0<(g1T/f) e
by (cases e) simp

lemma in-SINK-restrict-current: © € SINK ¢ = z € SINK (g 1T/ f)
using d-OUT-restrict-current-le[of T f g ]
by(simp add: SINK .simps)

lemma SAT-restrict-current:
fixes I' (structure)
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assumes f: current I f
and g: current ' g
shows SAT (quotient-web I' f) (¢ 1T / f) = RF (TER f) U (SATT g — AT)
(is SAT ' 29 = 2rhs)
proof (intro set-eql iffT; (elim UnE DiffE)?)
show z € %rhs if z € SAT T ?g for = using that
proof cases
case IN
thus ?thesis using currentD-weight-OUT[OF f, of x]
by(cases x € RF (TER f))(auto simp add: d-IN-restrict-current-outside
roofed-circ-def restrict-current-IN-not-RF[OF g] SAT.IN currentD-IN|[OF g roofed-greater]
SAT.A SINK .simps RF-in-B split: if-split-asm intro: essentiall[OF rtrancl-path.base])
qed(simp add: roofed-greaterl)
show z € SAT ' ?g if € RF (TER f) for z using that
by (auto simp add: SAT.simps roofed-circ-def d-IN-restrict-current-outside)
show z € SAT T ?gif x € SATT gz ¢ AT for z using that
by(auto simp add: SAT.simps roofed-circ-def d-IN-restrict-current-outside re-
strict-current-IN-not-RF[OF' g))
qed

lemma current-restrict-current:
fixes I' (structure)
assumes w: wave ' f
and g: current I' g
shows current (quotient-web T f) (¢ 1 T/ f) (is current 7T ?g)
proof
show d-OUT ?g x < weight 7" x for x
using d-OUT-restrict-current-le[of T f g z] currentD-weight-OUT|[OF g, of z]
currentD-OUT[OF g, of x]
by (auto simp add: d-OUT-restrict-current-outside)
show d-IN ?g x < weight 7T" z for z
using d-IN-restrict-current-le[of T' f g x| currentD-weight-IN[OF g, of z]
by (auto simp add: d-IN-restrict-current-outside roofed-circ-def)
(subst d-IN-restrict-current-outside[of x T f g|; simp add: roofed-greaterI)

fix z
assume z ¢ A T
hence z: ¢ ¢ £ (TER f) — BT by simp
show d-OUT ?g x < d-IN %g z
proof(cases x € RF (TER f))

case True

with = have © € RF° (TER f) U BT by(simp add: roofed-circ-def)

with True show ?thesis using currentD-OUT|[OF g, of x| d-OUT-restrict-current-le[of

I'fga

by (auto simp add: d-OUT-restrict-current-outside d-IN-restrict-current-outside)
next

case Fulse

then obtain p z where z: z € BT and p: path " z p z

and bypass: N\z. z € set p = 2z ¢ TER fx ¢ TER f
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by (clarsimp simp add: roofed-def)
from g False have d-IN ?g © = d-IN g = by(rule restrict-current-IN-not-RF')
moreover have d-OUT ?g x < d-OUT g x
by (rule d-OUT-mono restrict-current-le)+
moreover have z ¢ AT
using separatingD[OF waveD-separating|OF w] p - 2] bypass by blast
note currentD-OUT-IN|[OF g this]
ultimately show ¢thesis by simp
qed
next
show d-IN ?ga = 0if a € A 7T for a using that by(rule restrict-current-IN-A)
show d-OUT ?gb=01if b € B T for b
using d-OUT-restrict-current-le[of T' f g b] currentD-OUT[OF g, of b] that by
stmp
show ?g e = 0 if e ¢ Egp for e using that currentD-outside'[OF g, of e
by (cases e)(auto split: split-indicator)
qed

lemma TER-restrict-current:
fixes I' (structure)
assumes f: current I f
and w: wave ' f
and g: current I' ¢
shows TER g C TER yyotient-web T f (9 1T/ f) (is - € ?TER is - € TERgp
?9)
proof
fix z
assume z: x € TER g
hence = € SINK ?g by(simp add: in-SINK-restrict-current)
moreover have v € RF (TER f)ifz € AT
using waveD-separating|OF w, THEN separatingD, OF - that] by (rule roofedI)
then have © € SAT ' ?g using SAT-restrict-current[OF f g] x by auto
ultimately show z € ?TER by simp
qed

lemma wave-restrict-current:
fixes I' (structure)
assumes f: current I f
and w: wave ' f
and g: current I' g
and w” wave T’ g
shows wave (quotient-web T f) (¢ 1T / f) (is wave T %g)
proof
show separating 7I' (TER o ?g) (is separating - TER)
proof
fixxyp
assume z € A I' y € B 7" and p: path T zp y
hence z: z € £ (TER f) and y: y € BT and SAT: z € SAT T ?g by(simp-all
add: SAT.A)
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from p have p” path T' z p y by(rule rtrancl-path-mono) simp

{ assume z ¢ ?TER
hence z ¢ SINK ?g using SAT by(simp)
hence z ¢ SINK g using d-OUT-restrict-current-le[of T f g z]
by (auto simp add: SINK .simps)
hence z € RF (TER g) using waveD-OUT[OF w’] by(auto simp add:
SINK .simps)
from roofedD[OF this p’ y| <z ¢ SINK ¢» have (3 z€set p. z € ?TER)
using TER-restrict-current[OF f w g] by blast }
then show (Jz€set p. z € ?TER) V x € ?TER by blast
qed

fix z
assume ¢ ¢ RFop ?TER
hence z ¢ RF (TER g)
proof(rule contrapos-nn)
assume x: ¢ € RF (TER g)
show z € RFop ?TER
proof
fixpy
assume path T zpyy e B T
hence path T' z p y y € B T by(auto elim: rtrancl-path-mono)
from roofedD[OF x this| show (3 z€set p. z € ¢TER) V x € ?TER
using TER-restrict-current[OF f w g] by blast
qged
qed
with w’ have d-OUT g x = 0 by(rule waveD-OUT)
with d-OUT-restrict-current-le[of T' f g z]
show d-OUT ?g x = 0 by simp
qed

definition plus-current :: 'v current = v current = 'v current
where plus-current f g = (Xe. fe + ge)

lemma plus-current-simps [simp: plus-current fge = fe + ge
by (simp add: plus-current-def)

lemma plus-zero-current [simp|: plus-current f zero-current = f
by (simp add: fun-eg-iff)

lemma support-flow-plus-current: support-flow (plus-current f g) C support-flow f
U support-flow g
by (clarsimp simp add: support-flow.simps)

context
fixes T' :: ('v, 'more) web-scheme (structure) and f g
assumes f: current I f
and w: wave I" f
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and g: current (quotient-web T f) ¢
begin

lemma OUT-plus-current: d-OUT (plus-current f g) x = (if v € RF° (TER f)
then d-OUT f x else d-OUT g z) (is d-OUT %g - = -)
proof —
have d-OUT ?g x = d-OUT fx + d-OUT g x unfolding plus-current-def
by (subst d-OUT-add) simp-all

also have ... = (if z € RF° (TER f) then d-OUT f x else d-OUT g x)
proof(cases x € RF° (TER f))
case True

hence d-OUT g xz = 0 by(intro currentD-outside-OUT[OF g])(auto dest: ver-
tez-quotient-webD)
thus ?thesis using True by simp
next
case Fulse
hence d-OUT f z = 0 by(auto simp add: roofed-circ-def SINK .simps dest:
waveD-OUT[OF w))
with Fualse show ?thesis by simp
qed
finally show ?thesis .
qged

lemma IN-plus-current: d-IN (plus-current f g) © = (if x € RF (TER f) then d-IN
fxelse d-IN g z) (is d-IN %g - = -)
proof —
have d-IN ?g x = d-IN fx + d-IN g x unfolding plus-current-def
by (subst d-IN-add) simp-all
also consider (RF) z € RF (TERf) — (BT — AT') | (B) x € RF (TER f) x
€ BT — AT | (beyond) z ¢ RF (TER f) by blast
then have d-IN fx + d-IN gz = (if € RF (TER f) then d-IN f x else d-IN g
x)
proof(cases)
case RF
hence d-INgz =0
by(cases z € £ (TER f))(auto intro: currentD-outside-IN[OF g| currentD-IN[OF
g] dest!: vertez-quotient-webD simp add: roofed-circ-def)
thus ?thesis using RF by simp
next
case B
hence d-IN g z = 0 using currentD-outside-IN[OF g, of ] currentD-weight-IN[OF
g, of 7]
by (auto dest: vertex-quotient-webD simp add: roofed-circ-def)
with B show f?thesis by simp
next
case beyond
from f w beyond have d-IN f z = 0 by(rule wave-not-RF-IN-zero)
with beyond show %thesis by simp
qed
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finally show ?thesis .
qed

lemma in-TER-plus-current:
assumes RF: x ¢ RF° (TER f)
and z: ¢ € TER yotient-web T f 9 (is - € ?TER -)
shows z € TER (plus-current f g) (is - € TER ?g)
proof(cases x € € (TER f) — (BT — AT))
case True
with z show ?thesis using currentD-IN[OF g, of )
by (fastforce intro: roofed-greaterl SAT .intros simp add: SINK .simps OUT-plus-current
IN-plus-current elim!: SAT.cases)
next
case *: Fulse
have z € SAT T ?g
proof(casesz € BT — AT)
case Fulse
with z RF * have weight I' x < d-IN g z
by (auto elim!: SAT.cases split: if-split-asm simp add: essential-BI)
also have ... < d-IN ?¢ z unfolding plus-current-def by(intro d-IN-mono)
stmp
finally show ?thesis ..
next
case True
with x z have weight T x < d-IN ?g x using currentD-OUT[OF f, of x|
by (auto simp add: IN-plus-current RF-in-B SINK .simps roofed-circ-def elim!:
SAT.cases split: if-split-asm)
thus ?thesis ..
qed
moreover have z € SINK ?g using x by(simp add: SINK .simps OUT-plus-current
RF)
ultimately show “thesis by simp
qed

lemma current-plus-current: current T' (plus-current f g) (is current - %g)
proof
show d-OUT ?g ¢ < weight T z for z
using currentD-weight-OUT|[OF g, of x] currentD-weight-OUT|[OF f, of x]
by(auto simp add: OUT-plus-current split: if-split-asm elim: order-trans)
show d-IN %9 x < weight I z for z
using currentD-weight-IN[OF f, of x| currentD-weight-IN[OF g, of x]
by (auto simp add: IN-plus-current roofed-circ-def split: if-split-asm elim: or-
der-trans)
show d-OUT ?gz < d-IN ?gzifz ¢ AT for x
proof(cases x € £ (TER f))
case Fulse
thus ?thesis
using currentD-OUT-IN|OF f that] currentD-OUT-IN[OF g, of x| that
by (auto simp add: OUT-plus-current IN-plus-current roofed-circ-def SINK .simps)
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next
case True
with that have d-OUT fx = 0 weight I © < d-IN fx
by (auto simp add: SINK .simps elim: SAT .cases)
thus ?thesis using that True currentD-OUT-IN|[OF g, of x| currentD-weight-OUT|[OF
g, of 1]
by(auto simp add: OUT-plus-current IN-plus-current roofed-circ-def intro:
roofed-greaterI split: if-split-asm)
qed
show d-IN ?ga=0ifa € AT for a
using wave-A-in-RF[OF w that] currentD-IN[OF f that] by (simp add: IN-plus-current)
show d-OUT ?9gb=0if b€ BT for b
using that currentD-OUT|[OF f that] currentD-OUT|[OF g, of b] that
by (auto simp add: OUT-plus-current SINK .simps roofed-circ-def intro: roofed-greaterI)
show ?g e = 0 if e ¢ E for e using currentD-outside'|OF f, of e] currentD-outside’|OF
g, of €] that
by (cases e) auto
qed

context
assumes w': wave (quotient-web T f) g
begin

lemma separating- TER-plus-current:
assumes z: ¢ € RF (TER f)and y: y € BT and p: pathT zp y
shows (Fz€set p. z € TER (plus-current f g)) V & € TER (plus-current f g) (is
-V - € TER %)
proof —
from z have z € RF (£ (TER f)) unfolding RF-essential .
from roofedD[OF this p y| have 3 z€set (z # p). z € £ (TER f) by auto
from split-list-last-prop| OF this] obtain ys z zs
where decomp: © # p=ys Q 2 # zsand 2: z € £ (TER f)
and outside: N\z. z € set zs => z ¢ £ (TER f) by auto
have zs: path T’ z zs y using decomp p
by (cases ys)(auto elim: rtrancl-path-appendE)
moreover have z ¢ RF° (TER f) using z by(simp add: roofed-circ-def)
moreover have RF: 2z’ ¢ RF (TER f) if 2’ € set zs for 2’
proof
assume 2z’ € RF (TER f)
hence 2" 2’ € RF (£ (TER f)) by(simp only: RF-essential)
from split-list| OF that] obtain ys’ zs’ where decomp’: zs = ys’ @ z' # zs’ by
blast
with zs have path T 2’ 25’ y by(auto elim: rtrancl-path-appendE)
from roofedD[OF 2’ this y| outside decomp’ show False by auto
qed
ultimately have p’: path (quotient-web T' f) z zs y by(rule path-quotient-web)
show ?thesis
proof(cases z € BT — AT)
case Fulse
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with separatingD[OF waveD-separating]OF w'] p'| z y

obtain 2’ where 2" 2’ € set (z # 2s) and TER: 2’ € TER g otient-web T f 9
by auto

hence 2’ € TER ?g using in-TER-plus-current|of z'| RF[of 2’| <z ¢ RF° (TER
f)» by(auto simp add: roofed-circ-def)

with decomp 2z’ show ?thesis by(cases ys) auto

next
case True

hence z € TER ?g using currentD-OUT[OF current-plus-current, of z] z
by (auto simp add: SINK .simps SAT .simps IN-plus-current intro: roofed-greaterI)
then show ?thesis using decomp by(cases ys) auto
qed
qed

lemma wave-plus-current: wave T' (plus-current f g) (is wave - %g)
proof

let I" = quotient-web I f
let YTER = TERop

show separating T' (TER ?g) using separating- TER-plus-current| OF wave-A-in-RF[OF
w]] by (rule separating)

fix z
assume z: © ¢ RF (TER ?qg)
hence z ¢ RF (TER f) by(rule contrapos-nn)(rule roofedl, rule separating- TER-plus-current)
hence x: © ¢ RF° (TER f) by(simp add: roofed-circ-def)
moreover have © ¢ RF o (?TER g)
proof
assume RF'". z € RFop (?TER g)
from z obtain p y where y: y € BT and p: path T z p y
and bypass: \z. z € set p = z ¢ TER ?g and z": v ¢ TER g
by (auto simp add: roofed-def)
have RF: z ¢ RF (TER f) if z € set p for z
proof
assume z: z € RF (TER f)
from split-list| OF that] obtain ys’ zs’ where decomp: p = ys' Q z # zs’ by
blast
with p have path T' z zs’ y by(auto elim: rtrancl-path-appendE)

from separating-TER-plus-current] OF z y this] decomp bypass show False by
auto

qed
with p have path 7T" z p y using *
by (induction)(auto intro: rtrancl-path.intros simp add: roofed-circ-def)
from roofedD{OF RF' this| y consider (z) x € ?TER g | (2) z where z € set
p z € ¢TER g by auto
then show Fulse
proof (cases)
case

with « have z € TER ?g by(rule in- TER-plus-current)
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with 2’ show Fulse by contradiction
next
case (z z)
from z(1) have z ¢ RF (TER f) by(rule RF)
hence z ¢ RF° (TER f) by(simp add: roofed-circ-def)
hence z € TER ?g using z(2) by(rule in-TER-plus-current)
moreover from z(1) have z ¢ TER ?g by(rule bypass)
ultimately show Fulse by contradiction
qed
qged
with w’ have d-OUT g z = 0 by(rule waveD-OUT)
ultimately show d-OUT ?g © = 0 by(simp add: OUT-plus-current)
qed

end
end

lemma loose-quotient-web:
fixes T :: ('v, ‘'more) web-scheme (structure)
assumes weight-finite: Ax. weight T x # T
and f: current ' f
and w: wave I" f
and mazimal: Nw. [ current I' w; wave I' w; f <w] = f=w
shows loose (quotient-web T' f) (is loose T)
proof
fix g
assume g: current I' g and w’: wave I" g
let ?g = plus-current f g
from fw g have current T' 2g wave I' ?g by (rule current-plus-current wave-plus-current)+
(rule w’)
moreover have f < ¢g by(clarsimp simp add: le-fun-def add-eq-0-iff-both-eq-0)
ultimately have eq: f = ?¢ by(rule mazimal)
have g e = 0 for e
proof(cases e)
case (Pair z y)
have fe < d-OUT f z unfolding Pair by (rule d-OUT-ge-point)
also have ... < weight T' z by(rule currentD-weight-OUT|[OF f])
also have ... < T by(simp add: weight-finite less-top[symmetric])
finally show g e = 0 using Pair eq THEN fun-cong, of e
by(cases f e g e rule: ennreal2-cases)(simp-all add: fun-eq-iff)
qed
thus g = (A-. 0) by(simp add: fun-eq-iff)
next
have 0: current I" zero-current by simp
show — hindrance I zero-current
proof
assume hindrance I" zero-current
then obtain z where a: z € A T and &: © ¢ Eop (TER o zero-current)
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and d-OUT zero-current x < weight 1" x by cases
from a have z € £ (TER f) by simp
then obtain p y where p: path ' x pyand y: y € BT
and bypass: N\z. [z # y; 2 € set p) = z =2 V 2z ¢ TER f by(rule £-E)
blast
from p obtain p’ where p”: path T’ x p’ y and distinct: distinct (z # p’)
and subset: set p’ C set p by(auto elim: rtrancl-path-distinct)
note p’
moreover have RF: z ¢ RF (TER f) if z € set p’ for 2z
proof
assume z: z € RF (TER f)
from split-list| OF that] obtain ys zs where decomp: p’ = ys Q z # 2s by
blast
with p’ have y € set p’ by(auto dest!: rtrancl-path-last intro: last-in-set)
with distinct have neq: © # y by auto
from decomp p’ have path T z zs y by(auto elim: rtrancl-path-appendFE)
from roofedD[OF z this y] obtain 2z’ where 2’ € set (z # zs) 2’ € TER f by
auto
with distinct decomp subset bypass|OF neq] show False by auto
qed
moreover have © ¢ RF° (TER f) using <z € £ (TER f)> by(simp add:
roofed-circ-def)
ultimately have p’": path T z p’ y
by (induction)(auto intro: rtrancl-path.intros simp add: roofed-circ-def)
from a £ have — essential T' (B T') (TERsp zero-current) x by simp
from not-essentialD[OF this p''| y obtain z where neq: © # y
and z € set p' z # x z € TERgp zero-current by auto
moreover with subset RF|[of z] have z € TER f
using currentD-weight-OUT[OF f, of z| currentD-weight-IN[OF f, of z]
by (auto simp add: roofed-circ-def SINK .simps intro: SAT.IN split: if-split-asm)
ultimately show Fualse using bypass|of z] subset by auto
qed
qed

lemma quotient-web-trimming:
fixes ' (structure)
assumes w: wave I f
and trimming: trimming ' f g
shows quotient-web T' f = quotient-web T' g (is ?lhs = ?rhs)
proof (rule web.equality)
from trimming have £: £ (TER g) — AT =& (TER f) — AT by cases

have RF: RF (TER g) = RF (TER f)
by (subst (1 2) RF-essential[symmetric])(simp only: trimming-E[OF w trim-
sming])
have RFc: RF® (TER g) = RF° (TER f)
by (subst (1 2) roofed-circ-essential[symmetric])(simp only: trimming-E[OF w
trimming))
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show edge ?lhs = edge ?rhs by(rule ext)+(simp add: RF RFc)
have weight ?lhs = (Az. if v € RF° (TER g) V x € RF (TER g) N BT then 0
else weight T x)
unfolding RF RFc by(auto simp add: fun-eq-iff RF-in-B)
also have ... = weight ?rhs by(auto simp add: fun-eq-iff RF-in-B)
finally show weight ?lhs = weight ?rhs .

show A ?lhs = A ?rhs unfolding quotient-web-sel trimming-E[OF w trimming]

qed simp-all

6.8 Well-formed webs

locale web =
fixes T" :: ('v, 'more) web-scheme (structure)
assumes A-in: x € Al = —edge ' y z
and B-out: x € BI' = —edge " 2 y
and A-vertez: AT CV
and disjoint: AT N BT = {}
and no-loop: N\z. — edge T z x
and weight-outside: Nx. x ¢ V= weight T' © = 0
and weight-finite [simp|: \z. weight T z # T
begin

lemma web-weight-update:
assumes Az. ~verter I' v = waz = 0
and Az. wa # T
shows web (T'(weight := w))
by unfold-locales(simp-all add: A-in B-out A-vertex disjoint no-loop assms)

lemma currentl [intro?):
assumes Az. d-OUT fz < weight T
and Az. d-IN fz < weight T z
and OUT-IN: A\z. [r ¢ AT;2¢ BT | = d-OUT fax < d-IN fz
and outside: Ne. e ¢ E = fe =10
shows current I' f
proof
show d-IN fa = 0 if a € AT for a using that
by(auto simp add: d-IN-def nn-integral-0-iff emeasure-count-space-eq-0 A-in
intro: outside)
show d-OUT fb = 0 if b € BT for b using that
by (auto simp add: d-OUT-def nn-integral-0-iff emeasure-count-space-eq-0 B-out
intro: outside)
then show d-OUT fz < d-IN fz if x ¢ AT for z using OUT-IN[OF that]
by(cases © € B T) auto
qed(blast intro: assms)+

lemma currentD-finite-IN:
assumes f: current I' f
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shows d-IN fx # T
proof(cases x € V)
case True
have d-IN fz < weight T’ z using f by(rule currentD-weight-IN)
also have ... < T using True weight-finite[of x] by (simp add: less-top[symmetric])
finally show ?thesis by simp
next
case Fulse
then have d-IN fz = 0
by(auto simp add: d-IN-def nn-integral-0-iff emeasure-count-space-eq-0 ver-
tez-def intro: currentD-outside] OF f])
thus ?thesis by simp
qed

lemma currentD-finite-OUT:
assumes f: current I' f
shows d-OUT fx # T
proof(cases x € V)
case True
have d-OUT fz < weight T' z using f by(rule currentD-weight-OUT)
also have ... < T using True weight-finite[of x] by (simp add: less-top[symmetric])
finally show ?thesis by simp
next
case Fulse
then have d-OUT fz = 0
by (auto simp add: d-OUT-def nn-integral-0-iff emeasure-count-space-eq-0 ver-
tez-def intro: currentD-outside] OF f])
thus ?thesis by simp
qed

lemma currentD-finite:
assumes f: current I' f
shows fe £ T
proof (cases e)
case (Pair = y)
have f (z, y) < d-OUT f z by (rule d-OUT-ge-point)
also have ... < T using currentD-finite-OUT|OF f] by (simp add: less-top[symmetric])
finally show ?thesis by (simp add: Pair)
qed

lemma web-quotient-web: web (quotient-web T’ f) (is web )
proof
show — edge T y z if z € A T for z y using that by (auto intro: roofed-greaterI)
show — edge 7T" z y if z € B 7T for z y using that by(auto simp add: B-out)
show A ' N B I" = {} using disjoint by auto
show A 7' C Vop
proof
fix z
assume z € A T
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hence &: z € £ (TER f) and z: ¢ B T using disjoint by auto
from this(1) obtain p y where p: path T" z p y and y: y € BT and bypass:
Nz. 2 € set p = 2z ¢ RF (TER f)
by (rule £-E-RF) blast
from p y = have p # [| by(auto simp add: rtrancl-path-simps)
with rtrancl-path-nth[OF p, of 0] have edge ' z (p ! 0) by simp
moreover have ¢ ¢ RF° (TER f) using £ by(simp add: roofed-circ-def)
moreover have p ! 0 ¢ RF (TER f) using bypass <p # [|» by auto
ultimately have edge 7T" z (p ! 0) by simp
thus z € Vo by(auto intro: vertezIl)
qed
show — edge " z z for = by(simp add: no-loop)
show weight T' v = 0 if 2 ¢ Vo for z
proof(cases x € RF° (TER f) Vax € TERf N BT)
case True thus ?thesis by simp
next
case Fulse
hence RF: x ¢ RF° (TER f) and B: z € BT = = ¢ TER f by auto
from RF obtain p y where p: path T' z p y and y: y € B I and bypass: \z.
z € set p = 2z ¢ RF (TER f)
apply(cases x ¢ RF (RF (TER f)))
apply(auto elim!: not-roofedF)[1]
apply(auto simp add: roofed-circ-def roofed-idem elim: essentialE-RF)
done
from that have p = || using p y B RF bypass
by (auto 4 8 simp add: vertex-def dest!: rtrancl-path-nth[where i=0])
with p have zy: z = y by(simp add: rtrancl-path-simps)
with B y have © ¢ TER f by simp
hence RF'" © ¢ RF (TER f) using zy y by(subst RF-in-B) auto
have — vertex I' z
proof
assume verter I' z
then obtain z’ where edge T’ 2’ z using zy y by (auto simp add: vertez-def
B-out)
moreover hence 2’ ¢ RF° (TER f) using RF'by(auto dest: RF-circ-edge-forward)
ultimately have edge 7I" z’ z using RF' by simp
hence vertex T x by(rule vertezl2)
with that show Fualse by simp
qed
thus ?thesis by (simp add: weight-outside)
qed
show weight " © # T for x by simp
qed

end
locale countable-web = web I

for T :: (v, 'more) web-scheme (structure)
_|_
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assumes countable [simp]: countable E
begin

lemma countable-V [simp]: countable V
by (simp add: V-def)

lemma countable-web-quotient-web: countable-web (quotient-web T' f) (is count-
able-web ")
proof —
interpret r: web 7I" by (rule web-quotient-web)
show ?thesis
proof
have Eor C E by auto
then show countable Egp by(rule countable-subset) simp
qed
qed

end

6.9 Subtraction of a wave

definition minus-web :: ("v, 'more) web-scheme = "v current = (v, 'more) web-scheme
(infix] «©) 65) — Definition 6.6

where I' © f = T'(weight := Az. if £ € AT then weight T = — d-OUT f z else
weight T z + d-OUT fx — d-IN f x|

lemma minus-web-sel [simp]:

edge (T © f) = edge T

weight (T © f) x = (ifx € AT then weight T © — d-OUT f x else weight T © +
d-OUT fz — d-IN f z)

AToef)=AT

BT ef)=BT

Vres=Vr

Ergr=Er

web.more (I' © f) = web.more T’
by (auto simp add: minus-web-def vertex-def)

lemma vertex-minus-web [simp]: vertex (I' © f) = vertex T
by (simp add: vertez-def fun-eq-iff)

lemma roofed-gen-minus-web [simp]: roofed-gen (I' © f) = roofed-gen T
by (simp add: fun-eq-iff roofed-def)

lemma minus-zero-current [simp]: T & zero-current = T
by (rule web.equality)(simp-all add: fun-eq-iff)

lemma (in web) web-minus-web:

assumes f: current I' f
shows web (T © f)
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unfolding minus-web-def
apply(rule web-weight-update)
apply (auto simp: weight-outside currentD-weight-IN[OF f] currentD-outside-OUT|[OF

fl

currentD-outside-IN[OF f] currentD-weight-OUT[OF f] cur-
rentD-finite-OUT[OF f])
done

6.10 Bipartite webs

locale countable-bipartite-web =
fixes T' :: ('v, ‘'more) web-scheme (structure)
assumes bipartite-V: VC AT U BT
and A-verter: AT CV
and bipartite-E: edge ' vy =z € AT ANye BT
and disjoint: AT N BT ={}
and weight-outside: Nz. © ¢ V = weight I' z = 0
and weight-finite [simp]: \z. weight T © # T
and countable-E [simp]: countable E

begin

lemma not-vertex: [z ¢ AT; 2 ¢ BT | = — vertex I' z
using bipartite-V by blast

lemma no-loop: — edge I z z
using disjoint by (auto dest: bipartite-F)

lemma edge-antiparallel: edge I' x y = — edge I y x
using disjoint by(auto dest: bipartite-E)

lemma A-in: x € ATl = —edge ' yz
using disjoint by (auto dest: bipartite-F)

lemma B-out: t € BT = —edge ' x gy
using disjoint by (auto dest: bipartite-F)

sublocale countable-web using disjoint
by (unfold-locales)(auto simp add: A-in B-out A-vertex no-loop weight-outside)

lemma currentD-OUT":

assumes f: current I' f

andz:z ¢ AT

shows d-OUT fz = 0
using currentD-outside-OUT|[OF f, of ] x currentD-OUT|OF f, of z] bipartite-V
by auto

lemma currentD-IN "

assumes f: current I' f
and z: z ¢ BT
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shows d-IN fz = 0
using currentD-outside-IN[OF f, of z] x currentD-IN[OF f, of x| bipartite-V by
auto

lemma current-bipartitel [intro?):

assumes OUT: Az. d-OUT fz < weight T z

and IN: Az. d-IN fx < weight T z

and outside: Ne. e ¢ E = fe =10

shows current ' f
proof

fix z

assume t ¢ ATz ¢ BT

hence d-OUT f x = 0 by(auto simp add: d-OUT-def nn-integral-0-iff emea-
sure-count-space-eq-0 introl: outside dest: bipartite-E)

then show d-OUT fx < d-IN f z by simp
qged(rule OUT IN outside)+

lemma wave-bipartitel [intro?):

assumes sep: separating I' (TER f)

and f: current T f

shows wave T f
using sep
proof (rule wave.intros)

fix

assume z ¢ RF (TER f)

then consider ¢ V | z € V z € BT using separating-RF-A[OF sep] bipartite-V
by auto

then show d-OUT fz = 0 using currentD-OUT[OF f, of z| currentD-outside-OUT[OF
f, of 7]

by cases auto

qed

lemma web-flow-iff: web-flow T" f «— current T f
using bipartite-V by(auto simp add: web-flow.simps)
end

end

7 Reductions

theory MFMC-Reduction imports
MFMC-Web
begin

7.1 From a web to a bipartite web

definition bipartite-web-of :: ('v, 'more) web-scheme = ('v + v, 'more) web-scheme
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where

bipartite-web-of T’ =

(edge = Auv wv'. case (uwv, wv’) of (Inl u, Inr v) = edge ' w vV u=v A u €
vertices T’ Nu ¢ AT ANv¢ BT | - = False,

weight = Auv. case wv of Inl w = if u € BT then 0 else weight T u | Inr u =
if u € AT then 0 else weight T' u,

A = Inl ‘ (vertices T' — B T),

B=1Inr‘(— A1),

. = web.more T

lemma bipartite-web-of-sel [simp]: fixes I' (structure) shows
edge (bipartite-web-of T') (Inl u) (Inr v) +— edgeT uvVu=vAu€e€V Au
¢ AT ANv¢ BT
edge (bipartite-web-of T') uv (Inl u) +— False
edge (bipartite-web-of T') (Inr v) wv +— False
weight (bipartite-web-of T) (Inl u) = (if u € B T then 0 else weight T u)
weight (bipartite-web-of T') (Inr v) = (if v € AT then 0 else weight T v)
A (bipartite-web-of T') = Inl * (V — BT)
B (bipartite-web-of T') = Inr ‘ (— AT)
by (simp-all add: bipartite-web-of-def split: sum.split)

lemma edge-bipartite-webll: edge T' v v => edge (bipartite-web-of T) (Inl u) (Inr

)
by (auto)

lemma edge-bipartite-webl2:
[ueVp;ug AT; u¢ BT | = edge (bipartite-web-of T') (Inl u) (Inr u)
by (auto)

lemma edge-bipartite-webF:
fixes ' (structure)
assumes edge (bipartite-web-of T') uv uv’
obtains v v where uwv = Inl v wv’ = Inr v edge T u v
| w where wv =Inluvw' =InruuveVu¢g ATug¢g BT
using assms by(cases uv wv’ rule: sum.ezhaust|case-product sum.ezhaust]) auto

lemma E-bipartite-web:

fixes I' (structure) shows

Epipartite-web-of T = (M=, y). (Inl z, Inr y)) “E U (Az. (Inl z, Inr z)) *(V —
AT — BT)
by (auto elim: edge-bipartite-webE)

context web begin

lemma vertex-bipartite-web [simp]:

vertex (bipartite-web-of T') (Inl ) «— vertex 'z ANz ¢ BT

vertex (bipartite-web-of T') (Inr z) +— vertex T x Az ¢ AT
by (auto 4 4 simp add: vertez-def dest: B-out A-in intro: edge-bipartite-webl1 edge-bipartite-webI2
elim!: edge-bipartite-webF)
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definition separating-of-bipartite :: ('v + 'v) set = v set
where

separating-of-bipartite S =

(let A-S=Inl —“S; B-S=Inr = Sin (A-SNB-S)YU (AT NAS)U (BTN
B-9))

context

fixes S :: (v + "v) set

assumes sep: separating (bipartite-web-of T') S
begin

Proof of separation follows [1]

lemma separating-of-bipartite-aux:
assumes p: path ' zpyand y: y € BT
and z: 2 € AlVInrzeS
shows (3 z€set p. z € separating-of-bipartite S) V = € separating-of-bipartite S
proof(cases p = [])
case True
with p have x = y by cases auto
with y z have x € separating-of-bipartite S using disjoint
by (auto simp add: separating-of-bipartite-def Let-def)
thus “thesis ..
next
case nNil: False
define inmarked where inmarked v «+— x € AT V Inrxz € S for z
define outmarked where outmarked x <— z € BT'V Inl x € S for z
let 7' = bipartite-web-of T
let ?double = Ax. inmarked x N\ outmarked x
define tailmarked where tailmarked = (A(z, y :: "v). outmarked x)
define headmarked where headmarked = (A(z :: 'v, y). inmarked y)

have marked-E: tailmarked e V headmarked e if e € E for e — Lemma 1b
proof(cases e)
case (Pair z y)
with that have path I (Inl z) [Inr y] (Inr y) by (auto intro!: rtrancl-path.intros)
from separatingD[OF sep this] that Pair show ?thesis
by (fastforce simp add: vertex-def inmarked-def outmarked-def tailmarked-def
headmarked-def)
qged

have Jzeset (v # p). ?double z— Lemma 2
proof —
have inmarked ((z # p) ! (i + 1)) V outmarked ((z # p) ! %) if i < length p
for ¢
using rtrancl-path-nth|OF p that] marked-E[of ((z # p) ! i, p ! 7)] that
by (auto simp add: tailmarked-def headmarked-def nth-Cons split: nat.split)
hence {i. i < length p A inmarked (p ! )} U {i. i < length (z # butlast p) A
outmarked ((z # butlast p) ! i)} = {i. i < length p}
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(is %in U Pout = -) using nNil
by (force simp add: nth-Cons’ nth-butlast elim: meta-allE[where z=0] cong
del: old.nat.case-cong-weak)
hence length p + 2 = card (?in U ?out) + 2 by simp
also have ... < (card ?in + 1) + (card ?out + 1) by(simp add: card-Un-le)
also have card %in = card ((Ni. Inl (i + 1) :: - 4+ nat) < %n)
by (rule card-image[symmetric])(simp add: inj-on-def)
also have ... + I = card (insert (Inl 0) {Inl (Suc i) :: - + nat|i. i < length
p A inmarked (p ! i)})
by (subst card-insert-if ) (auto intro!: arg-conglwhere f=card))
also have ... = card {Inl i :: nat + nat|i. i < length (z # p) A inmarked ((z
# p) i)} (is - = card %in)
using = by(intro arg-conglwhere f=card])(auto simp add: nth-Cons in-
marked-def split: nat.split-asm)
also have card ?out = card ((Inr :: - = nat + -) * ?out) by(simp add:
card-image)
also have ... + 1 = card (insert (Inr (length p)) {Inr i :: nat + -|i. i < length
p A outmarked ((x # p) ! 9)})
using nNil by (subst card-insert-if )(auto introl: arg-cong|where f=card] simp
add: nth-Cons nth-butlast cong: nat.case-cong)
also have ... = card {Inr { :: nat + -|i. i < length (z # p) A outmarked ((z
# p) D)} (is - = card Zout)
using nNil rtrancl-path-last|OF p nNil] y
by (intro arg-cong[where f=card])(auto simp add: outmarked-def last-conv-nth)
also have card ?in 4+ card ?out = card (?in U ?out)
by (rule card-Un-disjoint[symmetric]) auto
also let ?f = case-sum id id
have ?f “ (%in U Zout) C {i. i < length (x # p)} by auto
from card-mono|OF - this] have card (7f ‘ (%in U %out)) < length p + 1 by
stmp
ultimately have — inj-on ?f (%in U Pout) by(intro pigeonhole) simp
then obtain ¢ where ¢ < length (z # p) ?double ((z # p) ! ©)
by (auto simp add: inj-on-def)
thus %thesis by (auto simp add: set-conv-nth)
qed
moreover have z € separating-of-bipartite S if ?double z for z using that disjoint
by (auto simp add: separating-of-bipartite-def Let-def inmarked-def outmarked-def)
ultimately show %thesis by auto
qed

lemma separating-of-bipartite:
separating T (separating-of-bipartite S)
by (rule separating-gen.intros)(erule (1) separating-of-bipartite-aux; simp)
end
lemma current-bipartite-web-finite:

assumes f: current (bipartite-web-of T') f (is current T -)
shows fe £ T
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proof (cases e)

case (Pair = y)

have f e < d-OUT f z unfolding Pair d-OUT-def by(rule nn-integral-ge-point)
stmp

also have ... < weight T" x by(rule currentD-weight-OUT[OF f])

also have ... < T by(cases z)(simp-all add: less-top[symmetric])
finally show ?thesis by simp
qed

definition current-of-bipartite :: ('v + 'v) current = v current
where current-of-bipartite f = (A(z, y). f (Inl z, Inr y) * indicator E (z, y))

lemma current-of-bipartite-simps [simp]: current-of-bipartite f (z, y) = f (Inl z,
Inr y) * indicator E (z, y)
by (simp add: current-of-bipartite-def)

lemma d-OUT-current-of-bipartite:

assumes f: current (bipartite-web-of T') f

shows d-OUT (current-of-bipartite f) x = d-OUT f (Inl z) — f (Inl z, Inr 1)
proof —

have d-OUT (current-of-bipartite f) z = [+ y. f (Inl z, y) * indicator E (z,
projr y) dcount-space (range Inr)

by(simp add: d-OUT-def nn-integral-count-space-reindex)

also have ... = d-OUT f (Inl z) — [T y. f (Inl z, y) * indicator {Inr z} y
dcount-space UNIV (is - = - — ?rest)

unfolding d-OUT-def by (subst nn-integral-diff [symmetric])(auto 4 4 simp add:
current-bipartite-web-finite] OF f] AE-count-space nn-integral-count-space-indicator
no-loop split: split-indicator intro!: nn-integral-cong intro: currentD-outside[OF f]
elim: edge-bipartite-webE)

finally show ?thesis by simp
qed

lemma d-IN-current-of-bipartite:
assumes f: current (bipartite-web-of T') f
shows d-IN (current-of-bipartite f) x = d-IN f (Inr z) — f (Inl z, Inr x)
proof —
have d-IN (current-of-bipartite f) z = [T y. f (y, Inr z) * indicator E (projl y,
x) Ocount-space (range Inl)
by(simp add: d-IN-def nn-integral-count-space-reinder)
also have ... = d-IN f (Inr z) — [T y. f (y, Inr ) * indicator {Inl z} y
dcount-space UNIV (is - = - — ?rest)
unfolding d-IN-def by(subst nn-integral-diff [symmetric])(auto 4 4 simp add:
current-bipartite-web-finite| OF f] AE-count-space nn-integral-count-space-indicator
no-loop split: split-indicator intro!: nn-integral-cong intro: currentD-outside[OF f]
elim: edge-bipartite-webE)
finally show ?thesis by simp
qed

lemma current-current-of-bipartite: — Lemma 6.3

91



assumes f: current (bipartite-web-of T') f (is current " -)
and w: wave (bipartite-web-of T') f
shows current I' (current-of-bipartite f) (is current - ?f)
proof
fix z
have d-OUT ?fz < d-OUT f (Inl x)
by(simp add: d-OUT-current-of-bipartite[OF f] diff-le-self-ennreal)
also have ... < weight T ©
using currentD-weight-OUT|[OF f, of Inl x]
by (simp split: if-split-asm)
finally show d-OUT ?f z < weight T x .
next
fix z
have d-IN ?fz < d-IN f (Inr z)
by (simp add: d-IN-current-of-bipartite|OF f] diff-le-self-ennreal)
also have ... < weight I' z
using currentD-weight-IN[OF f, of Inr x|
by (simp split: if-split-asm)
finally show d-IN ?f ¢ < weight T z .
next
have OUT: d-OUT ?fb = 0 if b € BT for b using that
by (auto simp add: d-OUT-def nn-integral-0-iff emeasure-count-space-eq-0 intro!:
currentD-outside[OF' f] dest: B-out)
show d-OUT ?fz < d-IN ?fzif A: 2 ¢ AT for z
proof(casesz € BT V z ¢ V)
case True
then show ?thesis
proof
assume z € BT
with OUT|[OF this] show ?thesis by auto
next
assume z ¢ V
hence d-OUT ?fz = 0 by(auto simp add: d-OUT-def vertex-def nn-integral-0-iff
emeasure-count-space-eq-0 introl: currentD-outside] OF f])
thus ?thesis by simp

qed
next
case B [simplified]: False
have d-OUT ?fz = d-OUT f (Inl ) — f (Inl z, Inr z) (is - = - — ?rest)

by (simp add: d-OUT-current-of-bipartite| OF f])
also have d-OUT f (Inl z) < d-IN f (Inr z)
proof (rule ccontr)
assume — ?thesis
hence x: d-IN f (Inr x) < d-OUT f (Inl z) by(simp add: not-less)
also have ... < weight I z using currentD-weight-OUT[OF f, of Inl z] B
by simp
finally have Inr z ¢ TER¢p f using A by(auto elim!: SAT.cases)
moreover have Inl ¢ ¢ TERop f using * by(auto simp add: SINK.simps)
moreover have path T" (Inl z) [Inr z] (Inr x)
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by (rule rtrancl-path.step)(auto intro!: rtrancl-path.base simp add: no-loop A
B)
ultimately show False using waveD-separating|OF w] A B by(auto dest!:
separatingD)
qed
hence d-OUT f (Inlz) — %rest < d-IN f (Inr z) — ?rest by (rule ennreal-minus-mono)
stmp

also have ... = d-IN ?f z by(simp add: d-IN-current-of-bipartite| OF f])
finally show ?thesis .
qged
show ?fe = 0 if ¢ ¢ E for e using that by(cases e)(auto)
qed
lemma TER-current-of-bipartite: — Lemma 6.3

assumes f: current (bipartite-web-of T') f (is current 7T -)
and w: wave (bipartite-web-of T) f
shows TER (current-of-bipartite f) = separating-of-bipartite (TER pipartite-web-of T
)
(is TER ?f = separating-of-bipartite ?TER)
proof(rule set-eql)
fix z
consider (A)z € ATzeV |(ByzeBl'zeV
| (inner) x ¢ AT ¢ BT z € V| (outside) z ¢ V by auto
thus x € TER ?f «— z € separating-of-bipartite TER
proof cases
case A
hence d-OUT ?f x = d-OUT f (Inl z) using currentD-outside[OF f, of Inl x
Inr ]
by (simp add: d-OUT-current-of-bipartite[ OF f] no-loop)
thus ?thesis using A disjoint
by (auto simp add: separating-of-bipartite-def Let-def SINK .simps introl: SAT.A
imagel )
next
case B
then have d-IN ?f ¢ = d-IN f (Inr x)
using currentD-outside[OF f, of Inl x Inr z]
by (simp add: d-IN-current-of-bipartite OF f] no-loop)
moreover have d-OUT ?fz = 0 using B currentD-outside[OF f, of Inl x Inr
z]
by(simp add: d-OUT-current-of-bipartite[OF f] no-loop)(auto simp add:
d-OUT-def nn-integral-0-iff emeasure-count-space-eq-0 intro!: currentD-outside[ OF
f] elim!: edge-bipartite-webE dest: B-out)
moreover have d-OUT f (Inr z) = 0 using B disjoint by (intro currentD-OUT[OF
11) auto
ultimately show ?thesis using B
by (auto simp add: separating-of-bipartite-def Let-def SINK .simps SAT .simps)
next

case outside
with current-current-of-bipartite] OF f w] have d-OUT ?fx = 0 d-IN ?fz = 0
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by (rule currentD-outside-OUT currentD-outside-IN )+
moreover from outside have Inl x ¢ vertices I' Inr x ¢ vertices 7I" by auto
hence d-OUT f (Inl z) = 0 d-IN f (Inl z) = 0 d-OUT f (Inr z) = 0 d-IN f
(Inrz) =0
by (blast intro: currentD-outside-OUT|[OF f] currentD-outside-IN[OF f])+
ultimately show ?thesis using outside weight-outside|of ]
by (auto simp add: separating-of-bipartite-def Let-def SINK .simps SAT.simps
not-le)
next
case inner
show ?thesis
proof
assume z € separating-of-bipartite ?TER
with inner have I: Inl x € ?TER and r: Inr x € ?TER
by (auto simp add: separating-of-bipartite-def Let-def)
have f (Inl z, Inr ) < d-OUT f (Inl 1)
unfolding d-OUT-def by(rule nn-integral-ge-point) simp
with [ have 0: f (Inl z, Inr ) = 0
by (auto simp add: SINK .simps)
with [ have z € SINK ?f by(simp add: SINK .simps d-OUT-current-of-bipartite| OF
)
moreover from r have Inr ¢ € SAT ' f by auto
with inner have x € SAT T" ?f
by (auto elim!: SAT .cases introl: SAT.IN simp add: 0 d-IN-current-of-bipartite] OF
)
ultimately show =z € TER ?f by simp
next
assume x: © € TER ?f
have d-IN f (Inr z) < weight 7T (Inr z) using [ by (rule currentD-weight-IN)
also have ... < weight I' x using inner by simp
also have ... < d-IN ?f z using inner * by(auto elim: SAT.cases)
also have ... < d-IN f (Inr )
by(simp add: d-IN-current-of-bipartite[ OF f] max-def diff-le-self-ennreal)
ultimately have eq: d-IN ?f z = d-IN f (Inr z) by simp
hence 0: f (Inl z, Inr z) = 0
using ennreal-minus-cancel-iff [of d-IN f (Inr z) f (Inl z, Inr z) 0] cur-
rentD-weight-IN[OF f, of Inr z] inner
d-IN-ge-point[of f Inl x Inr z
by (auto simp add: d-IN-current-of-bipartite[OF f] top-unique)
have Inl z € ?TER Inr z € ?TER using inner x currentD-OUT[OF f, of
Inr 2]
by (auto simp add: SAT.simps SINK .simps d-OUT-current-of-bipartite| OF
f1 0 eq)
thus z € separating-of-bipartite ?TER unfolding separating-of-bipartite-def
Let-def by blast
qed
qed
qed

94



lemma wave-current-of-bipartite: — Lemma 6.3
assumes f: current (bipartite-web-of T') f (is current 7" -)
and w: wave (bipartite-web-of T') f
shows wave T' (current-of-bipartite f) (is wave - 2f)
proof
have sep’: separating T’ (separating-of-bipartite (TER op f))
by (rule separating-of-bipartite)(rule waveD-separating| OF w))
then show sep: separating I' (TER (current-of-bipartite f))
by (simp add: TER-current-of-bipartite[OF f w))

fix z
assume z ¢ RF (TER ?f)
then obtain p y where p: path ' z p y and y: y € BT and z: ¢ ¢ TER ?f
and bypass: N\z. z € set p = z ¢ TER %f
by (auto simp add: roofed-def elim: rtrancl-path-distinct)
from p obtain p’ where p”: path T’ z p’ y and distinct: distinct (z # p’)
and subset: set p’ C set p by(auto elim: rtrancl-path-distinct)
consider (outside) t ¢ V| (A)z € AT | (Byz € BT | (inner) z e Vo ¢ A
'z ¢ BT by auto
then show d-OUT ?fz = 0
proof cases
case outside
with fw show ?thesis by (rule currentD-outside-OUT[OF current-current-of-bipartite])
next
case A
from separatingD[OF sep p A y] bypass have x € TER ?f by blast
thus ?thesis by (simp add: SINK .simps)
next
case B
with fw show ?thesis by (rule currentD-OUT|[OF current-current-of-bipartite])
next
case inner
hence path 7" (Inl z) [Inr z] (Inr z) by(auto introl: rtrancl-path.intros)
from inner waveD-separating]OF w, THEN separatingD, OF this]
consider (Inl) Inl € TER¢p f | (Inr) Inr v € TER o f by auto
then show ?thesis
proof cases
case Inl
thus ?thesis
by (auto simp add: SINK .simps d-OUT-current-of-bipartite] OF f] maz-def)
next
case Inr
with separating-of-bipartite-auz|OF waveD-separating|OF w)] p y] « bypass
have Fualse unfolding TER-current-of-bipartite[ OF f w] by blast
thus ?thesis ..
qed
qed
qed
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end
context countable-web begin

lemma countable-bipartite-web-of : countable-bipartite-web (bipartite-web-of T') (is
countable-bipartite-web 7T)
proof
show Vop C A T'U B
apply(rule subsetl)
subgoal for = by(cases x) auto
done
show A ' C Vop by auto
show 2z € A ' A y € B 7T if edge 7" z y for z y using that
by(cases = y rule: sum.ezhaust|case-product sum.ezhaust])(auto simp add:
inj-image-mem-iff vertex-def B-out A-in)
show A 7' N B 7' = {} by auto
show countable Eor by(simp add: E-bipartite-web)
show weight T" © # T for z by(cases x) simp-all
show weight (bipartite-web-of T') © = 0 if x ¢ Vor for x using that
by (cases z)(auto simp add: weight-outside)
qed

end
context web begin

lemma unhindered-bipartite-web-of :

assumes loose: loose T’

shows — hindered (bipartite-web-of T')
proof

assume hindered (bipartite-web-of T') (is hindered T')

then obtain f where f: current 7' f and w: wave ?I' f and hind: hindrance
" f by cases

from fw have current ' (current-of-bipartite f) by(rule current-current-of-bipartite)
moreover from fw have wave I' (current-of-bipartite f) by (rule wave-current-of-bipartite)
ultimately have x: current-of-bipartite f = zero-current by (rule looseD-wave| OF
loose])

have zero: f (Inl z, Inr y) = 0 if © # y for z y using that *[THEN fun-cong,
of (z, y)]

by (cases edge T’ z y)(auto intro: currentD-outside] OF f])

have OUT: d-OUT f (Inl x) = f (Inl z, Inr z) for z
proof —
have d-OUT f (Inlz) = >V y. f (Inl x, y) * indicator {Inr z} y) unfolding
d-OUT-def

using zero currentD-outside[OF f)
apply (intro nn-integral-cong)
subgoal for y by(cases y)(auto split: split-indicator)
done
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also have ... = f (Inl z, Inr z) by simp
finally show ?thesis .
qed
have IN: d-IN f (Inr z) = f (Inl z, Inr z) for
proof —
have d-IN f (Inr z) = (3.t y. f (y, Inr x) * indicator {Inl z} y) unfolding
d-IN-def
using zero currentD-outside[ OF f]
apply (intro nn-integral-cong)
subgoal for y by(cases y)(auto split: split-indicator)

done
also have ... = f (Inl z, Inr z) by simp
finally show ?thesis .
qed

let ?TER = TER - f
from hind obtain ¢ where a: a € A 7I" and n€: a ¢ Eop (TERor f)
and OUT-a: d-OUT fa < weight I" a by cases
from a obtain o’ where a”: ¢ = Inl o’ and v: vertex T o’ and b: o’ ¢ BT by
auto
have A: «’ € AT
proof(rule ccontr)
assume A: a’' ¢ AT
hence edge 7" (Inl o’) (Inr a’) using v b by simp
hence p: path T" (Inl a’) [Inr o/] (Inr ') by (simp add: rtrancl-path-simps)
from separatingD[OF waveD-separating|OF w] this] b v A
have Inl o’ € ?TER V Inr o’ € ?TER by auto
thus Fulse
proof cases
case left
hence d-OUT f (Inl a’) = 0 by(simp add: SINK .simps)
moreover hence d-IN f (Inr a’) = 0 by(simp add: OUT IN)
ultimately have Inr o’ ¢ ¢?TER using v b A OUT-a o’ by(auto simp add:
SAT.simps)
then have essential 7' (B I') ?TER (Inl a’) using A
by (intro essentiall[OF p)) simp-all
with n€ left a’ show False by simp
next
case right
hence d-IN f (Inr a’) = weight T o’ using A by(auto simp add: cur-
rentD-SAT[OF f])
hence d-OUT f (Inl o’) = weight T' o’ by(simp add: IN OUT)
with OUT-a a’ b show Fualse by simp
qed
qed
moreover

from A have d-OUT f (Inl a") = 0 using currentD-outside[OF f, of Inl o’ Inr
a'
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by(simp add: OUT no-loop)
with b v have TER: Inl o’ € ?TER by(simp add: SAT.A SINK .simps)
with n€ o’ have ness: = essential I' (B T') ?TER (Inl ') by simp

have o’ ¢ £ (TER zero-current)
proof
assume a’ € £ (TER zero-current)
then obtain p y where p: path T' o’ pyand y: y € BT
and bypass: \z. z € set p = z ¢ TER zero-current
by (rule £-E-RF)(auto intro: roofed-greaterl)

from p show Fulse
proof cases
case base with y A disjoint show Fualse by auto
next
case (step = p’)
from step(2) have path T (Inl o) [Inr z] (Inr x) by (simp add: rtrancl-path-simps)
from not-essentialD]|OF ness this| bypass[of x] step(1)
have Inr x € ?TER by simp
with bypass|of x] step(1) have d-IN f (Inr ) > 0
by (auto simp add: currentD-SAT[OF f] zero-less-iff-neg-zero)
hence z: Inl z ¢ ?TER by(auto simp add: SINK .simps OUT IN)
from step(1) have set (z # p’) C set p by auto
with «path T z p’ y» = y show False
proof induction
case (base )
thus False using currentD-outside-IN[OF f, of Inl z] currentD-outside-OUT[OF
f, of Inl x
by(auto simp add: currentD-SAT[OF f] SINK .simps dest!: bypass)
next
case (step 2z p' y)
from step.prems(3) bypass|of ] weight-outside[of x] have z: vertex T" z
by (auto)
from <edge T' z 2> have path T" (Inl z) [Inr 2] (Inr z) by(simp add:
rtrancl-path-simps)
from separatingD[OF waveD-separating| OF w] this] step.prems(1) step.prems(3)
bypass|of z] x <edge T z 2»
have Inr z € ?TER by(force simp add: B-out inj-image-mem-iff)
with bypass|of 2] step.prems(3) <edge T' x 2> have d-IN f (Inr z) > 0
by (auto simp add: currentD-SAT[OF f] A-in zero-less-iff-neg-zero)
hence z: Inl z ¢ ?TER by(auto simp add: SINK.simps OUT IN)
with step. TH[OF this] step.prems(2,3) show False by auto
qed
qed
qed
moreover have d-OUT zero-current a’ < weight T a’
using OUT-a o’ b by (auto simp: zero-less-iff-neq-zero)
ultimately have hindrance T' zero-current by (rule hindrance)
with looseD-hindrance[OF loose] show False by contradiction
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qed

lemma (in —) divide-less-1-iff-ennreal: a / b < (1::ennreal) +— (0 < bANa<b
Vb=0ANa=0V b= top)
by (cases a; cases b; cases b = 0)
(auto simp: divide-ennreal ennreal-less-iff ennreal-top-divide)

lemma linkable-bipartite-web-ofD:
assumes link: linkable (bipartite-web-of T') (is linkable 7T)
and countable: countable E
shows linkable T’
proof —
from link obtain f where wf: web-flow 7I' f and link: linkage " f by blast
from wf have f: current ?I" f by(rule web-flowD-current)
define f’ where f’ = current-of-bipartite f

have IN-le-OUT: d-IN f' x < d-OUT f'z if x ¢ BT for z
proof(cases x € V)
case True
have d-IN f' z = d-IN f (Inr z) — f (Inl z, Inr z) (is - = - — %rest)
by (simp add: f’-def d-IN-current-of-bipartite[OF f])
also have ... < weight T (Inr x) — %rest
using currentD-weight-IN[OF f, of Inr z] by(rule ennreal-minus-mono) simp
also have ... < weight 7' (Inl ) — ?%rest using that ennreal-minus-mono
by (auto)
also have weight ' (Inl z) = d-OUT f (Inl x) using that linkageD[OF link,
of Inl x] True by auto
also have ... — %rest = d-OUT [’ x
by (simp add: f’-def d-OUT-current-of-bipartite[OF f])
finally show ?thesis .
next
case Fulse
with currentD-outside-OUT[OF f, of Inl z] currentD-outside-IN[OF f, of Inr
2
show ?thesis by(simp add: f’-def d-IN-current-of-bipartite| OF f] d-OUT-current-of-bipartite[ OF
)
qged
have link: linkage T f'
proof
show d-OUT ' a = weight T' aif a € AT for a
proof(cases a € V)
case True
from that have a ¢ B T using disjoint by auto
with that True linkageD][OF link, of Inl a] ennreal-minus-cancel-iff[of - - 0]
currentD-outside[OF f, of Inl a Inr a)
show ?thesis by (clarsimp simp add: f'-def d-OUT-current-of-bipartite[OF f]
maz-def no-loop)
next
case Fulse
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with weight-outside[OF this] currentD-outside]OF f, of Inl a Inr a] cur-
rentD-outside-OUT|[OF f, of Inl a]
show ?thesis by(simp add: f'-def d-OUT-current-of-bipartite[ OF f] no-loop)
qed
qed

define F where FF = {g. (Ve. 0 < ge) AN(Ve.e ¢ E— ge=0) A
(Vz.2 ¢ BT — d-INgz < d-OUT g z) A
linkage T' g A
(Vz€AT. d-INgxz = 0) A
(Vz. d-OUT g © < weight T z) A
(Vz. d-IN g z < weight T z) A
(VzeBT. d-OUT gz =0) N g < [}
define leq where leq = restrict-rel F {(f, f'). f' < f}
have F': Field leq = F by(auto simp add: leg-def)
have F-I [intro?): f € Field leq if Ae. 0 < feand Ae. e ¢ E = fe =10
and Az. 2 ¢ BT = d-IN fz < d-OUT f z and linkage T" f
and Az. 2 € AT = d-IN fz = 0 and Az. d-OUT fz < weight T z
and Az. d-IN fz < weight ' z and Az. z € BT = d-OUT fz = 0
and f < f’ for f using that by(simp add: F F-def)
have F-nonneg: 0 < fe if f € Field leq for f e using that by(cases e)(simp add:
F F-def)
have F-outside: fe = 0 if f € Field leq e ¢ E for f e using that by(cases e)(simp
add: F F-def)
have F-IN-OUT: d-IN fx < d-OUT fz if f € Field leq x ¢ BT for fx using
that by (simp add: F F-def)
have F-link: linkage T f if f € Field leq for f using that by (simp add: F F-def)
have F-IN: d-IN fz = 0 if f € Field leq x € AT for f z using that by(simp
add: F F-def)
have F-OUT: d-OUT fz = 0 if f € Field leqz € BT for fz using that by(simp
add: F F-def)
have F-weight-OUT: d-OUT fx < weight T z if f € Field leq for f x using that
by(simp add: F F-def)
have F-weight-IN: d-IN fx < weight I' x if f € Field leq for f z using that
by(simp add: F F-def)
have F-le: fe < f' eif f € Field leq for f e using that by(cases e)(simp add: F
F-def le-fun-def)

have F-finite-OUT: d-OUT fz # T if f € Field leq for fx
proof —
have d-OUT fz < weight T' z by(rule F-weight-OUT|[OF that))
also have ... < T by(simp add: less-top[symmetric])
finally show ?thesis by simp
qed

have F-finite: fe # T if f € Field leq for f e
proof(cases e)
case (Pair = y)
have fe < d-OUT f z unfolding Pair d-OUT-def by(rule nn-integral-ge-point)
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stmp
also have ... < T by(simp add: F-finite-OUT[OF that] less-top[symmetric])
finally show ?thesis by simp
qed

have f” f’ € Field leq
proof
show 0 < f’ e for e by(cases €)(simp add: f'-def)
show f' e = 0 if e ¢ E for e using that by(clarsimp split: split-indicator-asm
simp add: f’-def)
show d-IN f'z < d-OUT f' z if ¢ BT for z using that by(rule IN-le-OUT)
show linkage T ' by(rule link)
show d-IN f'x = 0 if x € AT for z using that currentD-IN[OF f, of Inl z]
disjoint
currentD-outside[OF f, of Inl x Inr x] currentD-outside-IN[OF f, of Inr ]
by(cases x € V)(auto simp add: d-IN-current-of-bipartite[OF f] no-loop f'-def)
show d-OUT f' z = 0 if x € BT for z using that currentD-OUT[OF f, of
Inr z] disjoint
currentD-outside[OF f, of Inl z Inr x| currentD-outside-OUT|OF f, of Inl x]
by(cases x € V)(auto simp add: d-OUT-current-of-bipartite[OF f] no-loop
f-def)
show d-OUT f’ © < weight T z for = using currentD-weight-OUT|[OF f, of
Inl z
by (simp add: d-OUT-current-of-bipartite|OF f] ennreal-diff-le-mono-left f'-def
split: if-split-asm)
show d-IN 'z < weight T' z for z using currentD-weight-IN[OF f, of Inr z]
by (simp add: d-IN-current-of-bipartite]OF f] ennreal-diff-le-mono-left f'-def
split: if-split-asm,)
qed simp

have F-lel: g € Field leq if f: f € Field leqg and le: Ne. ge < fe
and nonneg: Ne. 0 < g eand IN-OUT: Az. x ¢ BT' = d-IN gz < d-OUT

gz
and [link: linkage T g
for f g
proof
show g e = 0 if e ¢ E for e using nonneg|of €] F-outside|OF f that] le[of €]
by simp

show d-INga =0 if a € AT for a

using d-IN-mono|of g a f, OF le] F-IN[OF f that] by auto
show d-OUT gb=0if b e BT for b

using d-OUT-monolof g b f, OF le] F-OUT[OF f that] by auto
show d-OUT g x < weight T’ x for x

using d-OUT-monolof g « f, OF le] F-weight-OUT|[OF f] by(rule order-trans)
show d-IN g x < weight T' x for z

using d-IN-mono|of g x f, OF le] F-weight-IN[OF f] by(rule order-trans)
show g < f’ using order-trans[OF le F-le[OF f]] by(auto simp add: le-fun-def)

qed(blast intro: IN-OUT link nonneg)+
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have chain-Field: Inf M € F if M: M € Chains leq and nempty: M # {} for M
proof —

from nempty obtain g0 where g0-in-M: g0 € M by auto

with M have ¢0: g0 € Field leq by(rule Chains-FieldD)

from M have M € Chains {(g, 9'). ¢’ < g}

by (rule mono-Chains| THEN subsetD, rotated))(auto simp add: leg-def in-restrict-rel-iff )
then have Complete-Partial-Order.chain (>) M by(rule Chains-into-chain)

hence chain’. Complete-Partial-Order.chain (<) M by(simp add: chain-dual)

have support-flow f' C E using F-outside[OF f'] by(auto intro: ccontr simp
add: support-flow.simps)
then have countable”: countable (support-flow )
by (rule countable-subset)(simp add: E-bipartite-web countable V-def)

have finite-OUT: d-OUT f' x # T for z using weight-finite[of x]
by (rule neg-top-trans)(rule F-weight-OUT[OF f7])
have finite-IN: d-IN f' z # T for z using weight-finite|of ]
by (rule neg-top-trans)(rule F-weight-IN[OF f])
have OUT-M: d-OUT (Inf M) x = (INF ge M. d-OUT g z) for x using chain’
nempty countable’ - finite-OUT
by(rule d-OUT-Inf)(auto dest!: Chains-FieldD[OF M| simp add: leq-def
F-nonneg F-le)
have IN-M: d-IN (Inf M) x = (INF geM. d-IN g z) for x using chain’ nempty
countable’ - finite-IN
by (rule d-IN-Inf)(auto dest!: Chains-FieldD[OF M| simp add: leq-def F-nonneg
F-le)

show Inf M € F using g0 unfolding F|[symmetric]
proof (rule F-lel)
show (Inf M) e < g0 e for e using g0-in-M by(auto intro: INF-lower)
show 0 < (Inf M) e for e by(auto intro!: INF-greatest dest: F-nonneg dest!:
Chains-FieldD[OF M])
show d-IN (Inf M) ¢ < d-OUT (Inf M) z if x ¢ B T for z using that
by (auto simp add: IN-M OUT-M intro!: INF-mono dest: Chains-FieldD[OF
M) intro: F-IN-OUT[OF - that])
show linkage T' (Inf M) using nempty
by (simp add: linkage.simps OUT-M F-link| THEN linkageD] Chains-FieldD[OF
M] cong: INF-cong)
qed
qed

let P =Xgz.2¢ AT ANz¢ BT ANd-OUT gz > d-IN gz

define link
where link g =
(if 2. 2P g z then
let z = SOME z. ?P g z; factor = d-IN g z / d-OUT g z
in (A(z, y). (if ¢ = z then factor else 1) x g (z, y))
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else g) for g
have increasing: link g < g A link g € Field leq if ¢g: g € Field leq for g
proof(cases 3z. ?P g z)
case Fualse
thus ?thesis using that by (auto simp add: link-def leq-def)
next
case True
define z where z = Eps (7P g)
from True have ?P g z unfolding z-def by(rule somel-ex)
hence A: z¢ AT and B: z ¢ BT and less: d-IN g z < d-OUT g z by simp-all
let ?factor = d-IN g z / d-OUT g 2
have link [simp]: link g (z, y) = (if = z then ?factor else 1) * g (z, y) for z y
using True by(auto simp add: link-def z-def Let-def)

have ?factor < 1 (is ?factor < -) using less
by(cases d-OUT g z d-IN g z rule: ennreal2-cases) (simp-all add: ennreal-less-iff
divide-ennreal)
hence le”: ?factor x g (z, y) < 1 % g (z, y) for y =
by (rule mult-right-mono)(simp add: F-nonneg|OF g])
hence le: link g e < g e for e by(cases e)simp
have link g € Field leq using g le
proof (rule F-lel)
show nonneg: 0 < link g e for e
using F-nonneg[OF g, of €] by(cases e) simp
show linkage T (link g) using that A F-link[OF g] by(clarsimp simp add:
linkage.simps d-OUT-def)

fix z
assume z: ¢ ¢ BT
have d-IN (link g) x < d-IN g 2 unfolding d-IN-def using le’ by (auto intro:
nn-integral-mono)
also have ... < d-OUT (link g) z
proof(cases z = z)
case True
have d-IN g x = d-OUT (link g) = unfolding d-OUT-def
using True F-weight-IN[OF g, of x| F-IN-OUT|OF g z] F-finite-OUT
F-finite-OUT[OF g, of ]
by(cases d-OUT g z = 0)
(auto simp add: nn-integral-divide nn-integral-cmult d-OUT-def[symmetric]
ennreal-divide-times less-top)
thus %thesis by simp
next
case Fulse
have d-IN g z < d-OUT g z using z by(rule F-IN-OUT[OF g¢])
also have ... < d-OUT (link g) z unfolding d-OUT-def using False
by (auto intro!: nn-integral-mono)
finally show ?thesis .
qed
finally show d-IN (link g) x < d-OUT (link g) = .
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qed
with le g show ?thesis unfolding F by(simp add: leg-def le-fun-def del: link)
qed

have bourbaki-witt-fixpoint Inf leq link using chain-Field increasing unfolding
legq-def
by (intro bourbaki-witt-fixpoint-restrict-rel)(auto intro: Inf-greatest Inf-lower)
then interpret bourbaki-witt-fixrpoint Inf leq link .

define g where g = fizp-above f'

have ¢: g € Field leq using f’ unfolding g-def by(rule fizp-above-Field)
hence linkage T' g by(rule F-link)
moreover
have web-flow I ¢
proof (intro web-flow.intros current.intros)
show d-OUT g z < weight T’ x for z using g by (rule F-weight-OUT)
show d-IN g x < weight T’ z for z using g by (rule F-weight-IN)
show d-IN gz = 0 if z € AT for z using g that by(rule F-IN)
show B: d-OUT gz = 0 if x € BT for z using g that by(rule F-OUT)
show g e = 0 if e ¢ E for e using g that by(rule F-outside)

show KIR: KIR gz if A: 2 ¢ AT and B: z ¢ BT for z
proof (rule ccontr)
define z where z = Eps (7P g)
assume — KIR g«
with F-IN-OUT[OF g B] have d-OUT g x > d-IN g © by simp
with A B have Ez: dz. 2P g x by blast
then have ?P ¢ z unfolding z-def by(rule somel-ex)
hence A: 2 ¢ AT and B: z ¢ BT and less: d-IN g z < d-OUT g z by
stmp-all
let ?factor = d-IN g z / d-OUT g 2
have Jy. edge T zy A g (2, y) > 0
proof (rule ccontr)
assume — ?Zthesis
hence d-OUT g z = 0 using F-outside[OF ¢
by (force simp add: d-OUT-def nn-integral-0-iff-AE AE-count-space not-less)
with less show Fulse by simp
qed
then obtain y where y: edge I z y and ¢r0: g (2, y) > 0 by blast
have ?factor < 1 (is ?factor < -) using less
by(cases d-OUT g z d-IN g z rule: ennreal2-cases)
(auto simp add: ennreal-less-iff divide-ennreal)

hence le”: ?factor * g (2, y) < 1 x g (z, y) using gr0 F-finite[OF ¢]
by (intro ennreal-mult-strict-right-mono) (auto simp: less-top)
hence link g (z, y) # g (2, y) using Ez by(auto simp add: link-def z-def
Let-def)
hence link g # g by(auto simp add: fun-eq-iff)

104



moreover have link g = g using f’ unfolding g-def by(rule fixp-above-unfold[symmetric])
ultimately show Fulse by contradiction
qed
show d-OUT gz < d-IN gz if x ¢ AT for = using KIR[of z] that B|of z]
by(cases © € BT) auto
qed
ultimately show ?thesis by blast
qed

end

7.2 Extending a wave by a linkage

lemma linkage-quotient-webD:
fixes T" :: ('v, 'more) web-scheme (structure) and h g
defines k = plus-current h g
assumes f: current I f
and w: wave T" f
and wg: web-flow (quotient-web T' f) g (is web-flow T -)
and link: linkage (quotient-web T f) g
and trim: trimming I' f h
shows web-flow T" k
and orthogonal-current T k (€ (TER f))
proof —
from wg have g: current I' g by(rule web-flowD-current)

from trim obtain h: current T' h and w”: wave I' h and h-le-f: Ae. he < fe
and KIR: A\z. [t € RF° (TER f); 2 ¢ AT] = KIR hz
and TER: TERh 2 E (TERf) — AT
by (cases)(auto simp add: le-fun-def)

have eq: quotient-web T' f = quotient-web T' h using w trim by(rule quo-
tient-web-trimming)

let ?T = & (TER f)

have RFc: RF° (TER h) = RF° (TER f)
by (subst (1 2) roofed-circ-essential[symmetric])(simp only: trimming-E[OF w
trim])
have OUT-k: d-OUT k z = (if x € RF° (TER f) then d-OUT h z else d-OUT g
z) for z
using OUT-plus-current|OF h w’, of g] web-flowD-current|OF wg] unfolding
eq k-def RFc by simp
have RF: RF (TER h) = RF (TER f)
by (subst (1 2) RF-essential[symmetric])(simp only: trimming-E[OF w trim))
have IN-k: d-IN k x = (if z € RF (TER f) then d-IN h x else d-IN g z) for z
using IN-plus-current[OF h w', of g] web-flowD-current|OF wg] unfolding eq
k-def RF by simp
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have k: current T' k unfolding k-def using h w’ g unfolding eq by(rule cur-
rent-plus-current)
then show wk: web-flow I' k
proof (rule web-flow)
fix z
assume z € Vand A: 2 ¢ AT and B:z ¢ BT
show KIR k x
proof(cases © € £ (TER f))
case Fulse
thus ?thesis using A KIR[of z] web-flowD-KIR[OF wg, of z] B by(auto simp
add: OUT-k IN-k roofed-circ-def)
next
case True
with A TER have [simp]: d-OUT h z = 0 and d-IN h x > weight T z
by(auto simp add: SINK .simps elim: SAT .cases)
with currentD-weight-IN[OF h, of z] have [simp|: d-IN h x = weight T z by
auto
from linkageD|OF link, of x| True currentD-IN[OF g, of z| B
have d-OUT g x = weight T z d-IN g x = 0 by(auto simp add: roofed-circ-def)
thus ?thesis using True by (auto simp add: IN-k OUT-k roofed-circ-def intro:
roofed-greaterl)
qed
qed

have h-le-k: h e < k e for e unfolding k-def plus-current-def by (rule add-increasing2)
simp-all
hence SAT T h C SAT T k by(rule SAT-mono)
hence SAT: ?T C SAT T k using TER by(auto simp add: elim!: SAT.cases
intro: SAT .intros)
show orthogonal-current T' k 2T
proof (rule orthogonal-current)
show weight ' © < d-INkzifz € Tz ¢ AT for x
using subsetD[OF SAT, of x| that by (auto simp add: currentD-SAT[OF k)
next
fix z
assume z: ¢ € T and A:z € ATand Bz ¢ BT
with d-OUT-mono[of h © f, OF h-le-f] have d-OUT h © = 0 by(auto simp
add: SINK .simps)
moreover from linkageD[OF link, of z] z A have d-OUT g = = weight I x
by simp
ultimately show d-OUT k x = weight T z using x A currentD-IN[OF f A] B
by (auto simp add: d-OUT-add roofed-circ-def k-def plus-current-def )
next
fix uv
assume v: v € RF 9T and u: v ¢ RF° ?T
have h (u, v) < f (u, v) by(rule h-le-f)
also have ... < d-OUT fu unfolding d-OUT-def by(rule nn-integral-ge-point)
stmp
also have ... = 0 using u using RF-essential[of T' TER f]
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by (auto simp add: roofed-circ-def SINK .simps intro: waveD-OUT][OF w])
finally have h (u, v) = 0 by simp
moreover have ¢ (u, v) = 0 using g v RF-essential[of T' TER f]
by (auto intro: currentD-outside simp add: roofed-circ-def)
ultimately show k (u, v) = 0 by(simp add: k-def)
qed
qed

context countable-web begin

lemma ex-orthogonal-current’”: — Lemma 4.15
assumes loose-linkable: Nf. [ current T f; wave T f; loose (quotient-web T f) ]
= linkable (quotient-web I' f)
shows 3f S. web-flow I f A separating I' S A orthogonal-current T f S
proof —
from ez-mazimal-wave]| OF countable]
obtain f where f: current T f
and w: wave I" f
and mazimal: Aw. [ current T w; wave T w; f < w] = f = w by blast
from ez-trimming[OF f w countable weight-finite] obtain h where h: trimming

Tfh..

let 7' = quotient-web T' f

interpret I': countable-web ?T" by(rule countable-web-quotient-web)

have loose " using f w mazimal by (rule loose-quotient-web|OF weight-finite])
with f w have linkable 7T" by (rule loose-linkable)

then obtain g where wg: web-flow I' g and link: linkage 7" g by blast

let 2k = plus-current h g
have web-flow T' 2k orthogonal-current T' 2k (€ (TER f))
by (rule linkage-quotient-webD[OF f w wg link h])+
moreover have separating T' (£ (TER f))
using waveD-separating|OF w] by (rule separating-essential)
ultimately show ?thesis by blast
qed

end

7.3 From a network to a web

definition web-of-network :: ('v, ‘more) network-scheme = ('v edge, 'more) web-scheme
where
web-of-network A =
(edge = Mz, y) (v, 2). y' = y N edge A zy A edge A y z,
weight = capacity A,
A = {(source A, z)|z. edge A (source A) z},
B = {(=, sink A)|z. edge A z (sink A)},
. = network.more A
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lemma web-of-network-sel [simp]:
fixes A (structure) shows
edge (web-of-network A) e e’ +— e € ENe' € EA snd e = fste
weight (web-of-network A) e = capacity A e
A (web-of-network A) = {(source A, z)|z. edge A (source A) z}
B (web-of-network A) = {(z, sink A)|z. edge A z (sink A)}
by (auto simp add: web-of-network-def split: prod.split)

lemma vertez-web-of-network [simpl:
vertex (web-of-network A) (z, y) +— edge A zy A (2. edge A y z V edge A z
z)

by (auto simp add: vertez-def Domainp.simps Rangep.simps)

definition flow-of-current :: ('v, 'more) network-scheme = 'v edge current = v

flow
where flow-of-current A f e = mazx (d-OUT fe) (d-IN f e)

lemma flow-flow-of-current:
fixes A (structure) and T
defines [simp]: T = web-of-network A
assumes fw: web-flow T f
shows flow A (flow-of-current A f) (is flow - ?f)
proof
from fw have f: current I f and KIR: N\z. [+ ¢ ATl; 2 ¢ BI'|] = KIR fz
by(auto 4 8 dest: web-flowD-current web-flowD-KIR)

show ?f e < capacity A e for e
using currentD-weight-OUT[OF f, of €] currentD-weight-IN[OF f, of €]
by (simp add: flow-of-current-def)

fix z
assume z: z # source A x # sink A
have d-OUT ?fz = (3. * y. d-IN f (z, y)) unfolding d-OUT-def
by (simp add: flow-of-current-def maz-absorb2 currentD-OUT-IN[OF f] x)
also have ... = (3.7 y. 3. ecrange (\z. (z, 2)). f (e, z, y))
by (auto simp add: nn-integral-count-space-indicator d-IN-def introl: nn-integral-cong
currentD-outside[OF f] split: split-indicator)
also have ... = (3" 2€UNIV. >t y. f ((2, x), =, y))
by (subst nn-integral-snd-count-spacelof case-prod -, simplified])
(simp add: nn-integral-count-space-reindex nn-integral-fst-count-space|of case-prod
-, simplified])

also have ... = (3.1 2. >t eerange (Pair z). f ((2, ), €))
by (simp add: nn-integral-count-space-reindex)
also have ... = (3_* 2. d-OUT f (2, x))

by (auto introl: nn-integral-cong currentD-outside[OF f| simp add: d-OUT-def
nn-integral-count-space-indicator split: split-indicator)
also have ... = (3.1 2€{z. edge A zz}. d-OUT f (2, x))
by (auto introl: nn-integral-cong currentD-outside-OUT[OF f] simp add: nn-integral-count-space-indicator
split: split-indicator)
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also have ... = (3.1 2€{z. edge A z z}. maz (d-OUT f (z, z)) (d-IN f (2, z)))
proof (rule nn-integral-cong)
show d-OUT f (z, ) = maz (d-OUT f (z, z)) (d-IN [ (z, z))
if z € space (count-space {z. edge A z x}) for z using currentD-IN|[OF f]

that
by(cases z = source A)(simp-all add: maz-absorbl currentD-IN[OF f] KIR
x)
qed
also have ... = (3. 2. maz (d-OUT f (2, z)) (d-IN f (2, )))

by (auto introl: nn-integral-cong currentD-outside-OUT[OF f] currentD-outside-IN[OF
1] simp add: nn-integral-count-space-indicator maz-def split: split-indicator)

also have ... = d-IN ?f z by(simp add: flow-of-current-def d-IN-def)
finally show KIR f x .
qed

The reduction of Conjecture 1.2 to Conjecture 3.6 is flawed in [2]. Not every
essential A-B separating set of vertices in web-of-network A is an s-t-cut in
A, as the following counterexample shows.

The network A has five nodes s, t, z, y and z and edges (s, z), (z, v), (v,
z), (y, t) and (z, t). For web-of-network A, the set S = {(z, y), (y, 2)} is
essential and A-B separating. ((z, y) is essential due to the path [(y, z)]
and (y, z) is essential due to the path [(z, t)]). However, S is not a cut in
A because the node y has an outgoing edge that is in S and one that is not
in S.

However, this can be remedied if all edges carry positive capacity. Then,
orthogonality of the current rules out the above possibility.

lemma cut-RF-separating:
fixes A (structure)
assumes sep: separating-network A 'V
and sink: sink A ¢ V
shows cut A (RFN V)
proof
show source A € RFN V by(rule roofedl)(auto dest: separatingD[OF sep))
show sink A ¢ RFN V using sink by(auto dest: roofed D[ OF - rtrancl-path.base))
qed

context
fixes A :: ('v, ‘'more) network-scheme and T' (structure)
defines I'-def: T' = web-of-network A

begin

lemma separating-network-cut-of-sep:
assumes sep: separating I' S
and source-sink: source A # sink A
shows separating-network A (fst <€ S)
proof
define s t where s = source A and t = sink A
fix p
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assume p: path A s pt
with p source-sink have p # [| by cases(auto simp add: s-def t-def)
with p have p’: path T (s, hd p) (zip p (¢l p)) (last (s # butlast p), t)
proof (induction)
case (step z y p z)
then show ?case by(cases p)(auto elim: rtrancl-path.cases intro: rtrancl-path.intros
simp add: T-def)
qed simp
from sep have separating T' (€ S) by(rule separating-essential)
from this p’ have (3 z€set (zip p (tl p)). 2€ ES)V (s, hdp) € E S
apply(rule separatingD)
using rtrancl-path-nth[OF p, of 0] rtrancl-path-nth[OF p, of length p — 1] <p
# [ rtrancl-path-last[OF p]
apply(auto simp add: T'-def s-def t-def hd-conv-nth last-conv-nth nth-butlast
nth-Cons' cong: if-cong split: if-split-asm,)
apply(metis One-nat-def Suc-lel cancel-comm-monoid-add-class. diff-cancel le-antisym
length-butlast length-greater-0-conv list.size(3))+
done
then show (Jz€set p. z € fst ‘€ S)VsefstES
by (auto dest!: set-zip-leftD intro: rev-image-eql)
qed

definition cut-of-sep :: ('v x 'v) set = v set
where cut-of-sep S = RFN A (fst ‘€ S)

lemma separating-cut:
assumes sep: separating I' S
and neq: source A # sink A
and sink-out: A\z. — edge A (sink A) z
shows cut A (cut-of-sep S)
unfolding cut-of-sep-def
proof(rule cut-RF-separating)
show separating-network A (fst ‘€ S) using sep neq by (rule separating-network-cut-of-sep)

show sink A ¢ fst <€ S

proof
assume sink A € fst ‘€ S
then obtain z where (sink A, z) € £ S by auto
hence (sink A, z) € V by(auto simp add: T'-def dest!: essential-verter)
then show Fulse by(simp add: T'-def sink-out)

qed

qged

context
fixes f :: v edge current and S
assumes wf: web-flow I' f
and ortho: orthogonal-current T f S
and sep: separating I' S
and capacity-pos: Ne. e € EA = capacity A e > 0
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begin
private lemma f: current I' f using wf by(rule web-flowD-current)

lemma orthogonal-leave-RF":
assumes e: edge A x y
and z: = € (cut-of-sep S)
and y: y ¢ (cut-of-sep S)
shows (z, y) € S
proof —
from y obtain p where p: path A y p (sink A) and y" y ¢ fst ‘€ S
and bypass: N\z. z € set p = z ¢ fst *E S by(auto simp add: roofed-def
cut-of-sep-def T'-def[symmetric])
from e p have p”: path A z (y # p) (sink A) ..
from roofedD[OF z[unfolded cut-of-sep-def] this] y' bypass have z € fst ‘€ S
by (auto simp add: T'-def[symmetric])
then obtain z where zz: (z, 2) € £ S by auto
then obtain ¢ b where ¢: path T (z, z) ¢band b: b€ BT
and distinct: distinct ((z, z) # ¢q) and bypass”: N\z. z € set ¢ = z ¢ RF S
by(rule E-E-RF) blast

define p’ where p' = y # p
hence p’ # [| by simp
with p’ have path T (z, hd p’) (zip p’ (¢l p”)) (last (x # butlast p’), sink A)
unfolding p’-def[symmetric]
proof (induction)
case (step z y p 2)
then show ?case
by (cases p)(auto elim: rtrancl-path.cases intro: rtrancl-path.intros simp add:
I-def)
qed simp
then have p'": path T (x, y) (zip (v # p) p) (last (z # butlast (y # p)), sink A)
(is path - 2y ?p 2t)
by (simp add: p’-def)
have (?y # ?p) ! length p = ?t using rtrancl-path-last|OF p’| p rtrancl-path-last|OF
7l
apply (auto split: if-split-asm simp add: nth-Cons butlast-conv-take take-Suc-conv-app-nth
split: nat.split elim: rtrancl-path.cases)
apply(simp add: last-conv-nth)
done
moreover have length p < length (?y # ?p) by simp
ultimately have t: 2t € B T using rtrancl-path-nth[OF p”; of length p — 1] e
by (cases p)(simp-all add: T-def split: if-split-asm)

show S: (z, y) € S
proof(cases x = source A)
case True
from separatingD[OF separating-essential, OF sep p’' - t] e True
consider (z) z z’ where (z, 2) € set ?p (2, 2') € € S| (z, y) € S by(auto
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simp add: T-def)
thus ?thesis
proof cases
case (z 2)
hence z € setpz € fst ‘€S
using y’ by (auto dest!: set-zip-leftD intro: rev-image-eql)
hence Fulse by(auto dest: bypass)
thus ?thesis ..
qed
next
case Fulse
have Je. edge T e (z, 2) A f (e, (¢, 2)) > 0
proof (rule ccontr)
assume — ?thesis
then have d-IN f (z, z) = 0 unfolding d-IN-def using currentD-outside| OF
fa Of - (ZE, Z)]
by (force simp add: nn-integral-0-iff-AE AE-count-space not-less)
moreover
from 2z have (z, z) € S by auto
hence (z, z) € SAT T f by(rule orthogonal-currentD-SAT[OF ortho))
with False have d-IN f (z, z) > capacity A (x, z) by(auto simp add:
SAT.simps T'-def)
ultimately have — capacity A (z, z) > 0 by auto
hence — edge A z z using capacity-pos[of (z, z)] by auto
moreover with ¢ have b = (z, z) by cases(auto simp add: T-def)
with b have edge A z z by(simp add: T-def)
ultimately show Fualse by contradiction
qed
then obtain u where uz: edge A u z and zz": edge A z 2z and uzz: edge T
(v, 2) (2, 2)
and gt0: f ((u, z), (z, 2)) > 0 by(auto simp add: I'-def)
have (u, £) € RF° S using orthogonal-currentD-in|OF ortho, of (z, 2) (u, x)]
gt0 xz
by (fastforce intro: roofed-greaterl)
hence uz-RF: (u, z) € RF (£ §) and uz-&: (u, x) ¢ £ S unfolding RF-essential
by (simp-all add: roofed-circ-def)

from uz e have edge T’ (u, z) (z, y) by(simp add: T-def)

hence path T (u, z) ((z, y) # ?p) ?t using p'’ ..

from roofedD|OF uz-RF this 1] uz-E

consider (z, y) € S| (2) 2z 2’ where (z, 2') € set ?p (2, ') € € S by auto

thus ?thesis

proof cases
case (z 2)

with bypass|of z] y’' have False by(fastforce dest!: set-zip-leftD intro: rev-image-eql)
thus ?thesis ..

qed

qged
qed

112



lemma orthogonal-flow-of-current:

assumes source-sink: source A # sink A

and sink-out: Az. - edge A (sink A) z

and no-direct-edge: = edge A (source A) (sink A) — Otherwise, A and B of the
web would not be disjoint.

shows orthogonal A (flow-of-current A f) (cut-of-sep S) (is orthogonal - ?f 25)
proof

fix zy

assume e: edge A zyand z € 25 and y ¢ 25

then have S: (z, y) € Sby(rule orthogonal-leave-RF')

show ?f (z, y) = capacity A (z, y)
proof(cases x = source A)
case False
with orthogonal-currentD-SAT[OF ortho S|
have weight T (z, y) < d-IN f (z, y) by cases(simp-all add: T-def)
with False currentD-OUT-IN[OF f, of (z, y)] currentD-weight-IN[OF f, of (z,
vl
show ?thesis by(simp add: flow-of-current-def T-def maz-def)
next
case True
with orthogonal-currentD-A[OF ortho S| e currentD-weight-IN[OF f, of (x, y)]
no-direct-edge
show ?thesis by(auto simp add: flow-of-current-def T-def max-def)
qged
next
from sep source-sink sink-out have cut: cut A 2S5 by(rule separating-cut)

fix zy
assume zy: edge A x y
and z: ¢ ¢ 25
and y: y € 25
from z obtain p where p: path A z p (sink A) and z": z ¢ fst ‘€ S
and bypass: \z. z € set p = z ¢ fst ‘£ S by(auto simp add: roofed-def
cut-of-sep-def)
have source: x # source A
proof
assume z = source A
have separating-network A (fst ‘£ S) using sep source-sink by (rule separat-
ing-network-cut-of-sep)
from separatingD[OF this p] <z = source Ay & show False
by (auto dest: bypass intro: roofed-greaterl simp add: cut-of-sep-def)
qed
hence A: (z, y) ¢ AT by(simp add: T'-def)

have f ((u, v), z, y) = 0 for u v

proof(cases edge T (u, v) (z, y))
case Fulse with f show ?thesis by(rule currentD-outside)
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next
case True
hence [simp|: v = z and uz: edge A u z by(auto simp add: T-def)
have (z, y) € RF S
proof
fix g b
assume ¢: path T (z, y) ¢band b: b€ BT
define zy where zy = (z, y)
from ¢ have path A (snd zy) (map snd q) (snd b) unfolding zy-def [symmetric|
by (induction)(auto intro: rtrancl-path.intros simp add: T-def)
with b have path A y (map snd q) (sink A) by (auto simp add: zy-def T-def)
from roofedD[OF y[unfolded cut-of-sep-def] this] have 3 z€set (y # map snd
q). z € 78
by (auto intro: roofed-greaterl simp add: cut-of-sep-def)
from split-list-last-prop[ OF this] obtain s z ys where decomp: y # map snd
qg=1s Qz # ys
and z: z € 25 and last: \z. z € set ys = z ¢ ?S by auto
from decomp obtain z’ zs’ z'' ys’ where decomp’: (2, y) # ¢ = xs’ Q (27,
z) # ys'
and zs = map snd s’ and ys: ys = map snd ys'and z": xs' = [| = ' ==z
by (fastforce simp add: Cons-eg-append-conv map-eq-append-conv)
from cut z have z-sink: z # sink A by cases(auto)
then have ys’ # [| using rtrancl-path-last|OF q| decomp’ b z’ q
by (auto simp add: Cons-eg-append-conv I'-def elim: rtrancl-path.cases)
then obtain w 2z’ ys'’ where ys”: ys’ = (w, 2""") # ys'' by(auto simp add:
neq-Nil-conv)
from ¢[THEN rtrancl-path-nth, of length xs'| decomp’ ys' ©’ have edge T" (2",
2) (w, 2"
by (auto simp add: Cons-eg-append-conv nth-append)
hence w: w = z and 22'"": edge A z 2" by(auto simp add: T-def)
from ys’ ys last[of z""'] have 2" ¢ 25 by simp
with 2z’ z have (z, z’"") € S by(rule orthogonal-leave-RF)
moreover have (z, z'') € set q using decomp’ ys’ w by(auto simp add:
Cons-eg-append-conv)
ultimately show (Jzeset q. z € S) V (z, y) € S by blast
qed
moreover
have (u, z) ¢ RF° S
proof
assume (u, ) € RF° S
hence uz-RF: (u, ) € RF (£ S) and uz-&: (u, z) ¢ €S
unfolding RF-essential by (simp-all add: roofed-circ-def)

have = # sink A using p zy by cases(auto simp add: sink-out)

with p have nNil: p # [| by(auto elim: rtrancl-path.cases)

with p have edge A z (hd p) by cases auto

with uz have edge T' (u, z) (z, hd p) by(simp add: T-def)

moreover

from p nNil have path T (x, hd p) (zip p (tl p)) (last (x # butlast p), sink
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A) (is path - %z 2p 2t)
proof (induction)
case (step z y p 2)
then show ?Zcase
by(cases p)(auto elim: rtrancl-path.cases intro: rtrancl-path.intros simp
add: T-def)
qed simp
ultimately have p”: path T (u, z) (?z # ?p) %t ..

have (?x # ?p) ! (length p — 1) = %t using rtrancl-path-last|OF p] p nNil
apply(auto split: if-split-asm simp add: nth-Cons butlast-conv-take take-Suc-conv-app-nth
not-le split: nat.split elim: rtrancl-path.cases)
apply(simp add: last-conv-nth nth-tl)
done
moreover have length p — 1 < length (?z # ?p) by simp
ultimately have t: ?¢t € B T using rtrancl-path-nth[OF p’, of length p — 1]
by (cases p)(simp-all add: T-def split: if-split-asm)
from roofedD|OF uz-RF p' t] uz-€ consider (X) (z, hd p) € £ S
| (2) z 2’ where (z, z) € set (zip p (8l p)) (2, 2') € € S by auto
thus Fualse
proof cases
case X with z’ show Fualse by(auto simp add: cut-of-sep-def intro:
rev-image-eql)
next
case (z z2)
with bypass|of z] show False by(auto 4 3 simp add: cut-of-sep-def intro:
rev-image-eql dest!: set-zip-leftD)
qed
qed
ultimately show ?thesis unfolding <v = 2> by(rule orthogonal-currentD-in[OF
ortho))
qed
then have d-IN f (z, y) = 0 unfolding d-IN-def
by (simp add: nn-integral-0-iff emeasure-count-space-eq-0)
with currentD-OUT-IN[OF f A] show flow-of-current A f (z, y) = 0
by (simp add: flow-of-current-def maz-def)
qed

end

end

7.4 Avoiding antiparallel edges and self-loops

context antiparallel-edges begin
abbreviation cut’ :: ‘a vertex set = 'a set where cut’ S = Vertex —° S

lemma cut-cut”: cut A" S = cut A (cut’ S)
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by (auto simp add: cut.simps)

lemma IN-Edge: IN 5 (Edge x y) = (if edge A x y then { Vertex x} else {})
by (auto simp add: incoming-def)

lemma OUT-Edge: OUT 5 v (Edge x y) = (if edge A z y then { Vertex y} else {})
by (auto simp add: outgoing-def)

interpretation A”: countable-network A’ by(rule A''-countable-network)

lemma d-IN-Edge:

assumes f: flow A" f

shows d-IN f (Edge xz y) = f (Vertex z, Edge z y)
by (subst d-IN-alt-def[OF A" .flowD-outside| OF [, of - A"])(simp-all add: IN-Edge
nn-integral-count-space-indicator max-def A" .flowD-outside| OF f])

lemma d-OUT-Edge:

assumes f: flow A" f

shows d-OUT f (Edge x y) = f (Edge z y, Vertex y)
by (subst d-OUT-alt-def[OF A" .flowD-outside[OF f], of - A"])(simp-all add: OUT-Edge
nn-integral-count-space-indicator max-def A" .flowD-outside| OF f])

lemma orthogonal-cut’:
assumes ortho: orthogonal A" f S
and f: flow A" f
shows orthogonal A (collect f) (cut’ S)
proof
show collect f (z, y) = capacity A (z, y) if edge: edge A z y and z: z € cut’ S
and y: y ¢ cut’ S for z y
proof(cases Edge z y € S)
case True
from y have Vertex y ¢ S by auto
from orthogonalD-out[OF ortho - True this| edge show ?thesis by simp
next
case Fulse
from z have Vertex x € S by auto
from orthogonalD-out[OF ortho - this False] edge
have capacity A (z, y) = d-IN f (Edge z y) by(simp add: d-IN-Edge[OF f])

also have ... = d-OUT f (Edge z y) by(simp add: flowD-KIR[OF f])
also have ... = f (Edge z y, Vertex y) using edge by (simp add: d-OUT-Edge[OF
)
finally show ?thesis by simp
qed

show collect f (z, y) = 0 if edge: edge A x y and z: = ¢ cut’ S and y: y € cut’
S for z y
proof(cases Edge © y € S)
case True
from x have Vertez = ¢ S by auto

116



from orthogonalD-in[OF ortho - this True] edge have 0 = d-IN f (Edge z y)
by (simp add: d-IN-Edge[OF f))

also have ... = d-OUT f (FEdge z y) by(simp add: flowD-KIR[OF f])
also have ... = f (Edge z y, Vertex y) using edge by (simp add: d-OUT-Edge[OF
)
finally show ?thesis by simp
next
case Fulse

from y have Vertex y € S by auto
from orthogonalD-in]OF ortho - False this] edge show ?thesis by simp
qed
qed

end
context countable-network begin

lemma countable-web-web-of-network:

assumes source-in: \z. = edge A = (source A)

and sink-out: N\y. - edge A (sink A) y

and undead: Nz y. edge Aty = (Fz. edge A y z) V (Fz. edge A z x)

and source-sink: = edge A (source A) (sink A)

and no-loop: \z. — edge A z z

shows countable-web (web-of-network A) (is countable-web T")
proof

show — edge " y z if x € A 7 for = y using that by(clarsimp simp add:
source-in)

show — edge T" z y if x € B ' for z y using that by(clarsimp simp add:
sink-out)

show A ' C Vg by(auto 4 3 dest: undead)

show A ' N B T" = {} using source-sink by auto

show — edge " z z for z by(auto simp add: no-loop)

show weight T" © = 0 if z ¢ Vop for z using that undead

by (cases z)(auto intro: capacity-outside)

show weight T' x # T for x using capacity-finite[of x] by(cases z) simp

have Eop C E x E by auto

thus countable Egp by(rule countable-subset)(simp)
qged

lemma max-flow-min-cut”:

assumes ex-orthogonal-current: 3f S. web-flow (web-of-network A) f A sepa-
rating (web-of-network A) S A orthogonal-current (web-of-network A) f .S

and source-in: N\x. = edge A x (source A)

and sink-out: Ay. — edge A (sink A) y

and undead: Nz y. edge A ty = (2. edge A y z) V (T 2. edge A z x)

and source-sink: - edge A (source A) (sink A)

and no-loop: \z. - edge A z x

and capacity-pos: N\e. e € E = capacity A e > 0
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shows 3f S. flow A f A cut A S A orthogonal A f S
proof —
let 7' = web-of-network A
from ezx-orthogonal-current obtain f S
where f: web-flow (web-of-network A) f
and S: separating (web-of-network A) S
and ortho: orthogonal-current (web-of-network A) f S by blast+
let ?f = flow-of-current A f and 2S5 = cut-of-sep A S
from f have flow A ?f by(rule flow-flow-of-current)
moreover have cut A 25 using S source-neg-sink sink-out by(rule separat-
ing-cut)
moreover have orthogonal A ?f ¢S using f ortho S capacity-pos source-neq-sink
sink-out source-sink
by (rule orthogonal-flow-of-current)
ultimately show ¢thesis by blast
qed

7.5 Eliminating zero edges and incoming edges to source and
outgoing edges of sink

definition A’ :: 'v network where A"’ =
(edge = Az y. edge A x y A capacity A (z, y) > 0 N y # source A N\ x # sink
A,
capacity = Nz, y). if ¢ = sink A V y = source A then 0 else capacity A (z,
Y),
source = source A,

sink = sink Al

lemma A'"-sel [simp]:

edge A" © y «— edge A x y A capacity A (z, y) > 0 Ny # source A N x #
sink A

capacity A" (z, y) = (if x = sink A V y = source A then 0 else capacity A (z,

Y))

source A" = source A
sink A" = sink A
for = y by(simp-all add: A'"-def)

lemma A'"’-countable-network: countable-network A’
proof (unfold-locales)
have EA/// C E by auto
then show countable E 5 v by(rule countable-subset) simp
show capacity A" e = 0 if e ¢ E5 s for e
using capacity-outside|of €] that by (auto split: if-split-asm intro: ccontr)
qed(auto simp add: split: if-split-asm)

lemma flow-A'":
assumes f: flow A"’ f and cut: cut A’ S and ortho: orthogonal A" f S
shows flow A f cut A S orthogonal A f S
proof —
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interpret A’"": countable-network A’ by(rule A'’-countable-network)
show flow A f
proof
show f e < capacity A e for e using flowD-capacity|OF f, of e
by (cases e)(simp split: if-split-asm)
show KIR fz if x # source A z # sink A for z using flowD-KIR[OF f, of x]
that by simp
qed
show cut A S using cut by(simp add: cut.simps)
show orthogonal A f S
proof
show f (z, y) = capacity A (z, y) if edge: edge A z y and z: z € S and y: y
¢ Sforazy
proof(cases edge A" 1 y)
case True
with orthogonalD-out[OF ortho this x y| show ?thesis by simp
next
case Fulse
from cut y z have zy: y # source A N © # sink A by(cases) auto
with xy edge False have capacity A (z, y) = 0 by simp
with A" flowD-outside[OF f, of (x, y)| False show ?thesis by simp
qed

show f (z, y) = 0 if edge: edge A xyand z: z ¢ Sand y: y € S for z y
using orthogonalD-in[OF ortho - x y] A" flowD-outside[OF f, of (z, y)]
by(cases edge A" x y)simp-all

qed
qed

end

end

8 The max-flow min-cut theorem in bounded net-
works

8.1 Linkages in unhindered bipartite webs

theory MFMC-Bounded imports
Matriz-For-Marginals
MFMC-Reduction

begin

context countable-bipartite-web begin

lemma countable-A [simp]: countable (A T)
using A-vertex countable-V by (blast intro: countable-subset)

lemma unhindered-criterion [rule-format]:
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assumes — hindered T’
shows VX C AT. finite X — (3" z€X. weight T z) < (3_* yeE ““ X. weight
I'y)
using assms
proof (rule contrapos-np)
assume — ?Zthesis
then obtain X where X € {X. X C AT A finite X A (3. + yeE “ X. weight
I'y) < (X" zeX. weight T z)} (is - € Collect ?P)
by (auto simp add: not-le)
from wf-eg-minimal|[THEN iffD1, OF wf-finite-psubset, rule-format, OF this,
simplified)
obtain X where X-A: X C AT and fin-X [simp]: finite X
and less: (D1 yeE “ X. weight T y) < (3.1 z€X. weight T )
and minimal: NX X' C X = (0.1 zeX’ weight T z) < (3.1 yeE “ X".
weight T y)
by (clarsimp simp add: not-less)(meson finite-subset order-trans psubset-imp-subset)
have nonempty: X # {} using less by auto
then obtain zx where zz: zz € X by auto
define f where
fz=(ifz=azzthen (3" yeE “ X. weight T y) — 3.+ z€X — {zz}. weight
T z) else if x € X then weight T z else 0) for z
define g where
gy = (ify € E “ X then weight T y else 0) for y
define E' where E'=E N X x UNIV
have Xzz: X — {zz} C X using zz by blast
have E [simp]: B/ “ X' =E “ X'if X' C X for X' using that by(auto simp
add: E'-def)
have in-E" (z, y) € E' +— z € X A (z, y) € E for z y by(auto simp add:
E’-def)

have (> " zeX. fz) = (0" zeX — {zz}. fz) + (O T z€{az}. fx) using zz
by (auto simp add: nn-integral-count-space-indicator nn-integral-add[symmetric]
stmp del: nn-integral-indicator-singleton introl: nn-integral-cong split: split-indicator)
also have ... = (3° 1 zeX — {az}. weight T z) + (3. yeE “ X. weight T
y) — O zeX — {zz}. weight T z))
by (rule arg-cong2|where f=(+)])(auto simp add: f-def xx nn-integral-count-space-indicator
intro!: nn-integral-cong)
also have ... = (3. yeE “ X. g y) using minimal|OF Xzx| zzx
by (subst add-diff-eq-iff-ennreal| THEN iffD2])(fastforce simp add: g-def[abs-def]
nn-integral-count-space-indicator introl: nn-integral-cong intro: nn-integral-mono elim:
order-trans split: split-indicator)+
finally have sum-eq: (3. zeX. fz) = (3" yeE “X. gy) .

have (3. + yeE “ X. weight T y) = 3. T yeE “ X. g y)
by (auto simp add: nn-integral-count-space-indicator g-def intro!: nn-integral-cong)

then have fin: ... # T using less by auto

have fin2: (3.1 z€X' weight T z) # T if X' C X for X’
proof —
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have (3. " z€E “ X' weight T z) < (3. z€E “ X. weight T x) using that
by (auto 4 8 simp add: nn-integral-count-space-indicator introl: nn-integral-mono
split: split-indicator split-indicator-asm)
then show ?thesis using minimal[OF that] less by (auto simp add: top-unique)
qed

have fzr = (3. yeE “ X. weight T y) — (3. z€X — {zz}. weight T’ 1) by
(simp add: f-def)
also have ... < (3.1 zeX. weight T z) — (3.7 zeX — {zz}. weight T' 1)
using less fin2[OF Xxx] minimal|OF Xxz]
by (subst minus-less-iff-ennreal)(fastforce simp add: less-top[symmetric] nn-integral-count-space-indicator
diff-add-self-ennreal intro: nn-integral-mono elim: order-trans split: split-indicator)+
also have ... = (31 z€{az}. weight T z) using fin2|OF Xuzz| zz
apply(simp add: nn-integral-count-space-indicator del: nn-integral-indicator-singleton)
apply (subst nn-integral-diff [symmetric])
apply(auto simp add: AE-count-space split: split-indicator simp del: nn-integral-indicator-singleton
introl: nn-integral-cong)
done
also have ... = weight T' zz by(simp add: nn-integral-count-space-indicator)
finally have frz: f zz < weight T zz .

have le: (31T zeX’. fz) < (3.1 yeE “ X' gy) if X' C X for X’
proof(cases X' = X)
case True
then show %thesis using sum-eq by simp
next
case Fulse
hence X": X’ C X using that by blast
have (3.1 zeX' fz) = O zeX’ — {az}. fz) + O ze{ax}. fo =
indicator X' xx)
by (auto simp add: nn-integral-count-space-indicator nn-integral-add[symmetric|
simp del: nn-integral-indicator-singleton introl: nn-integral-cong split: split-indicator)
alsohave ... < (3T zeX’ — {az}. f2) + O_ T ze{az}. weight T x x indicator
X' zz) using frz
by (intro add-mono)(auto split: split-indicator simp add: nn-integral-count-space-indicator)
also have ... = (3.t zeX'. weight T z) using zx that
by (auto simp add: nn-integral-count-space-indicator nn-integral-add[symmetric|
f-def simp del: nn-integral-indicator-singleton introl: nn-integral-cong split: split-indicator)
also have ... < (3_1 yeE “ X'. weight T' y) by(rule minimal|OF X))
also have ... = (3. yeE “ X'. g y) using that
by (auto 4 & introl: nn-integral-cong simp add: g-def Image-iff)
finally show ?thesis .
qed

have countable X using X-A A-vertex countable-V by (blast intro: countable-subset)
moreover have E “ X C 'V by(auto simp add: vertez-def)

with countable-V have countable (E ““ X) by(blast intro: countable-subset)
moreover have E' C X x E “ X by(auto simp add: E'-def)

ultimately obtain A’ where h'-dom: Az y. 0 < h' 2y = (z, y) € E’

121



and h'-fin: Nz y. hzy #T

and h'-f: N\e.z e X = (Ot yeE' “X. h'zy) =fz

and h'-g: A\y.y e B/ “X = O T zeX. h'zy) =gy

using bounded-matriz-for-marginals-ennreallwhere f=f and g=¢g and A=X
and B=E' “ X and R=E' and thesis=thesis] sum-eq fin le

by (auto)

have h'-outside: (z, y) ¢ E' = h' z y = 0 for z y using h’-dom[of x y]
not-gr-zero by (fastforce)

define h where h = (\(z, y). if t € X A edge T x y then h' z y else 0)

have h-OUT: d-OUT h z = (if v € X then fz else 0) for z

by (auto 4 3 simp add: h-def d-OUT-def h'-f[symmetric] E'-def nn-integral-count-space-indicator
introl: nn-integral-cong intro: h'-outside split: split-indicator)

have h-IN: d-INh y = (ify € E ““ X then weight T y else 0) for y using h'-g[of
Yy, symmetric]

by(auto 4 & simp add: h-def d-IN-def g-def nn-integral-count-space-indicator

nn-integral-0-iff-AE in-E' introl: nn-integral-cong intro: h'-outside split: split-indicator
split-indicator-asm)

have h: current T h
proof
show d-OUT h x < weight T x for z using frz by(auto simp add: h-OUT
J-def)
show d-IN h y < weight T' y for y by(simp add: h-IN)
show h e = 0 if e ¢ E for e using that by(cases e)(auto simp add: h-def)
qed

have separating I' (TER h)
proof
fixzyp
assume r: x € AT and y: y€ BTl and p: pathT zp y
then obtain [simp]: p = [y] and zy: (z, y) € E using disjoint
by —(erule rtrancl-path.cases; auto dest: bipartite-E)+
show (Jzeset p. z € TERh)V z € TER h
proof (rule disjCT)
assume z ¢ TER h
hence z € X using z by(auto simp add: SAT.simps SINK .simps h-OUT
split: if-split-asm,)
hence y € TER h using zy currentD-OUT[OF h y] by(auto simp add:
SAT.simps h-IN SINK .simps)
thus Jdz€set p. z € TER h by simp
qed
qed
then have w: wave I' h using h ..

have zz € A T using zz X-A by blast

moreover have zz ¢ £ (TER h)
proof
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assume zz € € (TER h)
then obtain p y where y: y € BT and p: path T 2z p y
and bypass: Nz. [2x #y; 2 € setp] = z2=azV 2 ¢ TER h
by (rule £-E) auto
from p obtain [simp]: p = [y] and zy: edge T 2z y and neq: 2z # y using
disjoint X-A xx y
by —(erule rtrancl-path.cases; auto dest: bipartite-E)+
from neq bypass[of y] have y ¢ TER h by simp
moreover from xy xz currentD-OUT[OF h y] have y € TER h
by (auto simp add: SAT.simps h-IN SINK .simps)
ultimately show Fulse by contradiction
qed
moreover have d-OUT h zx < weight I zz using frx zz by(simp add: h-OUT)
ultimately have hindrance " h ..
then show hindered I" using h w ..
qed

end

lemma nn-integral-count-space-top-approz:

fixes f :: nat => ennreal and b :: ennreal

assumes nn-integral (count-space UNIV) f = top

and b < top

obtains n where b < sum f {.<n}

using assms unfolding nn-integral-count-space-nat suminf-eq-SUP SUP-eq-top-iff
by (auto)

lemma One-le-of-nat-ennreal: (1 :: ennreal) < of-nat x «— 1 <z
by (metis of-nat-le-iff of-nat-1)

locale bounded-countable-bipartite-web = countable-bipartite-web T’

for T" :: (v, 'more) web-scheme (structure)

_|_

assumes bounded-B: z € AT = (3.t y € E “{a}. weight T' y) < T
begin

theorem unhindered-linkable-bounded:
assumes — hindered I’
shows linkable T’
proof(cases AT = {})
case True
hence linkage T' (A-. 0) by(auto simp add: linkage.simps)
moreover have web-flow T' (A-. 0) by(auto simp add: web-flow.simps)
ultimately show ?thesis by blast
next
case nonempty: Fulse
define A-n :: nat = v set where A-n n = from-nat-into (A T) ‘{..n} for n
have fin-A-n [simp]: finite (A-n n) for n by(simp add: A-n-def)
have A-n-A: A-nn C AT for n by(auto simp add: A-n-def from-nat-into[OF
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nonempty)

have countable2: countable (E ‘“ A-n n) for n using countable-V
by (rule countable-subset|[rotated))(auto simp add: vertez-def)

have 3Y2.Vn. VX C Ann. Y2n X CE “X A (O.T zeX. weight T 2) <
Ot yeY2n X. weight T y) A (O yeY2n X. weight T y) # T
proof (rule choice strip ex-simps(6)[THEN iffD2])+
fix n X
assume X: X C A-nn
then have [simp]: finite X by(rule finite-subset) simp
have X-count: countable (E ** X) using countable2
by (rule countable-subset|[rotated])(rule Image-mono|OF order-refl X])

show 3Y. Y CE “X A (DT zeX. weight T z) < (3. yeY. weight T y)
AT yeY. weight T y) # T (is Ex 7P)
proof(cases (3.7 yeE “ X. weight T y) = T)
case True
define Y’ where Y' = to-nat-on (E “ X) ‘(E “ X)
have inf: infinite (E ““ X) using True
by (intro notl)(auto simp add: nn-integral-count-space-finite)
then have Y. Y/ = UNIV using X-count by(auto simp add: Y'-def intro!:
image-to-nat-on)
have (3.7 yeE “ X. weight ' y) = (3.1 yEfrom-nat-into (E “ X) Y.
weight T y x indicator (E “ X) y)
using X-count
by (auto simp add: nn-integral-count-space-indicator Y'-def image-image in-
trol: nn-integral-cong from-nat-into-to-nat-on|[symmetric] rev-image-eql split: split-indicator)
also have ... = (3T y. weight T' (from-nat-into (E “* X) y) * indicator (E
“X) (from-nat-into (E ““ X) y))
using X-count inf by (subst nn-integral-count-space-reindex)(auto simp add:
inj-on-def Y)
finally have ... = T using True by simp
from nn-integral-count-space-top-approx|OF this, of sum (weight T') X]
obtain yy where yy: sum (weight T') X < (3. y<yy. weight T' (from-nat-into
(E “ X) y) = indicator (E “ X) (from-nat-into (E ““ X) y))
by (auto simp add: less-top[symmetric])
define Y where Y = from-nat-into (E “ X) ‘{.<yy} N E “ X
have [simp]: finite Y by(simp add: Y-def)
have (3 * zeX. weight T’ z) = sum (weight ') X by(simp add: nn-integral-count-space-finite)
also have ... < (3 y<wyy. weight T' (from-nat-into (E ““ X) y) * indicator
(E “ X) (from-nat-into (E “ X) y))
using yy by simp
also have ... = (> y € from-nat-into (E “ X) ‘{..<yy}. weight T y *
indicator (E “ X) y)
using X-count inf by (subst sum.reindez)(auto simp add: inj-on-def)

also have ... = (}_ y € Y. weight T y) by(auto intro!: sum.cong simp add:
Y-def)
alsohave ... = (3. " yeY. weight T y) by(simp add: nn-integral-count-space-finite)

124



also have Y C E “ X by(simp add: Y-def)
moreover have (> * yeY. weight T y) # T by(simp add: nn-integral-count-space-finite)
ultimately show ?thesis by blast
next
case Fulse
with unhindered-criterion|OF assms, of X| X A-n-A[of n] have ?P (E “ X)
by auto
then show ?thesis ..
qed
qged
then obtain Y2
where Y2-4: Y2n X CE “X
and le: (3T z€X. weight T z) < (3T yeY2 n X. weight T y)
and finY2: (3T yeY2n X. weight T y) # T if X C A-n n for n X by iprover
define Y where Y n = (|J X € Pow (A-nn). Y2n X) for n
define s where s n = (3.1 yeY n. weight T y) for n
have Y-verter: Y n C V for n by(auto 4 3 simp add: Y-def vertex-def dest!:
Y2-Alof - n))
have Y-B: Y n C BT for n unfolding Y-def by(auto dest!: Y2-Alof - n| dest:
bipartite-F)

have s-top [simp]: sn # T for n
proof —
have [z € Y2n X; X C A-nn) = Suc 0 < card {X. X CAnnAze Y2
n X} for z X
by (subst card-le-Suc-iff)(auto intro!: exI[where z=X] exl[where z={X. X
CAnnAzeY2nX}—{X}])
then have (3.7 yeV n. weight T y) < (O yeY n. Y, X€Pow (A-n n).
weight T' y x indicator (Y2 n X) y)
by (intro nn-integral-mono)(auto simp add: Y-def One-le-of-nat-ennreal introl:
mult-right-monolof 1 :: ennreal, simplified])

also have ... = (3, Xe€Pow (A-nn). Y. " yeY n. weight T y * indicator (Y2
n X) y)
by (subst nn-integral-sum) auto
also have ... = (3 X€Pow (A-nn). >, " yeY2n X. weight T y)

by (auto introl: sum.cong nn-integral-cong simp add: nn-integral-count-space-indicator
Y-def split: split-indicator)
also have ... < T by(simp add: less-top[symmetric] finY2)
finally show %thesis by (simp add: less-top s-def)
qed

define f :: nat = v option = real

where fn zo = (case zo of Some x = if x € A-n n then enn2real (weight T x)

else 0
| None = enn2real (s n — sum (weight I') (A-n n))) for n zo

define ¢ :: nat = v = real

where g n y = enn2real (weight T y x indicator (Y n) y) for n y
define R :: nat = ('v option x 'v) set

where R n = map-prod Some id * (EN A-nn x Y n) U {None} x Yn forn
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define A-n’ where A-n’ n = Some ‘ A-n n U {None} for n

have f-simps:
fn (Some z) = (if © € A-n n then ennZreal (weight T’ x) else 0)
fn None = enn2real (s n — sum (weight T') (A-n n))
for n z by(simp-all add: f-def)

have g-s: (3. T yeY n.gny) =snforn
by (auto simp add: s-def g-def ennreal-enn2real-if introl: nn-integral-cong)

have (3.t z€A-n" n. fnx) = (3. z€Some‘A-n n. weight T (the z)) + O+
z€{None}. fn z) for n
by (auto simp add: nn-integral-count-space-indicator nn-integral-add[symmetric]
f-simps A-n'-def ennreal-enn2real-if simp del: nn-integral-indicator-singleton intro!:
nn-integral-cong split: split-indicator)
also have ... n = sum (weight T') (A-n n) + (s n — sum (weight T') (A-n n))
for n
by (subst nn-integral-count-space-reindex)(auto simp add: nn-integral-count-space-finite
J-simps ennreal-enn2real-if)
also have ... n = s n for n using le[OF order-refl, of n|
by (simp add: s-def nn-integral-count-space-finite)(auto elim!: order-trans simp
add: nn-integral-count-space-indicator Y-def intro!: nn-integral-mono split: split-indicator)
finally have sum-eq: (3. " z€A-n"n. fnz) = (3. T yeY n. g ny) for n using
g-s by simp

have 3h". Vn. Vzy. (z,y) ¢ Rn — h'nzy=0)ANNzy. h'nzy#T)A
(Vzed-n'n. Ot yeYn W nzy)=fnz) AN (VyeYn O.T z€A-n’"n. b/ nzx
y)=gny)
(is Ex (AR ¥ n. 2Q n (h' n)))
proof(rule choice alll)+
fix n
note sum-eq
moreover have (> ye€Y n. gn y) # T using g-s by simp
moreover have le-fg: (31T z€X. fnz) < (3T yeRn “X. gny)if X C
A-n'n for X
proof (cases None € X)
case True
have (3" zeX. fnz) < (3T z€A-n’ n. fn x) using that
by (auto simp add: nn-integral-count-space-indicator intro!: nn-integral-mono
split: split-indicator)
also have ... = (3.7 yeY n. g n y) by(simp add: sum-eq)
also have R n “ X = Y n using True by(auto simp add: R-def)
ultimately show ?thesis by simp
next
case Fulse
then have *: Some  (the ‘ X) = X
by (auto simp add: image-image)(metis (no-types, lifting) image-iff notin-range-Some
option.sel option.collapse)+
from Fualse that have X: the * X C A-n n by(auto simp add: A-n’-def)
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from x have (3.1 z€X. fnz) = (3T z€Some * (the * X). fn z) by simp
also have ... = (3_* z€the ‘ X. f n (Some z)) by(rule nn-integral-count-space-reindex)
stmp
also have ... = (3_ 1 z€the * X. weight I' z) using that False
by (auto 4 3introl: nn-integral-cong simp add: f-simps A-n'-def ennreal-enn2real-if )
also have ... < (31" yeY2n (the ‘ X). weight T y) using False that
by (intro le)(auto simp add: A-n'-def)
also have ... < (3°1" yeR n ““ X. weight T y) using Fualse Y2-Alof the * X
n] X
by (auto simp add: A-n'-def nn-integral-count-space-indicator R-def Image-iff
Y-def intro: rev-image-eql intro!: nn-integral-mono split: split-indicator)
(drule (1) subsetD; clarify; drule (1) bspec; auto 4 3 intro: rev-image-eql)
alsohave ... = (3" yeRn “X. gny)
by (auto introl: nn-integral-cong simp add: R-def g-def ennreal-enn2real-if)
finally show ?thesis .
qed
moreover have countable (A-n' n) by(simp add: A-n’-def countable-finite)
moreover have countable (Y2 n X) if X C A-n n for X using Y2-A[OF that]
by (rule countable-subset)(rule countable-subset| OF - countable-V]; auto simp
add: vertex-def)
then have countable (Y n) unfolding Y-def
by (intro countable-UN)(simp-all add: countable-finite)
moreover have R n C A-n’ n x Y n by(auto simp add: R-def A-n'-def)
ultimately obtain h’' where Az y. 0 < h'zy = (z,y) e Rn Az y. h' zy
*T
Ne.z€ An'n= Ot ye¥Yn hzy =(Unz)A\y.ye Yn= 37
z€A-n"n. hzy)=gny
by (rule bounded-matriz-for-marginals-ennreal) blast+
hence ?Q n h' by(auto)(use not-gr-zero in blast)
thus Ez (?Q n) by blast
qed
then obtain »’ where dom-h": Az y. (z,y) ¢ Rn = h'nzy=20
and fin-h' [simp]: Nz y. h' ' nzy £ T
and h'-f: N\z.z € An'n= Ot ye¥Yn hnzy) =fnz
and h'-g: A\y.y € Yn= .t z€Ad-n'n. k' nxy)=gny
for n by blast

define h :: nat = v X 'v = real
where h n = (A(z, y). ifz € A-nn Ay € Y n then enn2real (h' n (Some z)
y) else 0) for n
have h-nonneg: 0 < h n zy for n zy by(simp add: h-def split-def)
have h-notB: hn (x, y) = 0 if y ¢ BT for n z y using Y-B[of n| that by(auto
simp add: h-def)
have h-le-weight2: h n (z, y) < weight T' y for n z y
proof(cases t € A-nn Ay € Yn)
case True
have h' n (Some z) y < (3.1 z€A-n" n. h' n z y)
by (rule nn-integral-ge-point)(auto simp add: A-n'-def True)
also have ... < weight T' y using h'-glof y n] True by(simp add: g-def
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ennreal-enn2real-if )
finally show %thesis using True by(simp add: h-def ennreal-enn2real-if)
qed(auto simp add: h-def)
have h-OUT: d-OUT (hn) z = (if € A-n n then weight T z else 0) for n z
using h'-flof Some x n, symmetric]
by (auto simp add: h-def d-OUT-def A-n'-def f-simps ennreal-enn2real-if nn-integral-count-space-indicator
introl: nn-integral-cong)
have h-IN: d-IN (hn) y = (if y € Y n then enn2real (weight T' y — h’ n None
y) else 0) for n y
proof(cases y € Y n)
case True
have d-IN (hn) y = (3. " z€Some ‘ A-nn. h' nzy)
by (subst nn-integral-count-space-reindex)
(auto simp add: d-IN-def h-def nn-integral-count-space-indicator ennreal-enn2real-if
R-def intro!: nn-integral-cong dom-h' split: split-indicator)
also have ... = (3.t zeAd-n"n. W' nzy) — (O z€{None}. b/ n z y)
apply(simp add: nn-integral-count-space-indicator del: nn-integral-indicator-singleton)
apply (subst nn-integral-diff [symmetric])
apply (auto simp add: AE-count-space A-n'-def nn-integral-count-space-indicator
split: split-indicator introl: nn-integral-cong)
done
also have ... = gn y — h' n None y using h'-g[OF True] by(simp add:
nn-integral-count-space-indicator)
finally show ?thesis using True by(simp add: g-def ennreal-enn2real-if)
qed(auto simp add: d-IN-def ennreal-enn2real-if nn-integral-0-iff-AE A E-count-space
h-def g-def)

let 2Q =V x V

have bounded (range (An. h n zy)) if zy € ?Q) for zy unfolding bounded-def
dist-real-def
proof(rule exl strip|erule imageE|hypsubst)+
fix n
obtain z y where [simp]: zy = (z, y) by(cases zy)
have hn (z,y) < d-OUT (h n) z unfolding d-OUT-def by(rule nn-integral-ge-point)
stmp
also have ... < weight T’ z by(simp add: h-OUT)
finally show [0 — h n zy| < enn2real (weight T' (fst zy))
by(simp add: h-nonneg)(metis enn2real-ennreal ennreal-cases ennreal-le-iff
wetght-finite)
qed
moreover have countable ?Q using countable-V by (simp)
ultimately obtain k£ where k: strict-mono k
and conv: Azy. xy € ?Q = convergent (An. h (k n) zy)
by (rule convergent-bounded-family) blast+

have h-outside: h n xy = 0 if zy ¢ ?Q for zy n using that A-n-A[of n] A-vertex

Y-vertex
by (auto simp add: h-def split: prod.split)

128



have h-outside-AB: hn (z,y) = 0ifz ¢ ATVy¢ BTl fornuzy
using that A-n-A[of n] Y-Blof n] by(auto simp add: h-def)
have h-outside-E: h n (z, y) = 0 if (z, y) ¢ E for n z y using that unfolding
h-def
by (clarsimp)(subst dom-h', auto simp add: R-def)

define H where H zy = lim (An. h (k n) zy) for zy
have H: (An. h (kn) zy) —— H ay for zy
using conv|of zy] unfolding H-def by(cases zy € ?Q)(auto simp add: conver-
gent-LIMSEQ-iff h-outside)
have H-outside: H (z, y) = 0ifx ¢ ATV y¢ BT for zy
using that by(simp add: H-def convergent-LIMSEQ-iff h-outside-AB)
have H': (An. ennreal (h (k n) zy)) —— H zy for zy
using H by(rule tendsto-ennreall)
have H-def’: H xy = lim (An. ennreal (h (k n) zy)) for zy by (metis H' limI)

have H-OUT: d-OUT Hx = weight ' z if z: 2 € AT for z
proof —
let 2w = Ay. if (z, y) € E then weight T y else 0
have sum-w: (3. * y. if edge T z y then weight T y else 0) = (3.t y € E ¢
{z}. weight T y)
by (simp add: nn-integral-count-space-indicator indicator-def of-bool-def if-distrib
cong: if-cong)
have (An. d-OUT (h (k n)) ) —— d-OUT H z unfolding d-OUT-def
by (rule nn-integral-dominated-convergence[where w=?w])(use bounded-B x
in <simp-all add: AE-count-space H h-outside-E h-le-weight2 sum-w»)
moreover define n-x where n-z = to-nat-on (AT) x
have z”: z € A-n (k n) if n > n-z for n
using that seq-suble[OF k, of n] x unfolding A-n-def
by (intro rev-image-eql [where r=n-z])(simp-all add: A-n-def n-z-def)
have (An. d-OUT (h (k n)) ©) —— weight T z
by (intro tendsto-eventually eventually-sequentiallyl [where c=n-z])(simp add:
h-OUT z')
ultimately show ?thesis by (rule LIMSEQ-unique)
qed
then have linkage I' H ..
moreover
have web-flow I' H unfolding web-flow-iff
proof
show d-OUT H z < weight T z for x
by(cases © € A T')(simp-all add: H-OUT|[unfolded d-OUT-def] H-outside
d-OUT-def)

show d-IN H y < weight " y for y
proof —
have d-IN Hy = (3. T z. liminf (An. ennreal (h (k n) (z, y)))) unfolding
d-IN-def H-def’
by (rule nn-integral-cong convergent-liminf-cl[symmetric] convergent] H')+
also have ... < liminf (An. d-IN (h (kn)) y)
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unfolding d-IN-def by(rule nn-integral-liminf) simp
also have ... < liminf (An. weight T' y) unfolding h-IN
by (rule Liminf-mono)(auto simp add: ennreal-enn2real-if)

also have ... = weight T y by(simp add: Liminf-const)
finally show ?thesis .
qed

show ennreal (H e) = 0 if e ¢ E for e
proof (rule LIMSEQ-unique[OF H'))
obtain z y where [simp]: e = (z, y) by(cases e)
have ennreal (h (kn) (z, y)) = 0 for n
using dom-h'[of Some x y k n] that by(auto simp add: h-def R-def
enn2real-eq-0-iff elim: meta-mp)
then show (An. ennreal (b (kn) €)) —— 0 using that
by (intro tendsto-eventually eventually-sequentiallyl) simp
qed
qed
ultimately show ?thesis by blast
qed

end

8.2 Glueing the reductions together

locale bounded-countable-web = countable-web I'

for T :: ("v, 'more) web-scheme (structure)

+

assumes bounded-out: t € V- BT = (3" y € E “{a}. weight T y) < T
begin

lemma bounded-countable-bipartite-web-of : bounded-countable-bipartite-web (bipartite-web-of
)
(is bounded-countable-bipartite-web 7T)
proof —
interpret bi: countable-bipartite-web I" by (rule countable-bipartite-web-of)
show ?thesis
proof
fix z
assume z € A T
then obtain z’ where z: © = Inl 2’ and 2" vertex T' z’ ' ¢ B T by auto
have Eop “{z} C Inr * {2’} U (E “{z'})) using z
by (auto simp add: bipartite-web-of-def vertez-def split: sum.split-asm)
hence (3. y € Egp “{z}. weight T y) < 3" y € .... weight 7' y)
by (auto simp add: nn-integral-count-space-indicator introl: nn-integral-mono
split: split-indicator)
also have ... = (3_ 1 ye{z’} U (E “ {z'}). weight (bipartite-web-of T) (Inr

Y)
by (rule nn-integral-count-space-reindez)(auto)
also have ... < weight T 2’ + (3.1 y € E “{z'}. weight T y)
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apply(subst (1 2) nn-integral-count-space-indicator, simp, simp)
apply(cases = edge T z’ z')
apply (subst nn-integral-disjoint-pair)
apply (auto intro!: nn-integral-mono add-increasing split: split-indicator)
done
also have ... < T using bounded-out|of =] =" using weight-finite[of z'] by (simp
del: weight-finite add: less-top)
finally show (3. " y € Eop ““ {z}. weight T y) < T .
qed
qed

theorem loose-linkable-bounded:
assumes loose I’
shows linkable T’
proof —
interpret bi: bounded-countable-bipartite-web bipartite-web-of T by (rule bounded-countable-bipartite-web-of)
have — hindered (bipartite-web-of T') using assms by (rule unhindered-bipartite-web-of)
then have linkable (bipartite-web-of T')
by (rule bi.unhindered-linkable-bounded)
then show ?thesis by(rule linkable-bipartite-web-ofD) simp
qed

lemma bounded-countable-web-quotient-web: bounded-countable-web (quotient-web
T f) (is bounded-countable-web I")
proof —
interpret r: countable-web 7I' by(rule countable-web-quotient-web)
show ?thesis
proof
fix z
assume = € Vyyopient-web T f — B (quotient-web I' f)
then have z: x € V — BT by(auto dest: vertez-quotient-webD)
have (31 y € Egp “{a}. weight T y) < (O y € E “ {z}. weight T y)
by (auto simp add: nn-integral-count-space-indicator introl: nn-integral-mono
split: split-indicator)

also have ... < T using z by(rule bounded-out)
finally show (3. " y € Eop ““ {z}. weight T y) < T .
qed
qed

lemma ex-orthogonal-current:
3fS. web-flow I' f N separating I' S N orthogonal-current T" f S
proof —
from ez-mazimal-wave] OF countable]
obtain f where f: current I f
and w: wave I" f
and mazimal: Aw. [ current T w; wave T w; f < w ] = f = w by blast
from ez-trimming[OF f w countable weight-finite] obtain h where h: trimming
Tfh.
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let I" = quotient-web T f

interpret I': bounded-countable-web T" by (rule bounded-countable-web-quotient-web)
have loose " using f w mazimal by (rule loose-quotient-web|OF weight-finite])
then have linkable 7T" by(rule T'.loose-linkable-bounded)

then obtain g where wg: web-flow 7I' g and link: linkage ' g by blast

let 2k = plus-current h g
have web-flow T' 2k orthogonal-current T' %k (€ (TER f))
by (rule linkage-quotient-webD[OF f w wg link h])+
moreover have separating I' (€ (TER f))
using waveD-separating| OF w] by (rule separating-essential)
ultimately show ?thesis by blast
qed

end

locale bounded-countable-network = countable-network /A
for A :: (v, 'more) network-scheme (structure) +

assumes out: [ z € V; z # source A; x # sink A | = d-OUT (capacity A) x
<T

context antiparallel-edges begin

lemma A'’-bounded-countable-network: bounded-countable-network A’
if Az. [z € V;a # source A; z # sink A ] = d-OUT (capacity A) z < T
proof —
interpret ae: countable-network A’ by(rule A"-countable-network)
show ?thesis
proof
fix z

assume 1: 7 € V 5 and not-source: x # source A" and not-sink: x # sink
A//
from z consider (Vertex) z’ where z = Vertexr z' ' € V | (Edge) y z where
z = Fdge y z edge A y z
unfolding V-A' by auto
then show d-OUT (capacity A") z < T
proof cases
case Vertex
then show %thesis using = not-source not-sink that[of '] by auto
next
case FEdge
then show ?thesis using capacity-finite[of (y, z)] by (simp del: capacity-finite
add: less-top)
qed
qed
qed

end
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context bounded-countable-network begin

lemma bounded-countable-web-web-of-network:
assumes source-in: Az. = edge A z (source A)
and sink-out: A\y. - edge A (sink A) y
and undead: Az y. edge A zy = (Fz. edge A y 2) V (2. edge A z 1)
and source-sink: = edge A (source A) (sink A)
and no-loop: \z. — edge A z x
shows bounded-countable-web (web-of-network A) (is bounded-countable-web ')
proof —
interpret web: countable-web T by(rule countable-web-web-of-network) fact+
show ?thesis
proof
fix e
assume ¢ € Vop — B T
then obtain z y where e: ¢ = (z, y) and zy: edge A z y by(cases e) simp
from zy have y: y # source A using source-in[of x] by auto
have out-sink: d-OUT (capacity A) (sink A) = 0 unfolding d-OUT-def
by (auto simp add: nn-integral-0-iff-AE AE-count-space sink-out intro!: capac-
ity-outside)
have Eop “{e} C E N {y} x UNIV using e by auto
hence (>-1 ¢’ € Egp ““ {e}. weight T e') < (3.7 e € EN {y} x UNIV.
capacity A e) using e
by (auto simp add: nn-integral-count-space-indicator introl: nn-integral-mono
split: split-indicator)
also have ... < (3% e € Pairy ‘ UNIV. capacity A e)
by(auto simp add: nn-integral-count-space-indicator introl: nn-integral-mono
split: split-indicator)
also have ... = d-OUT (capacity A) y unfolding d-OUT-def
by (rule nn-integral-count-space-reindex) simp
also have ... < T using out[of y] zy y out-sink by(cases y = sink A)(auto
simp add: vertex-def)
finally show (3_ " e’ € Egp ““ {e}. weight 7T e') < T .
qed
qed

context begin

qualified lemma maz-flow-min-cut’-bounded:

assumes source-in: \z. = edge A = (source A)

and sink-out: N\y. — edge A (sink A) y

and undead: Nz y. edge A ty = (2. edge A y z) V (Fz. edge A z x)

and source-sink: = edge A (source A) (sink A)

and no-loop: \z. — edge A z z

and capacity-pos: Ne. e € E = capacity A e > 0

shows 3f S. flow A f A cut A S A orthogonal A f S

by (rule maz-flow-min-cut’) (rule bounded-countable-web. ex-orthogonal-current| OF
bounded-countable-web-web-of-network], fact+)
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qualified lemma maz-flow-min-cut’’-bounded:

assumes sink-out: N\y. - edge A (sink A) y

and source-in: \z. = edge A z (source A)

and no-loop: \z. - edge A z x

and capacity-pos: Ne. e € E = capacity A e > 0

shows 3f S. flow A f A cut A S A orthogonal A f S
proof —

interpret antiparallel-edges A ..

interpret A’ bounded-countable-network A’ by (rule A”'-bounded-countable-network)(rule
out)

have 3/ S. flow A" f A cut A" S A orthogonal A" f S

by (rule A".maz-flow-min-cut’-bounded)(auto simp add: sink-out source-in no-loop
capacity-pos elim: edg.cases)

then obtain f S where f: flow A" f and cut: cut A" S and ortho: orthogonal
A’ f S by blast

have flow A (collect f) using f by(rule flow-collect)

moreover have cut A (cut’ S) using cut by(rule cut-cut’)

moreover have orthogonal A (collect f) (cut’ S) using ortho f by(rule orthog-
onal-cut”)

ultimately show ¢thesis by blast
qed

qualified lemma maz-flow-min-cut’’’-bounded:

assumes sink-out: N\y. - edge A (sink A) y

and source-in: \z. = edge A z (source A)

and capacity-pos: Ne. e € E = capacity A e > 0

shows 3f 5. flow A f A cut A S A orthogonal A f S
proof —

interpret antiparallel-edges A ..

interpret A" bounded-countable-network A’ by (rule A”'-bounded-countable-network)(rule
out)

have 3/ S. flow A" f A cut A" S A orthogonal A" f S

by (rule A".max-flow-min-cut’-bounded)(auto simp add: sink-out source-in ca-

pacity-pos elim: edg.cases)

then obtain f S where f: flow A" f and cut: cut A" S and ortho: orthogonal
A’ f S by blast

have flow A (collect f) using f by(rule flow-collect)

moreover have cut A (cut’ S) using cut by(rule cut-cut’)

moreover have orthogonal A (collect f) (cut’ S) using ortho f by(rule orthog-
onal-cut’)

ultimately show ¢thesis by blast
qed

lemma A’"-bounded-countable-network: bounded-countable-network A’
proof —
interpret A’ countable-network A"’ by(rule A''-countable-network)
show ?thesis
proof
fix z
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assume z: € V 57 and not-source: ¥ # source A" and not-sink: x # sink
A///

from z have z”: z € V by(auto simp add: vertez-def)

have d-OUT (capacity A"") x < d-OUT (capacity A) z by(rule d-OUT-mono)
stmp

also have ... < T using z’ not-source not-sink by (simp add: out)
finally show d-OUT (capacity A"y x < T .
qed
qed

theorem maz-flow-min-cut-bounded:
JfS. flow A f A cut A S A orthogonal A f S
proof —
interpret A’ bounded-countable-network A’ by (rule A""'-bounded-countable-network)
have 31 5. flow A" f A cut A" S A orthogonal A" f S by (rule A’.maz-flow-min-cut’"’-bounded)
auto
then obtain f S where f: flow A"’ f and cut: cut A"’ S and ortho: orthogonal
A" f 8 by blast
from flow-A""[|OF this| show ?thesis by blast
qed

end
end

end

theory MFMC-Flow-Attainability imports
MFMC-Network

begin

9 Attainability of flows in networks
9.1 Cleaning up flows

If there is a flow along antiparallel edges, it suffices to consider the difference.

definition cleanup :: ‘a flow = 'a flow
where cleanup f = (A(a, ). if f (a, b) > f (b, a) then f (a, b) — f (b, a) else 0)

lemma cleanup-simps [simp]:

cleanup f (a, b) = (if f (a, b) > f (b, a) then f (a, b) — f (b, a) else 0)
by (simp add: cleanup-def)

lemma value-flow-cleanup:

assumes [simp|: Az. f (z, source A) = 0

shows value-flow A (cleanup f) = value-flow A f
unfolding d-OUT-def

by (auto simp add: not-less intro!: nn-integral-cong intro: antisym)
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lemma KIR-cleanup:
assumes KIR: KIR fx
and finite-IN: d-IN fox # T
shows KIR (cleanup f) x
proof —
from finite-IN KIR have finite-OUT: d-OUT fx # T by simp

have finite-IN: (3. + yeA. f (y, z)) # T for A

using finite-IN by (rule neq-top-trans)(auto simp add: d-IN-def nn-integral-count-space-indicator
intro: nn-integral-mono split: split-indicator)

have finite-OUT: (3.1 yeA. f (z,y)) # T for A

using finite-OUT by (rule neg-top-trans)(auto simp add: d-OUT-def nn-integral-count-space-indicator
introl: nn-integral-mono split: split-indicator)

have finite-in: f (z, y) # T for y using «d-OUT fz # T»

by (rule neg-top-trans) (rule d-OUT-ge-point)

let M = {y. f (v, y) > f (y, 2)}

have d-OUT (cleanup f) z = (3" ye?M. f (z, y) — f (y, z))
by (auto simp add: d-OUT-def nn-integral-count-space-indicator introl: nn-integral-cong)

alsohave ... = (3" ye?M. f (z,y)) — 0.+ ye?M. f (y, z)) using finite-IN
by (subst nn-integral-diff ) (auto simp add: AE-count-space)
also have ... = (d-OUT fx — 0.V yely. f (z, y) < f (y, o)} f (z, v))) —

(>C* ye?M. f (y, z))
unfolding d-OUT-def d-IN-def using finite-IN finite-OUT
apply(simp add: nn-integral-count-space-indicator)
apply (subst (2) nn-integral-diff [symmetric))
apply(auto simp add: AE-count-space finite-in split: split-indicator intro!:
arg-cong2[where f=(—)| introl: nn-integral-cong)
done
also have ... = (d-IN fz — (3. T ye?M. f (y,x))) — O ye{y. f (z,y) < f
(v, )} (5, 9))
using KIR by(simp add: diff-diff-commute-ennreal)
also have ... = (3" ye{y. f (z, ) < f (v, 2)}. [ (v, 2)) — =7 ye{y. f (=,
y) < f (g, 2)} f (2, 9)
using finite-IN finite-IN[of { - }]
apply(simp add: d-IN-def nn-integral-count-space-indicator)
apply (subst nn-integral-diff [symmetric])
apply(auto simp add: d-IN-def AE-count-space split: split-indicator introl:
arg-cong2[where f=(—)| introl: nn-integral-cong)

done
also have ... = (32" ye{y. f (=, 9) < f (v, ©)}. f (y, ) — f (2, y)) using
finite-OUT
by (subst nn-integral-diff ) (auto simp add: AE-count-space)
also have ... = d-IN (cleanup f) x using finite-in

by (auto simp add: d-IN-def nn-integral-count-space-indicator introl: ennreal-diff-self
nn-integral-cong split: split-indicator)

finally show KIR (cleanup f) z .
qed
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locale flow-attainability = countable-network A

for A :: ('v, 'more) network-scheme (structure)

+

assumes finite-capacity: \z. x # sink A = d-IN (capacity A) © # T V d-OUT
(capacity A) z # T

and no-loop: \z. — edge A z z

and source-in: A\z. = edge A z (source A)
begin

lemma source-in-not-cycle:
assumes cycle A p
shows (z, source A) ¢ set (cycle-edges p)
using cycle-edges-edges|OF assms| source-in|of x| by (auto)

lemma source-out-not-cycle:
cycle A p = (source A, x) ¢ set (cycle-edges p)
by (auto dest: cycle-leave-ex-enter source-in-not-cycle)

lemma flowD-source-IN:
assumes flow A f
shows d-IN f (source A) = 0
proof —
have d-IN f (source A) = (3. + y€IN (source A). f (y, source A))
by (rule d-IN-alt-def)(simp add: flowD-outside]OF assms])
also have ... = (3. y€IN (source A). 0)
by (rule nn-integral-cong)(simp add: source-in incoming-def)
finally show ?thesis by simp
qed

lemma flowD-finite-IN:
assumes f: flow A f and z: © # sink A
shows d-IN fx # top
proof(cases x = source A)
case True thus ?thesis by(simp add: flowD-source-IN[OF f])
next
case Fulse
from finite-capacity[OF z] show ?thesis
proof
assume *: d-IN (capacity A) x # T
from flowD-capacity|OF f] have d-IN f z < d-IN (capacity A) z by(rule
d-IN-mono)
also have ... < T using * by (simp add: less-top)
finally show ?thesis by simp
next
assume *: d-OUT (capacity A) x # T
have d-IN fx = d-OUT f z using flowD-KIR|OF f False x| by simp
also have ... < d-OUT (capacity A) x using flowD-capacity|OF f] by(rule
d-OUT-mono)
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also have ... < T using * by (simp add: less-top)
finally show ?thesis by simp
qed
qed

lemma flowD-finite-OUT:
assumes flow A fx # source A x # sink A
shows d-OUT fx # T
using flowD-KIR[OF assms] assms by(simp add: flowD-finite-IN)

end

locale flow-network = flow-attainability

+

fixes g :: 'v flow

assumes ¢: flow A g

and g-finite: value-flow A g # T

and nontrivial: V. — {source A, sink A} # {}
begin

lemma g-outside: e ¢ E = ge = 0
by (rule flowD-outside)(rule g)

lemma g-loop [simp]: g (z, x) = 0
by (rule g-outside)(simp add: no-loop)

lemma finite-IN-g: © # sink A = d-IN g x # top
by (rule flowD-finite-IN[OF g])

lemma finite-OUT-g:
assumes z # sink A
shows d-OUT g x # top
proof(cases x = source A)
case True
with g-finite show ?thesis by simp
next
case Fulse
with g have KIR g z using assms by(auto dest: flowD-KIR)
with finite-IN-g[of z] False assms show ?thesis by (simp)
qed

lemma g-source-in [simp]: g (x, source A) = 0
by (rule g-outside)(simp add: source-in)

lemma finite-g [simp]: g e # top
by (rule flowD-finite][ OF g])

definition enum-v :: nat = v
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where enum-v n = from-nat-into (V. — {source A, sink A}) (fst (prod-decode n))

lemma range-enum-v: range enum-v C 'V — {source A, sink A}
using from-nat-into[ OF nontrivial] by (auto simp add: enum-v-def)

lemma enum-v-repeat:
assumes z: £ € V x # source A © # sink A
shows 3i’>i. enum-vi' =z
proof —
let 2V =V — {source A, sink A}
let ?n = to-nat-on ?V x
let ?A = {%n} x (UNIV :: nat set)
from z have z”: z € V — {source A, sink A} by simp
have infinite ?A by (auto dest: finite-cartesian-productD2)
hence infinite (prod-encode ‘ ?A) by(auto dest: finite-imageD simp add: inj-prod-encode)
then obtain i’ where ¢’ > i i’ € prod-encode ‘ ?A
unfolding infinite-nat-iff-unbounded by blast
from this(2) have enum-v i’ = z using z by(clarsimp simp add: enum-v-def)
with <’ > i» show ?thesis by blast
qed

fun h-plus :: nat = 'v edge = ennreal
where
h-plus 0 (z, y) = (if + = source A then g (z, y) else 0)
| h-plus (Suc @) (z, y) =
(if enum-v (Suc i) = © A d-OUT (h-plus i) © < d-IN (h-plus i) x then
let total = d-IN (h-plus i) © — d-OUT (h-plus ©) ;
share = g (x, y) — h-plus i (z, y);
shares = d-OUT g x — d-OUT (h-plus i) z
in h-plus © (z, y) + share * total / shares
else h-plus i (z, y))

lemma h-plus-le-g: h-plus i e < g e
proof (induction i arbitrary: e and e)
case ( thus ?case by(cases €) simp
next
case (Suc 17)
{fixzy
assume enum: ¥ = enum-v (Suc 7)
assume less: d-OUT (h-plus ©) < d-IN (h-plus i) =
from enum have z: x # source A © # sink A using range-enum-v
by (auto dest: sym intro: rev-image-eql)

define share where share = g (z, y) — h-plus i (z, y)

define shares where shares = d-OUT g v — d-OUT (h-plus i) =
define total where total = d-IN (h-plus i) z — d-OUT (h-plus i) x
let ?h = h-plus i (z, y) + share x total / shares
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have d-OUT (h-plus i) x < d-OUT g z by(rule d-OUT-mono)(rule Suc.IH)
also have ... < top using finite-OUT-g[of z] z by (simp add: less-top)
finally have d-OUT (h-plus i) © # T by simp
then have shares-eq: shares = (3.1 y. g (z, y) — h-plus i (z, y)) unfolding
shares-def d-OUT-def
by (subst nn-integral-diff ) (simp-all add: AE-count-space Suc.IH)

have *: share / shares < 1
proof (cases share = 0)
case True thus ?thesis by(simp)
next
case Fulse
hence share > 0 using <h-plus i (z, y) < g -
by(simp add: share-def dual-order.strict-iff-order)
moreover have share < shares unfolding share-def shares-eq by(rule
nn-integral-ge-point) simp
ultimately show ?thesis by (simp add: divide-le-posI-ennreal)
qed

note shares-def
also have d-OUT g z = d-IN g = by(rule flowD-KIR[OF g z])
also have d-IN (h-plus i) z < d-IN g = by(rule d-IN-mono)(rule Suc.IH)
ultimately have x: total < shares unfolding total-def by(simp add: en-
nreal-minus-mono)
moreover have total > (0 unfolding total-def using less by (clarsimp simp
add: diff-gr0-ennreal)
ultimately have total / shares < 1 by(intro divide-le-posI-ennreal)(simp-all)
hence share x (total / shares) < share x 1
by (rule mult-left-mono) simp
hence ?h < h-plus i (z, y) + share by (simp add: ennreal-times-divide add-mono)
also have ... = g (z, y) unfolding share-def using <h-plus i (z, y) < g -
finite-glof (z, y)]
by simp
moreover
note calculation }
note x = this
show ?case using Suc.IH * by(cases e) clarsimp
qed

lemma h-plus-outside: e ¢ E = h-plus i e = 0
by (metis g-outside h-plus-le-g le-zero-eq)

lemma h-plus-not-infty [simp|: h-plus i e # top
using h-plus-le-g[of i €] by (auto simp: top-unique)

lemma h-plus-mono: h-plus i e < h-plus (Suc i) e
proof(cases e)

case [simp]: (Pair x y)

{ assume d-OUT (h-plus i) z < d-IN (h-plus i) =
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hence h-plus i (z, y) + 0 < h-plus i (z, y) + (g9 (z, y) — h-plus i (z, y)) *
(d-IN (h-plus i) © — d-OUT (h-plus i) z) / (d-OUT g x — d-OUT (h-plus i) z)
by (intro add-left-mono d-OUT-mono le-funl) (simp-all add: h-plus-le-g)
then show ?thesis by clarsimp
qed

lemma h-plus-mono”: i < j = h-plus i e < h-plus j e
by (induction rule: dec-induct)(auto intro: h-plus-mono order-trans)

lemma d-OUT-h-plus-not-infty": © # sink A = d-OUT (h-plus i) © # top
using d-OUT-mono[of h-plus i x g, OF h-plus-le-g] finite-OUT-g[of z] by (auto
stmp: top-unique)

lemma h-plus-OUT-le-IN:
assumes x # source A
shows d-OUT (h-plus i) x < d-IN (h-plus i) z
proof (induction 7)
case ()
thus ?case using assms by(simp add: d-OUT-def)
next
case (Suc 17)
have d-OUT (h-plus (Suc ©)) x < d-IN (h-plus i)
proof(cases enum-v (Suc i) = ¢ A d-OUT (h-plus i) < d-IN (h-plus 7) z)
case Fulse
thus ?thesis using Suc.IH by(simp add: d-OUT-def cong: conj-cong)
next
case True
hence z: © # sink A and le: d-OUT (h-plus i) x < d-IN (h-plus i) x using
range-enum-v by auto
let ?r = Ay. (g (z, y) — h-plus i (z, y)) * (d-IN (h-plus i) x — d-OUT (h-plus
i) ) / (d&-OUT gz — d-OUT (h-plus i) x)
have d-OUT (h-plus (Suc i)) z = d-OUT (h-plus i) = + (3T y. ?ry)
using True unfolding d-OUT-def h-plus.simps by(simp add: AE-count-space
nn-integral-add)
also from True have x # source A x # sink A using range-enum-v by auto
from flowD-KIR[OF g this] le d-IN-mono|of h-plus i © g, OF h-plus-le-g]
have le’: d-OUT (h-plus i) x < d-OUT g z by(simp)
then have (3.1 y. 7ry) =
(d-IN (h-plus i) z — d-OUT (h-plus i) z) * (O_* y. g (z, y) — h-plus i (z,
y)) / (d-OUT g v — d-OUT (h-plus i) x))
by (subst mult.commute, subst ennreal-times-divide[symmetric])
(simp add: nn-integral-cmult nn-integral-divide Suc.IH diff-gr0-ennreal)
also have (3" y. g (z, y) — h-plus i (z, y)) = d-OUT g x — d-OUT (h-plus
i) z using z
by (subst nn-integral-diff)(simp-all add: d-OUT-def[symmetric] h-plus-le-g
d-OUT-h-plus-not-infty")
also have ... / ... = 1 using le’ finite-OUT-g[of z]
by (auto introl: ennreal-divide-self dest: diff-gr0-ennreal simp: less-top[symmetric])
also have d-OUT (h-plus i)  + (d-IN (h-plus i) x — d-OUT (h-plus ©) ) *
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1 = d-IN (h-plus i) = using z
by (simp add: Suc)
finally show ?thesis by simp
qed
also have ... < d-IN (h-plus (Suc 7)) = by(rule d-IN-mono)(rule h-plus-mono)
finally show ?case .
qed

lemma h-plus-OUT-eq-IN:
assumes enum: enum-v (Suc i) = x
shows d-OUT (h-plus (Suc i)) x = d-IN (h-plus i) z
proof(cases d-OUT (h-plus i) x < d-IN (h-plus 7) z)
case Fulse
from enum have z # source A using range-enum-v by auto
from h-plus-OUT-le-IN|OF this, of i| False have d-OUT (h-plus i) © = d-IN
(h-plus i) z by auto
with False enum show ?2thesis by (simp add: d-OUT-def)
next
case True
from enum have z: x # source A and sink: © # sink A using range-enum-v
by auto
let 2r = Ay. (g9 (z, y) — h-plus i (x, y)) * (d-IN (h-plus i) z — d-OUT (h-plus
i) z) / (d-OUT g x — d-OUT (h-plus i) x)
have d-OUT (h-plus (Suc i)) x = d-OUT (h-plus i) z + (3.1 y. ?ry)
using True enum unfolding d-OUT-def h-plus.simps by (simp add: AE-count-space
nn-integral-add)
also from True enum have x # source A x # sink A using range-enum-v by
auto
from flowD-KIR[OF g this| True d-IN-mono|of h-plus i © g, OF h-plus-le-g]
have le”: d-OUT (h-plus ©) © < d-OUT g x by(simp)
then have (3" y. 7ry ) =
(d-IN (h-plus i) x — d-OUT (h-plus i) =) x (3. y. g (z, y) — h-plus i (z, y))
/ (d-OUT g x — d-OUT (h-plus i) z))
by (subst mult.commute, subst ennreal-times-divide[symmetric])
(simp add: nn-integral-cmult nn-integral-divide h-plus-OUT-le-IN[OF z] diff-gr0-ennreal)
also have (3. y. g (7, y) — h-plus i (z, y)) = d-OUT g x — d-OUT (h-plus i)
z using sink
by (subst nn-integral-diff ) (simp-all add: d-OUT-def[symmetric] h-plus-le-g d-OUT-h-plus-not-infty’)
also have ... /... = 1 using le’ finite-OUT-g[of x| sink
by (auto intro!: ennreal-divide-self dest: diff-gr0-ennreal simp: less-top[symmetric])
also have d-OUT (h-plus ©) z + (d-IN (h-plus i) z — d-OUT (h-plus i) z) * 1
= d-IN (h-plus ) z using sink
by (simp add: h-plus-OUT-le-IN 1)
finally show ?thesis .
qed

lemma h-plus-source-in [simp]: h-plus i (x, source A) = 0
by (induction ©)simp-all
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lemma h-plus-sum-finite: (> T e. h-plus i €) # top
proof (induction 7)
case ()
have (>t eeUNIV. h-plus 0 ¢) = (3.7 (z, y). h-plus 0 (z, y))
by (simp del: h-plus.simps)

also have ... = (3.1 (z, y)€range (Pair (source A)). h-plus 0 (z, y))
by(auto simp add: nn-integral-count-space-indicator introl: nn-integral-cong)
also have ... = value-flow A g by(simp add: d-OUT-def nn-integral-count-space-reindez)

also have ... < T using g-finite by (simp add: less-top)
finally show ?case by simp
next
case (Suc 17)
define zi where zi = enum-v (Suc 7)
then have zi: 21 # source A xi # sink A using range-enum-v by auto
show ?Zcase
proof(cases d-OUT (h-plus i) xzi < d-IN (h-plus ) z7)
case Fulse
hence (3" ecUNIV. h-plus (Suc i) e) = (3. e. h-plus i e)
by (auto introl: nn-integral-cong simp add: xi-def)
with Suc.IH show ?thesis by simp
next
case True
have less: d-OUT (h-plus i) xi < d-OUT g wi
using True flowD-KIR[OF g xi] d-IN-monolof h-plus i xi, OF h-plus-le-g]
by simp

have (3_ % e. h-plus (Suc i) €) =
(>t e€UNIV. h-plus i e) + O (z, v). ((9 (z, y) — h-plus i (z, y)) *
(d-IN (h-plus i) x — d-OUT (h-plus ©) z) / (d-OUT g © — d-OUT (h-plus i) x))
x indicator (range (Pair zi)) (z, y))
(is - = 2IH + %restis - = -+ [T (z, y). ?fz y = - 9-) using zi True
by (subst nn-integral-add[symmetric])(auto simp add: zi-def split-beta AE-count-space
introl: nn-integral-cong split: split-indicator introl: h-plus-le-g h-plus-OUT-le-IN
d-OUT-mono le-fun)
also have ?rest = (3. (z, y)€range (Pair zi). ?f z y)
by (simp add: nn-integral-count-space-indicator split-def)
also have ... = (3. y. ?f zi y) by(simp add: nn-integral-count-space-reindex)
also have ... = (3_ %" y. g (%, y) — h-plus i (zi, y)) * ((d-IN (h-plus ) i —
d-OUT (h-plus 1) zi) / (d-OUT g xi — d-OUT (h-plus ) 7))
(is - = Zintegral x ?factor) using True less
by (simp add: nn-integral-multc nn-integral-divide diff-gr0-ennreal ennreal-times-divide)
also have ?integral = d-OUT g xi — d-OUT (h-plus i) zi unfolding d-OUT-def
using xi
by (subst nn-integral-diff)(simp-all add: h-plus-le-g d-OUT-def[symmetric]
d-OUT-h-plus-not-infty")
also have ... * ?factor = (d-IN (h-plus i) xi — d-OUT (h-plus ) xi) using zi
apply (subst ennreal-times-divide)
apply (subst mult.commute)
apply (subst ennreal-mult-divide-eq)
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apply (simp-all add: diff-gr0-ennreal finite-OUT-g less zero-less-iff-neg-zero[ symmetric])
done
also have ... # T using h-plus-OUT-eq-IN[OF refl, of i, folded zi-def, sym-
metric] i
by (simp add: d-OUT-h-plus-not-infty’)
ultimately show ¢thesis using Suc.IH by simp
qed
qed

lemma d-OUT-h-plus-not-infty [simp]: d-OUT (h-plus i) © # top
proof —
have d-OUT (h-plus i) x < (3. " yeUNIV. >>F z. h-plus i (z, y))
unfolding d-OUT-def by(rule nn-integral-mono nn-integral-ge-point)+ simp

also have ... < T using h-plus-sum-finite by (simp add: nn-integral-snd-count-space
less-top)

finally show ?thesis by simp
qed

definition enum-cycle :: nat = 'v path
where enum-cycle = from-nat-into (cycles A)

lemma cycle-enum-cycle [simp]: cycles A # {} = cycle A (enum-cycle n)
unfolding enum-cycle-def using from-nat-into[of cycles A n] by simp

context

fixes h':: v flow

assumes finite-h": h' e # top
begin

fun h-minus-auz :: nat = v edge = ennreal
where

h-minus-auz 0 e = 0
| h-minus-auz (Suc j) e =

(if e € set (cycle-edges (enum-cycle j)) then

h-minus-auz j e + Min {h' e’

(enum-cycle 7))}

else h-minus-aux j e)

/

— h-minus-auz j e'|e’. e'€set (cycle-edges

lemma h-minus-auz-le-h": h-minus-aux j e < h' e
proof (induction j e rule: h-minus-auz.induct)
case 0: (1 e) show ?case by simp
next
case Suc: (2] ¢€)
{ assume e: ¢ € set (cycle-edges (enum-cycle 7))
then have h-minus-auz j e + Min {h' ¢/ — h-minus-auz j e’ |e'. e’ € set
(cycle-edges (enum-cycle 7))} <
h-minus-auz j e + (h' e — h-minus-auz j €)
using [[simproc add: finite-Collect]] by(cases e rule: prod.ezhaust)(auto introl:
add-mono Min-le)
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also have ... = h’ e using e finite-h'[of €] Suc.IH(2)[of €]
by (cases e rule: prod.ezhaust)
(auto simp add: add-diff-eq-ennreal top-unique introl: ennreal-add-diff-cancel-left)
also note calculation }
then show ?case using Suc by clarsimp
qed

lemma h-minus-auz-finite [simp]: h-minus-aux j e # top
using h-minus-auz-le-h'[of j €] finite-h'[of €] by (auto simp: top-unique)

lemma h-minus-auz-mono: h-minus-auz j e < h-minus-aux (Suc j) e
proof(cases e € set (cycle-edges (enum-cycle j)) = True)
case True
have h-minus-auz j e + 0 < h-minus-auz (Suc j) e unfolding h-minus-auz.simps
True if-True
using True [[simproc add: finite-Collect]]
by (cases e)(rule add-mono, auto intro!: Min.boundedl simp add: h-minus-auz-le-h’)
thus ?thesis by simp
qed simp

lemma d-OUT-h-minus-aux:
assumes cycles A # {}
shows d-OUT (h-minus-auz j) © = d-IN (h-minus-auz j) ©
proof (induction j)
case () show ?case by simp
next
case (Suc j)
define C where C' = enum-cycle j
define 6 where § = Min {h' ¢/ — h-minus-aux j ¢’ |e’. ¢’ € set (cycle-edges C)}

have d-OUT (h-minus-auz (Suc j)) = =
(>>* y. h-minus-auz j (z, y) + (if (z, y) € set (cycle-edges C) then § else 0))
unfolding d-OUT-def by(simp add: if-distrib C-def 0-def cong del: if-weak-cong)

also have ... = d-OUT (h-minus-auz j) x + (3. T y. § x indicator (set (cycle-edges
Q) (z, )
(is - = - 4+ %add)

by (subst nn-integral-add)(auto simp add: AE-count-space d-OUT-def intro!:
arg-cong2[where f=(+)] nn-integral-cong)
also have %add = (3. e€range (Pair z). § * indicator {(z', y). (z', y) € set
(cycle-edges C) Nz’ = x} e)
by (auto simp add: nn-integral-count-space-reindez introl: nn-integral-cong split:
split-indicator)
also have ... = § x card (set (filter (\(z’, y). ' = z) (cycle-edges C)))
using [[simproc add: finite-Collect]]
apply (subst nn-integral-cmult-indicator; auto)
apply(subst emeasure-count-space; auto simp add: split-def)
done
also have card (set (filter (A(z’, y). ' = ) (cycle-edges C))) = card (set (filter
Mz, ). y = z) (cycle-edges C)))
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unfolding C-def by(rule cycle-enter-leave-same)(rule cycle-enum-cycle[OF
assms|)
also have § x ... = (3T ecrange (A\z'. (', z)). 6 * indicator {(z’, y). (z', y)
€ set (cycle-edges C) N y = z} e)
using [[simproc add: finite-Collect]]
apply (subst nn-integral-cmult-indicator; auto)
apply(subst emeasure-count-space; auto simp add: split-def)
done
also have ... = (3. 2. § * indicator (set (cycle-edges C)) (z', z))
by (auto simp add: nn-integral-count-space-reindez introl: nn-integral-cong split:
split-indicator)
also have d-OUT (h-minus-aux j) © + ... = (O 1 2’ h-minus-auz j (z', ) +
§ x indicator (set (cycle-edges C)) (z', x))
unfolding Suc.TH d-IN-def by(simp add: nn-integral-add[symmetric])
also have ... = d-IN (h-minus-auz (Suc j)) = unfolding d-IN-def
by (auto introl: nn-integral-cong simp add: §-def C-def split: split-indicator)
finally show ?Zcase .
qed

lemma h-minus-aux-source:
assumes cycles A # {}
shows h-minus-auz j (source A, y) = 0
proof (induction j)
case 0 thus ?case by simp
next
case (Suc j)
have (source A, y) ¢ set (cycle-edges (enum-cycle 7))
proof
assume *: (source A, y) € set (cycle-edges (enum-cycle 7))
have cycle: cycle A (enum-cycle j) using assms by (rule cycle-enum-cycle)
from cycle-leave-ex-enter|OF this x|
obtain z where (z, source A) € set (cycle-edges (enum-cycle j)) ..
with cycle-edges-edges|OF cycle] have (z, source A) € E ..
thus False using source-in[of z] by simp
qed
then show ?case using Suc.IH by simp
qed

lemma h-minus-auz-cycle:

fixes j defines C' = enum-cycle j

assumes cycles A # {}

shows Jecset (cycle-edges C). h-minus-auz (Suc j) e = h' e
proof —

let YA = {h’ ¢/ — h-minus-aux j e'|e’. ¢’ € set (cycle-edges C)}

from assms have cycle A C by auto

from cycle-edges-not-Nil[OF this] have Min ?A € ?A using [[simproc add: fi-
nite-Collect))

by (intro Min-in)(fastforce simp add: neg-Nil-conv)+
then obtain ¢’ where e: ¢’ € set (cycle-edges C)
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and Min ?A = b’ e/ — h-minus-auz j e’ by auto
hence h-minus-auz (Suc j) e/ = h' e’
by (simp add: C-def h-minus-auz-le-h’)
with e show ?Zthesis by blast
qed

end

fun h-minus :: nat = v edge = ennreal
where
h-minus 0 e = 0
| h-minus (Suc i) e = h-minus i e + (SUP j. h-minus-auzx (Ae'. h-plus (Suc i) e
— h-minus i e’) j e)

/

lemma h-minus-le-h-plus: h-minus i e < h-plus 7 e
proof (induction i e rule: h-minus.induct)
case 0: (1 e) show ?case by simp
next
case Suc: (21 ¢e)
note IH = Suc.IH(2)[OF UNIV-I]
let ?h' = Xe'. h-plus (Suc ©) ¢/ — h-minus i e’
have h’: 21’ e’ # top for e’ using IH(1)[of ¢'] by simp

have (| |j. h-minus-aux ?h’ j e) < ?h' e by (rule SUP-least)(rule h-minus-auz-le-h'|OF

h'))

hence h-minus (Suc i) e < h-minus i e + ... by(simp add: add-mono)
also have ... = h-plus (Suc i) e using IH[of €] h-plus-mono|of i €]
by auto
finally show ?Zcase .
qed

lemma finite-h": h-plus (Suc i) e — h-minus i e # top
by simp

lemma h-minus-mono: h-minus i e < h-minus (Suc 7) e
proof —
have h-minus i e + 0 < h-minus (Suc i) e unfolding h-minus.simps
by (rule add-mono; simp add: SUP-upper2)
thus ?thesis by simp
qed

lemma h-minus-finite [simp]: h-minus i e # T

proof —
have h-minus i e < h-plus i e by(rule h-minus-le-h-plus)
also have ... < T by (simp add: less-top[symmetric])
finally show ?thesis by simp

qed

lemma d-OUT-h-minus:
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assumes cycles: cycles A # {}
shows d-OUT (h-minus i) x = d-IN (h-minus i) =
proof (induction 7)
case (Suc 17)
let ?h' = Xe. h-plus (Suc i) e — h-minus i e
have d-OUT (Xe. h-minus (Suc i) e) x = d-OUT (h-minus i) x + d-OUT (Xe.
SUP j. h-minus-auz ?h' j e) x
by(simp add: d-OUT-add SUP-upper2)
also have d-OUT (\e. SUP j. h-minus-auzx ?h’ je) x = (SUP j. d-OUT (h-minus-aux
?h' ) x)
by (rule d-OUT-monotone-convergence-SUP incseq-Sucl le-funl h-minus-auz-mono
finite-h")+

also have ... = (SUP j. d-IN (h-minus-auz ?h’ j) )
by (rule SUP-cong|OF refl])(rule d-OUT-h-minus-aux|OF finite-h' cycles])
also have ... = d-IN (\e. SUP j. h-minus-aux ?h' j e) x

by (rule d-IN-monotone-convergence-SUP[symmetric] incseg-Sucl le-funl h-minus-auz-mono
finite-h")+
also have d-OUT (h-minus i)  + ... = d-IN (\e. h-minus (Suc i) €) = using
Suc.ITH
by (simp add: d-IN-add SUP-upper2)
finally show ?case .
qed simp

lemma h-minus-source:
assumes cycles A # {}
shows h-minus n (source A, y) = 0
by (induction n)(simp-all add: h-minus-aux-source] OF finite-h' assms))

lemma h-minus-source-in [simpl: h-minus © (z, source A) = 0
using h-minus-le-h-plus[of i (x, source A)] by simp

lemma h-minus-OUT-finite [simp]: d-OUT (h-minus ©) x # top
proof —
have d-OUT (h-minus i) ¢ < d-OUT (h-plus i) = by(rule d-OUT-mono)(rule
h-minus-le-h-plus)
also have ... < T by (simp add: less-top[symmetric])
finally show ?thesis by simp
qged

lemma h-minus-cycle:

assumes cycle A C

shows Jecset (cycle-edges C'). h-minus i e = h-plus i e
proof(cases 7)

case (Suc 17)

let ?h' = Xe. h-plus (Suc ©) e — h-minus i e

from assms have cycles: cycles A # {} by auto

with assms from-nat-into-surj[of cycles A C] obtain j where j: C' = enum-cycle
J

by (auto simp add: enum-cycle-def)
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from h-minus-auz-cycle[of ?h’ j, OF finite-h’ cycles| j
obtain e where e: e € set (cycle-edges C) and h-minus-auz ?h’ (Suc j) e = 2h’
e by(auto)
then have h-plus (Suc i) e = h-minus i e + h-minus-auz ?h’ (Suc j) e
using order-trans|OF h-minus-le-h-plus h-plus-monol
by (subst eq-commute) simp
also have ... < h-minus (Suc ¢) e unfolding h-minus.simps
by (intro add-mono SUP-upper; simp)
finally show ?thesis using e h-minus-le-h-plus|of Suc i e] Suc by auto
next
case (
from cycle-edges-not-Nil| OF assms] obtain z y where e: (z, y) € set (cycle-edges
0)
by (fastforce simp add: neq-Nil-conv)
then have z # source A using assms by(auto dest: source-out-not-cycle)
hence h-plus 0 (z, y) = 0 by simp
with e 0 show ?thesis by (auto simp del: h-plus.simps)
qed

abbreviation lim-h-plus :: 'v edge = ennreal
where lim-h-plus e = SUP n. h-plus n e

abbreviation lim-h-minus :: 'v edge = ennreal
where lim-h-minus e = SUP n. h-minus n e

lemma lim-h-plus-le-g: lim-h-plus e < g e
by (rule SUP-least)(rule h-plus-le-g)

lemma lim-h-plus-finite [simp]: lim-h-plus e # top
proof —
have lim-h-plus e < g e by(rule lim-h-plus-le-g)
also have ... < top by (simp add: less-top[symmetric])
finally show ?thesis unfolding less-top .
qed

lemma lim-h-minus-le-lim-h-plus: lim-h-minus e < lim-h-plus e
by (rule SUP-mono)(blast intro: h-minus-le-h-plus)

lemma lim-h-minus-finite [simpl: lim-h-minus e # top

proof —
have lim-h-minus e < lim-h-plus e by(rule lim-h-minus-le-lim-h-plus)
also have ... < top unfolding less-top[symmetric] by (rule lim-h-plus-finite)
finally show ?thesis unfolding less-top[symmetric] by simp

qed

lemma lim-h-minus-IN-finite [simp:
assumes z # sink A
shows d-IN lim-h-minus x # top
proof —
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have d-IN lim-h-minus ¢ < d-IN lim-h-plus x
by (intro d-IN-mono le-funl lim-h-minus-le-lim-h-plus)
also have ... < d-IN g z by(intro d-IN-mono le-funl lim-h-plus-le-g)
also have ... < T using assms by(simp add: finite-IN-g less-top[symmetric])
finally show ?thesis by simp
qed

lemma lim-h-plus-OUT-IN:
assumes z #* source A r # sink A
shows d-OUT lim-h-plus x = d-IN lim-h-plus x
proof(cases x € V)
case True
have d-OUT lim-h-plus x = (SUP n. d-OUT (h-plus n) x)
by (rule d-OUT-monotone-convergence-SUP incseq-Sucl le-funl h-plus-mono)+
also have ... = (SUP n. d-IN (h-plus n) x) (is ?lhs = ?rhs)
proof(rule antisym)
show ?lhs < ?rhs by (rule SUP-mono)(auto intro: h-plus-OUT-le-IN[OF assms(1)])
show ?rhs < ?lhs
proof (rule SUP-mono)
fix ¢
from enum-v-repeat| OF True assms, of i]
obtain i’ where i’ > i enum-v i’ = z by auto
moreover then obtain ¢"’ where i": i’ = Suc 7" by(cases i') auto
ultimately have d-OUT (h-plus i) x = d-IN (h-plus i") = using <z #
source Ay
by (simp add: h-plus-OUT-eq-IN)
moreover have i < {" using «i < i"» i/ by simp
then have d-IN (h-plus i) x < d-IN (h-plus i"") x by(intro d-IN-mono
h-plus-mono’)
ultimately have d-IN (h-plus i) x < d-OUT (h-plus i) z by simp
thus 3¢'€ UNIV. d-IN (h-plus i) x < d-OUT (h-plus i’) z by blast
qed
qed
also have ... = d-IN lim-h-plus x
by (rule d-IN-monotone-convergence-SUP[symmetric| incseq-Sucl le-funl h-plus-mono)+
finally show ?thesis .
next
case Fulse
have (z, y) ¢ support-flow lim-h-plus for y using False h-plus-outside[of (x, y)]
by (fastforce elim!: support-flow.cases simp add: less-SUP-iff vertez-def)
moreover have (y, z) ¢ support-flow lim-h-plus for y using False h-plus-outside|[of
(y, )]
by (fastforce elim!: support-flow.cases simp add: less-SUP-iff vertez-def)
ultimately show ?thesis
by (auto simp add: d-OUT-alt-def2 d-IN-alt-def2 AE-count-space intro!: nn-integral-cong-AFE)
qed

lemma lim-h-minus-OUT-IN:
assumes cycles: cycles A # {}
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shows d-OUT lim-h-minus x = d-IN lim-h-minus z
proof —
have d-OUT lim-h-minus v = (SUP n. d-OUT (h-minus n) x)
by (rule d-OUT-monotone-convergence-SUP incseq-Sucl le-funl h-minus-mono)+

also have ... = (SUP n. d-IN (h-minus n) z) using cycles by(simp add:
d-OUT-h-minus)
also have ... = d-IN lim-h-minus x

by (rule d-IN-monotone-convergence-SUP|symmetric] incseg-Sucl le-funl h-minus-mono)+
finally show ?thesis .
qed

definition & :: v edge = ennreal
where h e = lim-h-plus e — (if cycles A # {} then lim-h-minus e else 0)

lemma h-le-lim-h-plus: h e < lim-h-plus e
by (simp add: h-def)

lemma h-le-g: he < ge
using h-le-lim-h-plus|of €] lim-h-plus-le-g[of €] by simp

lemma flow-h: flow A h
proof

fix e

have h e < lim-h-plus e by(rule h-le-lim-h-plus)

also have ... < g e by(rule lim-h-plus-le-g)

also have ... < capacity A e using g by(rule flowD-capacity)

finally show he < ... .
next

fix z

assume z # source A r # sink A

then show KIR h x

by (cases cycles A = {})
(auto simp add: h-def[abs-def] lim-h-plus-OUT-IN d-OUT-diff d-IN-diff

lim-h-minus-le-lim-h-plus lim-h-minus-OUT-IN)
qed

lemma value-h-plus: value-flow A (h-plus i) = value-flow A g (is ?lhs = ?rhs)
proof (rule antisym)
show ?lhs < ?rhs by(rule d-OUT-mono)(rule h-plus-le-g)

have ?rhs < value-flow A (h-plus 0)
by (auto simp add: d-OUT-def cong: if-cong introl: nn-integral-mono)
also have ... < value-flow A (h-plus 7)
by (rule d-OUT-mono)(rule h-plus-mono’; simp)
finally show ?rhs < ?lhs .
qed

lemma value-h: value-flow A h = value-flow A g (is ?lhs = ?rhs)
proof(rule antisym)
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have ?lhs < value-flow A lim-h-plus using ennreal-minus-mono
by (fastforce simp add: h-def intro!: d-OUT-mono)

also have ... < ?rhs by(rule d-OUT-mono)(rule lim-h-plus-le-g)

finally show ?lhs < %rhs .

show ?rhs < ?lhs

by (auto simp add: d-OUT-def h-def h-minus-source cong: if-cong introl: nn-integral-mono
SUP-upper2[where i=0])
qed

definition h-diff :: nat = 'v edge = ennreal
where h-diff i e = h-plus i e — (if cycles A # {} then h-minus i e else 0)

lemma d-IN-h-source [simp]: d-IN (h-diff ©) (source A) = 0
by (simp add: d-IN-def h-diff-def cong del: if-weak-cong)

lemma h-diff-le-h-plus: h-diff i e < h-plus i e
by (simp add: h-diff-def)

lemma h-diff-le-g: h-diff i e < g e
using h-diff-le-h-plus[of i €] h-plus-le-g[of i €] by simp

lemma h-diff-loop [simp]: h-diff i (z, ) = 0
using h-diff-le-g|of i (z, z)] by simp

lemma supp-h-diff-edges: support-flow (h-diff i) C E
proof

fix e

assume e € support-flow (h-diff ©)

then have 0 < h-diff i e by(auto elim: support-flow.cases)

also have h-diff i e < h-plus i e by(rule h-diff-le-h-plus)

finally show e € E using h-plus-outside[of e i] by(cases e € E) auto
qed

lemma h-diff-OUT-le-IN:
assumes x # source A
shows d-OUT (h-diff i) x < d-IN (h-diff ©) =
proof(cases cycles A # {})
case Fulse
thus ?thesis using assms by (simp add: h-diff-def[abs-def] h-plus-OUT-le-IN)
next
case cycles: True
then have d-OUT (h-diff i) © = d-OUT (h-plus i) x — d-OUT (h-minus i)
unfolding h-diff-def[abs-def] using assms
by (simp add: h-minus-le-h-plus d-OUT-diff)
also have ... < d-IN (h-plus i) x — d-IN (h-minus i) x using cycles assms
by (intro ennreal-minus-mono h-plus-OUT-le-IN)(simp-all add: d-OUT-h-minus)
also have ... = d-IN (h-diff ©) = using cycles
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unfolding h-diff-def[abs-def] by (subst d-IN-diff )(simp-all add: h-minus-le-h-plus
d-OUT-h-minus[symmetric])

finally show ?thesis .
qed

lemma h-diff-cycle:
assumes cycle A p
shows Jecset (cycle-edges p). h-diff i e = 0
proof —
from h-minus-cycle[OF assms, of i] obtain e
where e: e € set (cycle-edges p) and h-minus i e = h-plus i e by auto
hence h-diff i e = 0 using assms by(auto simp add: h-diff-def)
with e show ?thesis by blast
qed

lemma d-IN-h-le-value’: d-IN (h-diff i) z < value-flow A (h-plus 7)
proof —

let Zsupp = support-flow (h-diff 7)

define X where X = {y. (y, z) € Zsupp™x} — {z}

{fixzy
assume z: ¢ ¢ X and y: y € X
{ assume yz: (y, z) € Zsupp* and neq: y # z and zy: (z, y) € Psupp
from yz obtain p’ where rtrancl-path (Az y. (z, y) € ?supp) y p’
unfolding rtrancl-def rtranclp-eq-rtrancl-path by auto
then obtain p where p: rtrancl-path (Az y. (z, y) € Psupp) y p =
and distinct: distinct (y # p) by(rule rtrancl-path-distinct)
with neq have p # [| by(auto elim: rtrancl-path.cases)

from zy have (z, y) € E using supp-h-diff-edges|of i| by(auto)
moreover from p have path A y p z

by (rule rtrancl-path-mono)(auto dest: supp-h-diff-edges| THEN subsetD])
ultimately have path A = (y # p) z by(auto intro: rtrancl-path.intros)
hence cycle: cycle A (y # p) using - distinct by (rule cycle) simp
from h-diff-cycle|OF this, of i] obtain e

where e: e € set (cycle-edges (y # p)) and 0: h-diff i e = 0 by blast
from e obtain n where e e= ((y # p) ! n, (p @ [y]) ! n) and n: n < Suc

(length p)

by (auto simp add: cycle-edges-def set-zip)
have e € Zsupp
proof(cases n = length p)

case True

with rtrancl-path-last[OF p] <p # []» have (y # p) ! n =z

by (cases p)(simp-all add: last-conv-nth del: last.simps)

with e’ True have e = (z, y) by simp

with zy show ?thesis by simp
next

case Fulse

with n have n < length p by simp
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with rtrancl-path-nth[OF p this] e’ show Zthesis by(simp add: nth-append)

qed
with 0 have False by(simp add: support-flow.simps) }

hence (z, y) ¢ ?supp using = y
by (auto simp add: X-def intro: converse-rtrancl-into-rtrancl)

then have h-diff i (z, y) = 0
by (simp add: support-flow.simps) }

note acyclic = this

{fixy
assume y ¢ X
hence (y, z) ¢ %supp by(auto simp add: X-def support-flow.simps intro:
not-in-support-flowD)
hence h-diff i (y, ©) = 0 by(simp add: support-flow.simps) }
note in-X = this

let ?diff = Axz. (O y. h-diff i (z, y) * indicator X z x indicator X y)
have finite2: (3. z. ?diff x) # top (is ?lhs # -)
proof —
have ?lhs < (3. " € UNIV. Y>> T y. h-plus i (z, y))
by (intro nn-integral-mono)(auto simp add: h-diff-def split: split-indicator)
also have ... = (3. e. h-plus i €) by(rule nn-integral-fst-count-space)
also have ... < T by(simp add: h-plus-sum-finite less-top[symmetric])
finally show ?thesis by simp
qed
have finitel: ?diff x # top for z
using finite2 by(rule neg-top-trans)(rule nn-integral-ge-point, simp)
have finite3: (3.1 z. d-OUT (h-diff i) z * indicator (X — {source A}) z) # T
(is ?lhs # -)
proof —
have ?lhs < (3. € UNIV. Y. " y. h-plus i (z, y)) unfolding d-OUT-def
apply(simp add: nn-integral-multc[symmetric])
apply (intro nn-integral-mono)
apply(auto simp add: h-diff-def split: split-indicator)
done
also have ... = (3. e. h-plus i €) by(rule nn-integral-fst-count-space)
also have ... < T by(simp add: h-plus-sum-finite less-top[symmetric])
finally show ?thesis by simp
qed

have d-IN (h-diff i) z = (O y. h-diff i (y, ) * indicator X y) unfolding
d-IN-def
by (rule nn-integral-cong)(simp add: in-X split: split-indicator)
also have ... < (31" ze— X. >t y. h-diff i (y, z) * indicator X y)
by (rule nn-integral-ge-point)(simp add: X-def)

also have ... = (3 T 2€UNIV. >_ y. h-diff i (y, ) * indicator X y * indicator
(- X) o)
by (simp add: nn-integral-multc nn-integral-count-space-indicator)
also have ... = (3 T 2z€UNIV. >+ y. h-diff i (z, y) * indicator X z * indicator
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(- X) y)
by (subst nn-integral-snd-count-space[where f=case-prod -, simplified])(simp

add: nn-integral-fst-count-space[where f=case-prod -, simplified))
also have ... = (3. T zeUNIV. (3 F y. h-diff i (z, y) * indicator X x * indicator
(— X) y) + (?diff z — ?2diff z))

by (simp add: finitel)
alsohave ... = (3, " z€UNIV. (3. T y. h-diff i (z, y) * indicator X x x indicator
(— X) y + h-diff i (z, y) * indicator X z * indicator X y) — ?diff )

apply (subst add-diff-eq-ennreal)

apply simp
by (subst nn-integral-add[symmetric])(simp-all add:)
also have ... = (3T zeUNIV. (3T y. h-diff i (z, y) = indicator X z) — ?2diff

)
by (auto introl: nn-integral-cong arg-cong2[where f=(—)| split: split-indicator)
also have ... = (3. " z€UNIV. >+ yeUNIV. h-diff i (z, y) * indicator X z)
— (02T . 2diff x)
by (subst nn-integral-diff ) (auto simp add: AE-count-space finite2 introl: nn-integral-mono
split: split-indicator)
also have (3. T 2z€ UNIV. > T ye UNIV. h-diff i (z, y) * indicator X z) = (3.
z. d-OUT (h-diff i) z * indicator X z)
unfolding d-OUT-def by(simp add: nn-integral-multc)
also have ... = (3T z. d-OUT (h-diff i) = * indicator (X — {source A}) z +
value-flow A (h-diff ©) * indicator X (source A) x indicator {source A} x)
by (rule nn-integral-cong)(simp split: split-indicator)
also have ... = (3.1 z. d-OUT (h-diff i) z * indicator (X — {source A}) z)
+ value-flow A (h-diff ©) % indicator X (source A)
(is - = Pout is - = - + Zvalue)
by (subst nn-integral-add) simp-all
also have (3. zeUNIV. Y. y. h-diff i (z, y) x indicator X x x indicator X
y) =
(>>F zeUNIV. S>> y. h-diff i (z, y) * indicator X y)
using acyclic by (intro nn-integral-cong)(simp split: split-indicator)
also have ... = (3T ye UNIV. > F x. h-diff i (z, y) * indicator X y)
by (subst nn-integral-snd-count-space[where f=case-prod -, simplified])(simp
add: nn-integral-fst-count-space[where f=case-prod -, simplified))

also have ... = (3. y. d-IN (h-diff i) y x indicator X y) unfolding d-IN-def
by (simp add: nn-integral-multc)
also have ... = (3. y. d-IN (h-diff i) y  indicator (X — {source A}) y)
by (rule nn-integral-cong)(simp split: split-indicator)
also have %out — ... < (3.1 z. d-OUT (h-diff i) x x indicator (X — {source
A}) z) — ... + Pvalue

by (auto simp add: add-ac introl: add-diff-le-ennreal)
also have ... < 0 + %value using h-diff-OUT-le-IN finite3
by (intro nn-integral-mono add-right-mono)(auto split: split-indicator intro!:

diff-eq-0-ennreal nn-integral-mono simp add: less-top)

also have ... < value-flow A (h-diff i) by(simp split: split-indicator)

also have ... < value-flow A (h-plus i) by (rule d-OUT-mono le-funl h-diff-le-h-plus)+

finally show ?thesis .
qed

155



lemma d-IN-h-le-value: d-IN h z < value-flow A h (is ?lhs < ?rhs)
proof —
have [tendsto-intros]: (Ai. h-plus i e) — lim-h-plus e for e
by(rule LIMSEQ-SUP incseq-Sucl h-plus-mono)+
have [tendsto-intros]: (Ai. h-minus i €) —— lim-h-minus e for e
by (rule LIMSEQ-SUP incseq-Sucl h-minus-mono)+
have (\i. h-diff i e) —— lim-h-plus e — (if cycles A # {} then lim-h-minus e
else 0) for e
by (auto intro!: tendsto-intros tendsto-diff-ennreal simp add: h-diff-def simp del:
Sup-eq-top-iff SUP-eq-top-iff)
then have d-IN h x = (3.7 y. liminf (Xi. h-diff i (y, z)))
by(simp add: d-IN-def h-def tendsto-iff-Liminf-eq-Limsup)
also have ... < liminf (\i. d-IN (h-diff i) ) unfolding d-IN-def
by (rule nn-integral-liminf) simp-all
also have ... < liminf (Ai. value-flow A h) using d-IN-h-le-value'[of - z]
by (intro Liminf-mono eventually-sequentiallyl)(auto simp add: value-h-plus

value-h)
also have ... = value-flow A h by(simp add: Liminf-const)
finally show ?thesis .
qed
lemma flow-cleanup: — Lemma 5.4
Fh < g. flow A h A value-flow A h = value-flow A g A (Vz. d-IN h x < value-flow
A h)

by (intro exI[where x=h] conjl strip le-funl d-IN-h-le-value flow-h value-h h-le-g)

end

9.2 Residual network

context countable-network begin

definition residual-network :: 'v flow = (v, 'more) network-scheme
where residual-network f =

(edge = Az y. edge A zy V edge A yx N y # source A,

capacity = Xz, y). if edge A z y then capacity A (z, y) — f (z, y) else if y =
source A then 0 else f (y, z),

source = source A, sink = sink A, ... = network.more A |

lemma residual-network-sel [simp]:
edge (residual-network f) zy «— edge A x y V edge A yz A y # source A
capacity (residual-network f) (z, y) = (if edge A z y then capacity A (z, y) — f
(z, y) else if y = source A then 0 else f (y, x))
source (residual-network f) = source A
sink (residual-network f) = sink A
network.more (residual-network f) = network.more A
by (simp-all add: residual-network-def)
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lemma E-residual-network: Epogiqual-network f = E U {(z, ¥). (y,2) EE Ny #
source A}
by auto

lemma vertices-residual-network [simp|: vertex (residual-network f) = vertex A
by (auto simp add: vertex-def fun-eq-iff)

inductive wf-residual-network :: bool
where [ Az y. (z, y) € E = (y, ) ¢ E; (source A, sink A) ¢ E | =
wf-residual-network

lemma wf-residual-networkD:

[ wf-residual-network; edge A xy | = — edge A y

[ wf-residual-network; e € E | = prod.swap e ¢ E

[ wf-residual-network; edge A (source A) (sink A) | = False
by (auto simp add: wf-residual-network.simps)

lemma residual-countable-network:

assumes wf: wf-residual-network

and f: flow A f

shows countable-network (residual-network f) (is countable-network ?A)
proof

have countable (converse E) by simp

then have countable {(z, y). (v, ) € E A y # source A}

by (rule countable-subset|[rotated]) auto
then show countable Eox unfolding E-residual-network by simp

show source ?A # sink ?A by simp
show capacity ?A e = 0 if e ¢ Egp for e using that by(cases e)(auto intro:
flowD-outside[ OF f])
show capacity ?A e # top for e
using flowD-finite[OF f] by(cases e) auto
qed

end
context antiparallel-edges begin
interpretation A’ countable-network A’ by(rule A’'-countable-network)

lemma A''-flow-attainability:

assumes flow-attainability-axioms A

shows flow-attainability A"’
proof —

interpret flow-attainability A using - assms by(rule flow-attainability.intro)
unfold-locales

show ?thesis

proof

show d-IN (capacity A") v £ T V d-OUT (capacity A") v # T if v # sink

157



A’ for v
using that finite-capacity by (cases v)(simp-all add: max-def)
show — edge A" v v for v by(auto elim: edg.cases)
show — edge A" v (source A'') for v by(simp add: source-in)
qed
qed

lemma A'"-wf-residual-network:
assumes no-loop: \z. — edge A z x
shows A’ . wf-residual-network
by (auto simp add: A" wf-residual-network.simps assms elim!: edg.cases)

end

9.3 The attainability theorem

context flow-attainability begin

lemma residual-flow-attainability:
assumes wf: wf-residual-network
and f: flow A f
shows flow-attainability (residual-network f) (is flow-attainability ?A)
proof —
interpret res: countable-network residual-network f by (rule residual-countable-network[OF
assms))
show ?thesis
proof
fix z
assume sink: x # sink ?A
then consider (source) x = source A | (IN) d-IN (capacity A) z #= T | (OUT)
z # source A d-OUT (capacity A) © # T
using finite-capacity|of z] by auto
then show d-IN (capacity ?A) x # T V d-OUT (capacity ?A) ¢ # T
proof (cases)
case source
hence d-IN (capacity ?A) © = 0 by(simp add: d-IN-def source-in)
thus ?thesis by simp
next
case IN
have d-IN (capacity ?A) x =
(>=* y. (capacity A (y, ) — f (y, z)) * indicator E (y, x) +
(if x = source A then 0 else f (z, y) * indicator E (z, y)))
using flowD-outside[OF f] unfolding d-IN-def
by (auto introl: nn-integral-cong split: split-indicator dest: wf-residual-networkD[OF

wf])

+

also have ... = (3" y. (capacity A (y, ©) — f (y, z)) * indicator E (y, z))

O>* y. (if x = source A then 0 else f (z, y) * indicator E (z, y)))
(is - = %in + %out)
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by (subst nn-integral-add)(auto simp add: AE-count-space split: split-indicator
introl: flowD-capacity[OF f])
also have ... < d-IN (capacity A) x + (if © = source A then 0 else d-OUT
fz) (is - < %in + ?rest)
unfolding d-IN-def d-OUT-def
by (rule add-mono)(auto intro!: nn-integral-mono split: split-indicator simp
add: nn-integral-0-iff-AE AE-count-space intro!: diff-le-self-ennreal)
also consider (source) x = source A | (inner) z # source A z # sink A
using sink by auto
then have %rest < T
proof cases
case inner
show %thesis using inner flowD-finite-OUT[OF f inner] by (simp add:
less-top)
qed simp
ultimately show ?thesis using IN sink by (auto simp: less-top[symmetric|
top-unique)
next
case OUT
have d-OUT (capacity ?A) z =
(>>* y. (capacity A (z, y) — f (z, y)) * indicator E (z, y) +
(if y = source A then 0 else f (y, z) * indicator E (y, x)))
using flowD-outside[OF f] unfolding d-OUT-def
by (auto introl: nn-integral-cong split: split-indicator dest: wf-residual-networkD|OF
wf] simp add: source-in)
also have ... = (3" y. (capacity A (z, y) — f (z, y)) * indicator E (z, y))
_|_
(O=* y. (if y = source A then 0 else f (y, x) * indicator E (y, z)))
(is - = %in + Pout)
by (subst nn-integral-add)(auto simp add: AE-count-space split: split-indicator
introl: flowD-capacity| OF f])
also have ... < d-OUT (capacity A) x + d-IN fz (is - < Pout + ?rest)
unfolding d-IN-def d-OUT-def
by (rule add-mono)(auto introl: nn-integral-mono split: split-indicator simp
add: nn-integral-0-iff-AE AE-count-space intro!: diff-le-self-ennreal)
also have ?rest = d-OUT f x using flowD-KIR[OF f OUT(1)] sink by simp
also have %out + ... < 2out + ?out by(intro add-left-mono d-OUT-mono
flowD-capacity| OF f])
finally show ?thesis using OUT by (auto simp: top-unique)
qed
next
show — edge ?A z z for x by(simp add: no-loop)
show — edge ?A z (source ?A) for z by(simp add: source-in)
qed
qed

end

definition plus-flow :: ('v, 'more) graph-scheme = v flow = v flow = "v flow
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(infixr @1 65)

where plus-flow G f g = (A(z, y). if edge G x y then f (z, y) + g (z, y) — g (v,
z) else 0)

lemma plus-flow-simps [simp]: fixes G (structure) shows

(f @ 9) (z,y) = (if edge Gz y then f (z, y) + g (z, y) — g (y, z) else 0)
by (simp add: plus-flow-def)

lemma plus-flow-outside: fixes G (structure) shows e ¢ E = (f ® g) e = 0
by (cases e) simp

lemma
fixes A (structure)
assumes f-outside: \e. e ¢ E = fe =0
and g-le-f: Nz y. edge A 2y = g (y, ) < f (=, y)
shows OUT-plus-flow: d-IN g x # top = d-OUT (f ® g) z = d-OUT fz +
(3> yeUNIV. g (z, y) * indicator E (z, y)) — O_ T y. g (v, ) * indicator E (z,
v))
(is - = ?0UT is - = - = - + %g-out — ?g-out’)
and IN-plus-flow: d-OUT g z # top = d-IN (f ® g) z = d-IN fz + (O *
yeUNIV. g (y, x) * indicator E (y, z)) — O y. g (z, y) = indicator E (y, z))
(is-= ?INis - = - = - + %g-in — %g-in’)
proof —
assume d-IN g = # top
then have finitel: (3.7 y. g (y, ©) * indicator A (f y)) # top for A f
by (rule neg-top-trans)(auto split: split-indicator simp add: d-IN-def intro!:
nn-integral-mono)

have d-OUT (f ® g) 2= (32" y. (9 (2, y) + (f (2, y) — g (y, 2))) * indicator
E (z, 1))
unfolding d-OUT-def by(rule nn-integral-cong)(simp split: split-indicator add:
add-diff-eq-ennreal add.commute ennreal-diff-add-assoc g-le-f)
also have ... = ?g-out + 0.7 y. (f (z, y) — g (v, 2)) * indicator E (z, y))
(is - = - + “rest)
by (subst nn-integral-add|[symmetric])(auto simp add: AE-count-space g-le-f split:
split-indicator introl: nn-integral-cong)
also have ?rest = (3.1 y. f (z, y) * indicator E (z, y)) — ?g-out’ (is - = 2f —
)
apply (subst nn-integral-diff [symmetric])
apply (auto introl: nn-integral-cong split: split-indicator simp add: AE-count-space
g-le-f finitel)
done
also have ?f = d-OUT f x unfolding d-OUT-def using f-outside
by (auto introl: nn-integral-cong split: split-indicator)
also have (3_ % y. g (z, y) * indicator E (z, y)) + (d-OUT fz — 3" 4. g (y,
z) * indicator E (z, y))) =
d-OUT fz + ?g-out — ?g-out’
by (subst ennreal-diff-add-assoc[symmetric])
(auto simp: ac-simps d-OUT-def intro!: nn-integral-mono g-le-f split: split-indicator)
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finally show ?0UT .
next
assume d-OUT g = # top
then have finite2: (3. y. g (z, y) * indicator A (fy)) # top for A f
by (rule neg-top-trans)(auto split: split-indicator simp add: d-OUT-def intro!:
nn-integral-mono)

have d-IN (f ® g) 2= (3" y. (9 (v, ) + (f (v, 2) — g (=, y))) * indicator E
(y, z))
unfolding d-IN-def by(rule nn-integral-cong)(simp split: split-indicator add:
add-diff-eq-ennreal add.commute ennreal-diff-add-assoc g-le-f)
also have ... = (3.7 yeUNIV. g (y, z) * indicator E (y, z)) + O_ T y. (f (v,
z) — g (z, y)) * indicator E (y, z))
(is - = - 4+ Prest)
by (subst nn-integral-add|[symmetric])(auto simp add: AE-count-space g-le-f split:
split-indicator introl: nn-integral-cong)
also have ?rest = (3.7 4. f (y, ) * indicator E (y, z))— ?g-in’
by (subst nn-integral-diff [symmetric]) (auto introl: nn-integral-cong split: split-indicator
stmp add: add-ac add-diff-eq-ennreal AE-count-space g-le-f finite2)
also have (3.1 y. f (y, z) * indicator E (y, z)) = d-IN fx
unfolding d-IN-def using f-outside by(auto introl: nn-integral-cong split:
split-indicator)
also have (3. 4. g (v, ) * indicator E (y, )) + (d-IN fz — 3. " 4. g (z, y)
* indicator E (y, x))) =
d-IN fx + ?g-in — ?g-in’
by (subst ennreal-diff-add-assoc[symmetric])
(auto simp: ac-simps d-IN-def intro!: nn-integral-mono g-le-f split: split-indicator)
finally show ?IN .
qed

context countable-network begin

lemma d-IN-plus-flow:
assumes wf: wf-residual-network
and f: flow A f
and ¢: flow (residual-network f) g
shows d-IN (f ® g) 2 < d-INfx + d-INg x
proof —
have d-IN (f ® g) 2 < O 4. f (v, ) + g (y, 7)) unfolding d-IN-def
by (rule nn-integral-mono)(auto intro: diff-le-self-ennreal)
also have ... = d-INfz + d-IN g x
by (subst nn-integral-add)(simp-all add: d-IN-def)
finally show ?thesis .
qed

lemma scale-flow:
assumes f: flow A f
and ¢c: ¢ < 1
shows flow A (\e. ¢ x f e)
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proof (intro flow.intros)
fix e
from ¢ have ¢ x fe < 1 x f e by(rule mult-right-mono) simp
also have ... < capacity A e using flowD-capacity[OF f, of e] by simp
finally show ¢ x fe < ... .
next
fix z
assume z: ¢ # source A x # sink A
have d-OUT (Xe. ¢ * fe) x = ¢ x d-OUT f z by(simp add: d-OUT-cmult)
also have d-OUT fz = d-IN f z using f z by(rule flowD-KIR)

also have ¢ * ... = d-IN (\e. ¢ * f e) z by(simp add: d-IN-cmult)
finally show KIR (Xe. ¢ * fe) x .
qed

lemma value-scale-flow:
value-flow A (Xe. ¢ * fe) = ¢ * value-flow A f
by (rule d-OUT-cmult)

lemma value-flow:
assumes f: flow A f
and source-out: \y. edge A (source A) y +— y ==
shows value-flow A f = f (source A, x)
proof —
have value-flow A f = (3 + yeOUT (source A). f (source A, y))
by (rule d-OUT-alt-def)(simp add: flowD-outside| OF f])
also have ... = (3. y. f (source A, y) * indicator {z} y)
by (subst nn-integral-count-space-indicator)(auto introl: nn-integral-cong split:
split-indicator simp add: outgoing-def source-out)

also have ... = [ (source A, z) by(simp add: one-ennreal-def[symmetric]
maz-def)

finally show ?thesis .
qed
end

context flow-attainability begin

lemma value-plus-flow:

assumes wf: wf-residual-network

and f: flow A f

and g¢: flow (residual-network f) g

shows value-flow A (f @ g) = value-flow A f + value-flow A g
proof —

interpret RES: countable-network residual-network f using wf f by(rule resid-
ual-countable-network)

have value-flow A (f ® g) = O_ T y. f (source A, y) + g (source A, y))

unfolding d-OUT-def by(rule nn-integral-cong)(simp add: flowD-outside| OF

1] RES.flowD-outside[OF g] source-in)

also have ... = value-flow A f + value-flow A g unfolding d-OUT-def
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by (rule nn-integral-add) simp-all
finally show ?thesis .

qed

lemma flow-residual-add: — Lemma 5.3
assumes wf: wf-residual-network
and f: flow A f

and g¢: flow (residual-network f) g
shows flow A (f @ g)
proof
fix e
{ assume e: ¢ € E
hence (f @ g) e =fe + ge — g (prod.swap e) by(cases e) simp
also have ... < fe 4+ g e — 0 by(rule ennreal-minus-mono) simp-all
also have ... < fe + (capacity A e — fe)
using e flowD-capacity[OF g, of €] by (simp split: prod.split-asm add: add-mono)
also have ... = capacity A e using flowD-capacity|OF f, of €]
by simp
also note calculation }
thus (f ® g) e < capacity A e by(cases e) auto
next
fix z
assume z: ¢ # source A x© # sink A
have g-le-f: g (y, z) < f (z, y) if edge A z y for z y
using that flowD-capacity|OF g, of (y, )]
by (auto split: if-split-asm dest: wf-residual-networkD[OF wf] elim: order-trans)

interpret RES: flow-attainability residual-network f using wf f by(rule resid-
ual-flow-attainability)

have finitel: (3. y. g (y, z) * indicator A (fy)) # T for A f
using RES.flowD-finite-IN[OF g, of x]
by (rule neg-top-trans)(auto simp add: x d-IN-def split: split-indicator intro:
nn-integral-mono)
have finite2: (3. y. g (z, y) x indicator A (fy)) # T for A f
using RES.flowD-finite-OUT[OF g, of ]
by (rule neg-top-trans)(auto simp add: x d-OUT-def split: split-indicator intro:
nn-integral-mono)

have d-OUT (f ® g) x = d-OUT fz + (3" y. g (z, y) * indicator E (z, y)) —
>>* y. g (y, 2) * indicator E (z, y))
(is - = 2f + ?g-out — %g-in)
using flowD-outside[OF f] g-le-f RES.flowD-finite-IN[OF g, of ]
by (rule OUT-plus-flow)(simp-all add: x)
also have ?f = d-IN f z using [ = by(auto dest: flowD-KIR)
also have ?g-out = (3. y. g (z, y) * indicator (— E) (y, 7))
proof —
have (>_ 1 y. g (z, y) * indicator (— E) (y, z)) =
> 7* y. g (z, y) * indicator E (z, y)) + O_ T y. g (z, y) * indicator (—
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E) (z, y) * indicator (— E) (y, x))
by (subst nn-integral-add|symmetric])(auto simp add: AE-count-space dest:
wf-residual-networkD|OF wf] split: split-indicator intro!: nn-integral-cong)
also have (3. y. g (z, y) * indicator (— E) (z, y) * indicator (— E) (y, 7))
=0
using RES.flowD-outside[OF g|
by (auto simp add: nn-integral-0-iff-AE AE-count-space split: split-indicator)
finally show ?thesis by simp

qed
also have ... = (X" 4. g (z, y) — g (z, y) * indicator E (y, z))
by (rule nn-integral-cong)(simp split: split-indicator add: RES.flowD-finite[OF
9))
also have ... = d-OUT gz — (3.7 y. g (z, y) * indicator E (y, 1))
(is - = - — ?g-in-F) unfolding d-OUT-def

by (subst nn-integral-diff ) (simp-all add: AE-count-space finite2 split: split-indicator)
also have d-IN fz + (d-OUT gz — (3" y. g (z, y) * indicator E (y, x))) —
2g-in =
((d-IN fz + d-OUT gz) — (3" y. g (z, y) * indicator E (y, z))) — ?g-in
by (subst add-diff-eq-ennreal) (auto simp: d-OUT-def intro!: nn-integral-mono
split: split-indicator)
also have d-OUT g = d-IN g z using z g by(auto dest: flowD-KIR)
also have ... = (3.1 yeUNIV. g (y, z) * indicator (— E) (y,z)) + O T y. g
(y, z) * indicator E (y, z))
(is - = %z 4+ %g-in-E’)
by (subst nn-integral-add|symmetric])(auto introl: nn-integral-cong simp add:
d-IN-def AE-count-space split: split-indicator)
also have %z = %g-in
proof —
have %z = (3° " y. g (y, z) * indicator (— E) (z, y) * indicator (— E) (y, z))
+ 2g-in
by (subst nn-integral-add|symmetric])(auto simp add: AE-count-space dest:
wf-residual-networkD[OF wf] split: split-indicator intro!: nn-integral-cong)
also have (>_ 71 y. g (y, x) * indicator (— E) (z, y) * indicator (— E) (y, z))
=0
using RES.flowD-outside| OF g|
by (auto simp add: nn-integral-0-iff-AE AE-count-space split: split-indicator)
finally show ?thesis by simp
qed
also have (d-IN fz + (?g-in + ?g-in-E') — ?g-in-E) — ?g-in =
d-IN fx + ?g-in-E’ + %g-in — %g-in — %g-in-FE
by (subst diff-diff-commute-ennreal) (simp add: ac-simps)

also have ... = d-IN fz + ?g-in-E’ — ?g-in-E
by (subst ennreal-add-diff-cancel-right) (simp-all add: finitel)
also have ... = d-IN (f ® g) =

using flowD-outside[OF f] g-le-f RES.flowD-finite-OUT|[OF ¢, of z]
by (rule IN-plus-flow[symmetric])(simp-all add: x)
finally show KIR (f © g) = by simp
qed
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definition minus-flow :: v flow = "v flow = "v flow (infixl «©) 65)
where

feg= Az, vy). if edge A zy then f (z, y) — g (z, y) else if edge A y x then g
(y’ 'T) - f <y7 J?) else 0)

lemma minus-flow-simps [simp):

(f e 9g) (z, y) = (if edge A z y then f (z, y) — g (z, y) else if edge A y x then g
(y7 l’) - f (ya I) else 0)
by (simp add: minus-flow-def)

lemma minus-flow:
assumes wf: wf-residual-network
and f: flow A f
and ¢: flow A ¢
and value-le: value-flow A g < value-flow A f
and f-finite: f (source A, z) # T
and source-out: N\y. edge A (source A) y +— y ==z
shows flow (residual-network g) (f © g) (is flow ?A ?f)
proof
show ?f e < capacity ?A e for e
using value-le f-finite flowD-capacity|OF g flowD-capacity[OF f]
by (cases €)(auto simp add: source-in source-out value-flow[OF f source-out]
value-flow]OF g source-out] less-top
intro!: diff-le-self-ennreal diff-eq-0-ennreal ennreal-minus-mono)

fix z
assume z # source A x # sink ?A
hence z: = # source A © # sink A by simp-all

have finite-f-in: (3.7 y. f (v, z) * indicator A y) # top for A
using flowD-finite-IN[OF f, of x]
by (rule neg-top-trans)(auto simp add: x d-IN-def split: split-indicator intro!:
nn-integral-mono)
have finite-f-out: 3.V y. f (x, y) * indicator A y) # top for A
using flowD-finite-OUT[OF f, of x|
by (rule neg-top-trans)(auto simp add: x d-OUT-def split: split-indicator intro!:
nn-integral-mono)
have finite-f[simp]: f (z, y) # top f (y, ) # top for y
using finite-f~in[of {y}] finite-f-out[of {y}] by auto

have finite-g-in: (3.7 y. g (y, ) * indicator A y) # top for A
using flowD-finite-IN[OF g, of ]
by (rule neg-top-trans)(auto simp add: x d-IN-def split: split-indicator intro!:
nn-integral-mono)
have finite-g-out: (3. y. g (z, y) * indicator A y) # top for A
using flowD-finite-OUT|[OF g x]
by (rule neg-top-trans)(auto simp add: x d-OUT-def split: split-indicator intro!:
nn-integral-mono)
have finite-g[simp|: g (z, y) # top g (y, z) # top for y
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using finite-g-in[of {y}] finite-g-out[of {y}] by auto

have d-OUT (f o g)z= 0.1 y. (f (=, y) — g (z, y)) * indicator E (z, y) *
indicator {y. g (z, y) < f (z, y)} y) +
>t y. (9 (y, ) — f (y, x)) * indicator E (y, x) * indicator {y. f (y, ) < g
(v, )} v)
(is - = Pout + %inis - = (3.1 ye-. - * f-ge-gy) + O ye-. - * 2g-gt-f y))
using flowD-finite[OF ¢
apply (subst nn-integral-add[symmetric])
apply (auto 4 4 simp add: d-OUT-def not-le less-top[symmetric] introl: nn-integral-cong
dest!: wf-residual-networkD][OF wf] split: split-indicator intro!: diff-eq-0-ennreal)
done
also have ?in = (3°" y. (9 (y, ) — f (y, 2)) * ?g-gt-f y)
using flowD-outside[OF f] flowD-outside[OF g] by (auto intro!: nn-integral-cong
split: split-indicator)
also have ... = (3" yeUNIV. g (y, ) x ?g-gt-fy) — O y. f (y, z) * ?g-gt-f
y) (is - = 2g-in — ?f-in)
using finite-f-in
by (subst nn-integral-diff [symmetric]) (auto simp add: AE-count-space split: split-indicator
introl: nn-integral-cong)
also have ?out = 3" y. (f (=, y) — g (2, y)) * ?f-ge-g y)
using flowD-outside| OF f] flowD-outside| OF g] by(auto intro!: nn-integral-cong
split: split-indicator)
also have ... = (3°F y. f (z, y) * ?f-ge-gy) — Q2" y. g (z, y) * ?f-ge-g y) (is
- = ?f-out — ?g-out)
using finite-g-out
by (subst nn-integral-diff [symmetric]) (auto simp add: AE-count-space split: split-indicator
introl: nn-integral-cong)
also have ?f-out = d-OUT fz — 0.7 y. f (=, y) * indicator {y. f (z, y) < g
(z, )} y) (is - = - — ?f-out-less)
unfolding d-OUT-def using flowD-finite| OF f] using finite-f-out
by (subst nn-integral-diff [symmetric]) (auto split: split-indicator intro!: nn-integral-cong)
also have ?g-out = d-OUT gz — (3.7 y. g (z, y) * indicator {y. f (z, y) < g
(z, 9)} y) (s - = - — Pg-less-f)
unfolding d-OUT-def using flowD-finite[OF g| finite-g-out
by (subst nn-integral-diff [symmetric]) (auto split: split-indicator intro!: nn-integral-cong)
also have d-OUT fz — ?f-out-less — (d-OUT g x — ?g-less-f) + (?g-in — ?f-in)
(%g-less-f + (d-OUT fx — ?f-out-less)) — d-OUT g x + (?g-in — ?f-in)
by (subst diff-diff-ennreal”)
(auto simp: ac-simps d-OUT-def nn-integral-diff [symmetric| finite-g-out fi-
nite-f-out introl: nn-integral-mono split: split-indicator )
also have ... = ?g-less-f + d-OUT fx — ?f-out-less — d-OUT g = + (%g-in —
2f-in)
by (subst add-diff-eq-ennreal)
(auto simp: d-OUT-def intro!: nn-integral-mono split: split-indicator)
also have ... = d-OUT fz + ?g-less-f — ?f-out-less — d-OUT g z + (%g-in —
2f-in)
by (simp add: ac-simps)
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also have ... = d-OUT fz + (%g-less-f — ?f-out-less) — d-OUT g = + (?g-in
— ?f-in)
by (subst add-diff-eq-ennrealsymmetric])
(auto introl: nn-integral-mono split: split-indicator)

also have ... = (?g-in — ?2f-in) + ((?g-less-f — ?f-out-less) + d-OUT fx —
d-OUT g x)
by (simp add: ac-simps)
also have ... = ((?g-in — ?f-in) + ((?g-less-f — ?f-out-less) + d-OUT f x)) —
d-OUT g x

apply (subst add-diff-eq-ennreal)

apply (simp-all add: d-OUT-def)

apply (subst nn-integral-diff [symmetric])

apply (auto simp: AE-count-space finite-f-out nn-integral-add[symmetric] not-less
diff-add-cancel-ennreal introl: nn-integral-mono split: split-indicator)

done
also have ... = ((?g-less-f — ?f-out-less) + (d-OUT fx + (?g-in — ?f-in))) —
d-OUT g z
by (simp add: ac-simps)
also have ... = ((%g-less-f — ?f-out-less) + (d-IN fz + (%g-in — ?f-in))) —
d-IN g x
unfolding flowD-KIR[OF f z] flowD-KIR[OF g z] ..
also have ... = (%g-less-f — ?f-out-less) + ((d-IN fx + (?g-in — ?f-in)) — d-IN
g9 z)

apply (subst (2) add-diff-eq-ennreal)
apply (simp-all add: d-IN-def)
apply (subst nn-integral-diff [symmetric))
apply (auto simp: AE-count-space finite-f-in finite-f-out nn-integral-add[symmetric]
not-less ennreal-ineq-diff-add[symmetric]
intro!: nn-integral-mono split: split-indicator)
done
also have ... = (?g-less-f — ?f-out-less) + (d-IN fx + ?g-in — d-IN g © —
2f-in)
by (subst (2) add-diff-eq-ennreal) (auto introl: nn-integral-mono split: split-indicator
stmp: diff-diff-commute-ennreal)
also have ... = (%g-less-f — ?f-out-less) + (d-IN fx — (d-IN g x — ?g-in) —
?f-in)
apply (subst diff-diff-ennreal’)
apply (auto simp: d-IN-def intro!: nn-integral-mono split: split-indicator)
apply (subst nn-integral-diff [symmetric])
apply (auto simp: AE-count-space finite-g-in introl: nn-integral-mono split:
split-indicator)
done
also have ... =(d-IN fz — ?f-in) — (d-IN gz — ?g-in) + (2g-less-f — 2f-out-less)
by (simp add: ac-simps diff-diff-commute-ennreal)
also have ?g-less-f — ?f-out-less = (3. * y. (g (z, y) — f (%, y)) * indicator {y.
f(z,y) < g (z, y)} y) using finite-f-out
by (subst nn-integral-diff [symmetric]) (auto simp add: AE-count-space split: split-indicator
intro!: nn-integral-cong)
also have ... = % y. (g (z, y) — f (z, y)) * indicator E (x, y) * indicator
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{y. [ (2, 9) < g (=, 9)} y) (is - = ?diff-out)
using flowD-outside| OF f] flowD-outside| OF g] by (auto intro!: nn-integral-cong
split: split-indicator)
also have d-IN fz — ?f-in = (3.7 y. f (y, ) * indicator {y. g (y, ) < f (y,
z)} y)
unfolding d-IN-def using finite-f-in
apply (subst nn-integral-diff [symmetric])
apply(auto simp add: AE-count-space split: split-indicator introl: nn-integral-cong)
done
also have d-IN gz — ?g-in = (3. " y. g (v, ) * indicator {y. g (y, z) < [ (y,
z)} y)
unfolding d-IN-def using finite-g-in
by (subst nn-integral-diff [symmetric]) (auto simp add: flowD-finite] OF g] AE-count-space
split: split-indicator introl: nn-integral-cong)
also have (>. T yeUNIV. f (y, z)  indicator {y. g (y, z) < f (y, )} y) —
="y (f (v, 2) — g (y, @) * indicator {y. g (y, z) < f (y, v)} )
using finite-g-in
by (subst nn-integral-diff [symmetric]) (auto simp add: flowD-finite] OF g] AE-count-space
split: split-indicator introl: nn-integral-cong)
also have ... = 0_% y. (f (v, ) — g (y, x)) * indicator E (y, z) * indicator
{v. 9 z)<f(y2)}y)
using flowD-outside| OF f] flowD-outside| OF g] by(auto intro!: nn-integral-cong
split: split-indicator)
also have ... + ?2diff-out = d-IN ?f x
using flowD-finite[OF g
apply (subst nn-integral-add[symmetric])
apply(auto 4 4 simp add: d-IN-def not-le less-top[symmetric] introl: nn-integral-cong
dest!: wf-residual-networkD[OF wf] split: split-indicator intro:
diff-eq-0-ennreal)
done
finally show KIR f x .
qed

lemma value-minus-flow:
assumes f: flow A f
and ¢g: flow A g
and value-le: value-flow A g < value-flow A f
and source-out: N\y. edge A (source A) y +— y ==z
shows value-flow A (f © g) = value-flow A f — value-flow A g (is Zvalue)
proof —
have value-flow A (f © g) = (3.7 yeOUT (source A). (f © g) (source A, y))
by (subst d-OUT-alt-def )(auto simp add: flowD-outside[OF f] flowD-outside[OF
g] source-in)
also have ... = O_ 71 y. (f (source A, y) — g (source A, y)) * indicator {z} y)
by (subst nn-integral-count-space-indicator)(auto introl: nn-integral-cong split:
split-indicator simp add: outgoing-def source-out)
also have ... = f (source A, ) — g (source A, z)
using value-le value-flow[OF f source-out] value-flow|OF g source-out]
by (auto simp add: one-ennreal-def[symmetric] maz-def not-le intro: antisym)
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also have ... = value-flow A f — value-flow A g using f g source-out by(simp
add: value-flow)

finally show ?value .
qed

context

fixes

defines o = (SUP ge{g. flow A g}. value-flow A g)
begin

lemma flow-by-value:
assumes v < «
and real[rule-format]: Vf. a = T — flow A f — value-flow A f < «
obtains f where flow A fvalue-flow A f = v
proof —
have a-pos: a > 0 using assms by (auto simp add: zero-less-iff-neg-zero)
from (v < a» obtain f where f: flow A f and v: v < value-flow A f
unfolding a-def less-SUP-iff by blast
have [simp]: value-flow A f £ T
proof
assume val: value-flow A f =T
from [ have value-flow A f < « unfolding «a-def by(blast intro: SUP-upper2)
with val have o = T by (simp add: top-unique)
from real[OF this f] val show Fualse by simp

qed

let 2f = Xe. (v / value-flow A f) = fe
note f

moreover

have x: 0 < value-flow A f
using v < value-flow A f» by (auto simp add: zero-less-iff-neq-zero)
then have v / value-flow A f < 1 using v
by (auto intro!: divide-le-posI-ennreal)
ultimately have flow A ?f by (rule scale-flow)
moreover {
have value-flow A ?f = v * (value-flow A f / value-flow A f)
by (subst value-scale-flow)(simp add: divide-ennreal-def ac-simps)
also have ... = v using * by (subst ennreal-divide-self) (auto simp: less-top[symmetric])
also note calculation }
ultimately show %thesis by (rule that)
qed

theorem ez-maz-flow”:

assumes wf: wf-residual-network

assumes source-out: \y. edge A (source A) y +— y =z

and nontrivial: V. — {source A, sink A} # {}

and real: o = ennreal o’ and o’-nonneg[simp]: 0 < o’

shows 3f. flow A f A value-flow A f = a A (Vz. d-IN fz < value-flow A f)
proof —

have a’-not-neg[simp]: = o’ < 0
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using a’-nonneg by linarith

let 2o =Xi. (1 —(1/2) i)+«
let 2v-r = Xi. ennreal (1 — (1 / 2) "i) x o)
have v-eq: 7v i = ?v-r i for i
by (auto simp: real ennreal-mult power-le-one ennreal-lessI ennreal-minus[symmetric]
ennreal-power[symmetric| divide-ennreal-def)
have 3f. flow A f A value-flow A f = ?v ¢ for ¢ :: nat
proof(cases a = 0)
case True thus ?thesis by (auto intro!: exI[where z=\-. 0])
next
case Fulse
then have v i < «
unfolding v-eq by (auto simp: real field-simps introl: ennreal-lessl) (simp-all
add: less-le)
then obtain f where flow A f and value-flow A f = %v i
by (rule flow-by-value)(simp add: real)
thus ?thesis by blast
qed
then obtain f-auzr where f-aux: Ai. flow A (f-aux 7)
and value-auz: N\i. value-flow A (f-auzx i) = Pv-r i
unfolding v-eq by moura

define f-i where f-i = rec-nat (A-. 0) (\i f-i.

let g = f-auz (Suc i) © f-i;

k-i = SOME k. k < g A flow (residual-network f-i) k A value-flow (residual-network
f-i) k = value-flow (residual-network f-i) g A (V z. d-IN k = < value-flow (residual-network
1) B)

in f-i @ k-1)

let 2P = Xi k. k < f-aux (Suc i) © f-i i A flow (residual-network (f-i )) k A
value-flow (residual-network (f-i 7)) k = value-flow (residual-network (f-i 7)) (f-auz
(Suc i) © f~i i) A (V. d-IN k x < value-flow (residual-network (f-i ©)) k)

define k-i where k-i i = Eps (?P i) for i

have f-i-simps [simp]: f-i 0 = (A-. 0) f~i (Suc i) = f-ii @ k-i i for ¢
by (simp-all add: f-i-def Let-def k-i-def)

have k-i: flow (residual-network (f-i 7)) (k-i @) (is 2k-7)
and value-k-i: value-flow (residual-network (f-i 7)) (k-i i) = value-flow (residual-network
(f-i 4)) (frauz (Suc i) © f-i i) (is Pvalue-k-i)
and IN-k-i: d-IN (k-i i) x < value-flow (residual-network (f-i 7)) (k-i i) (is
2IN--1)
and value-diff: value-flow (residual-network (f-i ©)) (f-auz (Suc i) © f-i i) =
value-flow A (f-auz (Suc 7)) — value-flow A (f-i i) (is Pvalue-diff)
if flow-network A (f-i i) and value-f-i: value-flow A (f~i i) = value-flow A
(f-auz 7) for i z
proof —
let YRES = residual-network (f-i i)
interpret fn: flow-network A f-i i by(rule that)
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interpret RES: flow-attainability YRES using wf fn.g by (rule residual-flow-attainability)
have le: value-flow A (f-i i) < value-flow A (f-aux (Suc 7))
unfolding value-aux value-f-i
unfolding v-eq by (rule ennreal-lel) (auto simp: field-simps)
with wf f-auz fn.g have res-flow: flow ?RES (f-aux (Suc ©) © f-i i)
using flowD-finite] OF f-auzx] source-out
by (rule minus-flow)
show value’: ?value-diff by(simp add: value-minus-flow|OF f-auz fn.g le source-out))
also have ... < T
unfolding value-auz v-eq by (auto simp: less-top[symmetric])
finally have value-flow ?RES (f-auz (Suc i) © f-i i) # T by simp
then have fn” flow-network ?RES (f-auzx (Suc i) © f-i i)
using nontrivial res-flow by (unfold-locales) simp-all
then interpret fn”: flow-network ?RES f-auz (Suc i) © f-i i .
from fn'.flow-cleanup show ?2k-i Zvalue-k-i ?IN-k-i unfolding k-i-def by(rule
somel2-ex; blast)+
qed

have fn-i: flow-network A (f-i 7)
and value-f-i: value-flow A (f~i i) = value-flow A (f-auz 7)
and d-IN-i: d-IN (f-i i) x < value-flow A (f-i i) for iz
proof (induction )
case 0
{ case 1 show ?case using nontrivial by (unfold-locales)(simp-all add: f-auz
value-auzx) }
{ case 2 show ?case by(simp add: value-auz) }
{ case 3 show ?case by(simp) }
next
case (Suc 17)
interpret fn: flow-network A f-i i using Suc.IH(1) .
let YRES = residual-network (f-i i)

have k-i: flow ?RES (k-i i)
and value-k-i: value-flow ?RES (k-i i) = value-flow ?RES (f-auzx (Suc i) ©
fi i)
and d-IN-k-i: d-IN (k-i i) z < value-flow ?RES (k-i i) for z
using Suc.IH(1—2) by(rule k-i value-k-i IN-k-i)+

interpret RES: flow-attainability YRES using wf fn.g by (rule residual-flow-attainability)
have le: value-flow A (f-i i) < value-flow A (f-aux (Suc 7))
unfolding value-auz Suc.IH(2) v-eq using a’-nonneg by (intro ennreal-lel)(simp
add: real field-simps)
{ case I show ?case unfolding f-i-simps
proof
show flow A (f-i i ® k-i ) using wf fn.g k-i by (rule flow-residual-add)
with RES.flowD-finite]OF k-i| show value-flow A (f-i i @ k-i i) # T
by (simp add: value-flow|OF - source-out))
qed(rule nontrivial) }
from wvalue-k-i have wvalue-k: value-flow ?RES (k-i i) = value-flow A (f-aux
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(Suc 7)) — value-flow A (f-aux 7)
by (simp add: value-minus-flow[OF f-aux fn.g le source-out] Suc.IH)
{ case 2 show ?case using value-k
by (auto simp add: source-out value-plus-flow|OF wf fn.g k-i] Suc.IH value-aux
field-simps intro!: ennreal-lel) }
note value-f = this
{ case 3
have d-IN (f-ii ® k-i i) x < d-IN (f-i i) v + d-IN (k-i i) z
using fn.g k-i by(rule d-IN-plus-flow[OF wf))
also have ... < wvalue-flow A (f-i i) + d-IN (k-i ¢) z using Suc.TH(3) by (rule
add-right-mono)
also have ... < value-flow A (f-i ©) + value-flow ?RES (k-i 7) using d-IN-k-i
by (rule add-left-mono)
also have ... = value-flow A (f-i (Suc 7)) unfolding value-f Suc.IH(2)
value-k
by (auto simp add: value-auz field-simps introl: ennreal-lel)
finally show ?case by simp }
qed
interpret fn: flow-network A f-i i for i by(rule fn-7)
note k-i = k-i[OF fn-i value-f-i] and value-k-i = value-k-i[OF fn-i value-f-i]
and IN-k-i = IN-k-i[OF fn-i value-f-i] and value-diff = value-diff[OF fn-i
value-f-i]

have 3z>0. f-i i e = ennreal z for i e
using fn.finite-glof i e] by (cases f-i i e) auto
then obtain f-i’ where f-i": A\i e. f-i i e = ennreal (f-i’ i e) and [simp]: A7 e.
0<fi'ie
by metis

{fixie
obtain z y :: ‘v where e: e = (z, y) by(cases ¢€)
have k-i i (z, y) < d-IN (k-i i) y by (rule d-IN-ge-point)
also have ... < value-flow (residual-network (f-i 7)) (k-i ©) by(rule IN-k-i)
also have ... < T using value-k-i[of i] value-diff [of 1]
by (simp add: value-k-i value-f-i value-auz real less-top|symmetric))
finally have 3z>0. k-i i e = ennreal x
by(cases k-i i e)(auto simp add: e) }
then obtain k-i’ where k-i": \i e. k-i i e = ennreal (k-i’ i e) and k-i’-nonneg[simp]:
Nie 0<kiie
by metis

have wf-k: (z, y) € E = k-ii (y, z) < f-ii (v, y) + k-ii (2, y) for iz y
using flowD-capacity|OF k-i, of © (y, z)]
by (auto split: if-split-asm dest: wf-residual-networkD[OF wf] elim: order-trans)

have f-i’-0[simp]: f-i’ 0 = (A-. 0) using f-i-simps(1) by (simp del: f-i-simps
add: fun-eq-iff f-i’)

have f-i’-Suc[simp]: f-i’ (Suc i) e = (if e € E then f~i' i e + (ki i e — ki’ i
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(prod.swap e)) else 0) for i e
using f-i-simps(2)[of i, unfolded fun-eq-iff, THEN spec, of e] wf-k[of fst e snd
e i
by (auto simp del: f-i-simps ennreal-plus
stmp add: fun-eq-iff f~i’ k-i’ ennreal-plus[symmetric] ennreal-minus split:
if-split-asm)

have k-i’-le: k-i"ie < a'/ 2 " (Suc i) for i e
proof —
obtain z y where e: ¢ = (z, y) by(cases e)
have k-i’ i (z, y) < d-IN (k-i’ ) y by (rule d-IN-ge-point)

also have ... < value-flow (residual-network (f-i i)) (k-i’ ©)
using IN-k-i[of i y] by(simp add: k-i'[abs-def])
also have ... = o’/ 2 7 (Suc 1) using value-k-i[of i| value-diff [of 1]

by (simp add: value-f-i value-aux real k-i’[abs-def] field-simps ennreal-minus
mult-le-cancel-left1)
finally show ?thesis using e by simp
qed

have convergent: convergent (\i. f-i’ i e) for e
proof(cases o’ > 0)

case Fulse

obtain z y where [simp]: e = (z, y) by(cases e)

{ fix i
from Fualse a’-nonneg have o’ = 0 by simp
moreover have f-i i (z, y) < d-IN (f-i i) y by (rule d-IN-ge-point)
ultimately have f-i i (z, y) = 0 using d-IN-i[of i ]
by (simp add: value-f-i value-auz real) }
thus ?thesis by(simp add: f-i’ convergent-const)
next
case a’-pos: True
show ?thesis
proof (rule real-Cauchy-convergent Cauchy-real-Suc-diff )+
fix n
have |k-i’ n e — k-i’ n (prod.swap €)| < |k-i’ n e| + |k-i’ n (prod.swap e)|
by (rule abs-triangle-ineq)
then have |k-i' n e — k-i’ n (prod.swap e)| < o'/ 2 " n
using k-i’-le[of n e] k-i’-le[of n prod.swap e] by simp
then have |f-i’ (Sucn) e — fi'nel <a’'/ 2 " n
using flowD-outside[OF fn.g] by (cases e) (auto simp: f-i")
thus |f-i’ (Sucn) e — f-i'nel <a'/ 2 nby simp
qed simp
qed
then obtain f’ where f”: Ae. (\i. f-i’ i €) —— f’ e unfolding convergent-def
by metis
hence f: Ae. (\i. f-i i €) ——— ennreal (f' e) unfolding f-i’ by simp

have f’-nonneg: 0 < f’ e for e
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by (rule LIMSEQ-le-const[OF f']) auto

let 2%k = XNizy. (ki'i(z, y) — ki’ i (y, ) * indicator E (z, y)
have sum-i": f-i’ i (z, y) = (O j<i. ?kjxy) for z y i
by (induction i) auto

have summable-nk: summable (Ai. |?k i z y|) for z y
proof(rule summable-rabs-comparison-test)
show IN.Vi>N. |?%kixyl <a'x(1/2)"
proof (intro exI alll impl)
fix i have |%k iz y| < k-i' i (z, y) + ki’ i (y, z)
by (auto intro!: abs-triangle-ineq) [ THEN order-trans| split: split-indicator)
also have ... <a’'x (1 /2) "
using k-i’-le[of i (z, y)] k-i’-le[of i (y, x)] a’-nonneg k-i"-nonneglof i (z, y)]
k-i’-nonneg|of i (y, )]
by (auto simp add: abs-real-def power-divide split: split-indicator)
finally show |?%k iz y| < a’'x (1 /2) ™
by simp
qed
show summable (\i. o’ % (1 / 2) T4)
by (rule summable-mult complete-algebra-summable-geometric)+ simp
qed
hence summable-k: summable (\i. ?kixy) for z y by(auto intro: summable-norm-cancel)

have suminf: (> i. (k-i’ i (z, y) — k-i’ i (y, ©)) * indicator E (z, y)) = [’ (=,
y) for z y

by (rule LIMSEQ-unique[OF summable-LIMSEQ])(simp-all add: sum-i'[symmetric]
1’ summable-k)

have flow: flow A f'
proof
fix e
have f’ e < Sup {..capacity A e} using - f
by (rule Sup-lim)(simp add: flowD-capacity[OF fn.g])
then show f’ e < capacity A e by simp
next
fix z
assume z: r # source A © # sink A

have integrable-f-i: integrable (count-space UNIV) (A\y. f-i’ i (z, y)) for ¢
using flowD-finite-OUT[OF fn.g x, of i] by(auto intro!: integrableI-bounded
simp add: f~i’ d-OUT-def less-top)
have integrable-f-i": integrable (count-space UNIV) (Ay. f~i’ i (y, z)) for i
using flowD-finite-IN[OF fn.g, of z i] = by(auto intro!: integrablel-bounded
simp add: f-i’ d-IN-def less-top)

have integral-k-bounded: (3. y. norm (?kizy)) < a'/ 2 i (is ?thesisl)
and integral-k’-bounded: (3. y. norm (?%kiyzx)) <o’/ 27 Z' (is %thesis2)

for ¢
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proof —
define b where b = (3.1 y. k-ii (z, y) + k-i i (y, 1))
have b = d-OUT (k-i i) v + d-IN (k-i i) z unfolding b-def
by (subst nn-integral-add)(simp-all add: d-OUT-def d-IN-def)
also have d-OUT (k-ii) x = d-IN (k-i i) z using k-i by (rule flowD-KIR)(simp-all
add: x)
also have ... + ... < wvalue-flow A (k-i i) + value-flow A (k-i ©)
using IN-k-i[of i z, simplified] by—(rule add-mono)
also have ... < a’/ 2 7 i using value-k-i[of i| value-diff of {]
by (simp add: value-aux value-f~i field-simps ennreal-minus-if ennreal-plus-if
mult-le-cancel-left1
del: ennreal-plus)
also have (3.1 yeUNIV. norm (?k iz y)) < band (3" y. norm (%k iy
z)) < b unfolding b-def
by (rule nn-integral-mono; simp add: abs-real-def k-i’ ennreal-plus-if del:
ennreal-plus split: split-indicator)+
ultimately show ?thesis! ?thesis2 by(auto)
qed

have integrable-k: integrable (count-space UNIV) (Ay. %k i z y)
and integrable-k’: integrable (count-space UNIV') (Ay. %k i y z) for i
using integral-k-bounded|of i| integral-k’-bounded|of i] real
by (auto introl: integrableI-bounded simp: less-top[symmetric] top-unique en-
nreal-divide-eq-top-iff)

have summable’-k: summable (Ni. [ y. |?k i z y| Ocount-space UNIV)
proof (rule summable-comparison-test)
have |[ y. |% i z y| Ocount-space UNIV| < o' x (1 / 2) ~i for i
using integral-norm-bound-ennreal[ OF integrable-norm, OF integrable-k, of
i] integral-k-bounded]|of 1]
by (bestsimp simp add: real power-divide dest: order-trans)
thus IN. Vi>N. norm ([ y. |%k i z y| dcount-space UNIV) < o' x (1 / 2)

by auto
show summable (\i. o’ x (1 / 2) T i)
by (rule summable-mult complete-algebra-summable-geometric)+ simp
qged
have summable’-k": summable (\i. [ y. |%k i y x| Dcount-space UNIV')
proof (rule summable-comparison-test)
have |[ y. |% i y x| Ocount-space UNIV| < o’ x (1 / 2) i for i
using integral-norm-bound-ennreal| OF integrable-norm, OF integrable-k’, of
i] integral-k’-bounded|of 1]
by (bestsimp simp add: real power-divide dest: order-trans)
thus IN. Vi>N. norm ([ y. |% i y z| Ocount-space UNIV) < o' x (1 / 2)
~ i by auto
show summable (\i. o’ x (1 / 2) T i)
by (rule summable-mult complete-algebra-summable-geometric)+ simp
qed
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have (Xi. [ y. % i z y Ocount-space UNIV) sums [ y. D i. %k iz y)
dcount-space UNIV
using integrable-k by (rule sums-integral)(simp-all add: summable-nk summable’-k)
also have ... = [ y. f'(z, y) Ocount-space UNIV by (rule Bochner-Integration.integral-cong[OF
refl]) (rule suminf)
finally have (\i. Y j<i. [ y. %k j z y dcount-space UNIV) —— ... un-
folding sums-def .
also have (\i. > j<i. [ y. % j z y Ocount-space UNIV) = (Xi. [ y. fi' i (=,
y) dcount-space UNIV)
unfolding sum-i’ by(rule ext Bochner-Integration.integral-sum[symmetric]
integrable-k)+
finally have (Xi. ennreal ([ y. f-i"i (z, y) Ocount-space UNIV')) —— ennreal
(| y. ' (z, y) Ocount-space UNIV') by simp
also have (\i. ennreal ([ y. f-i’ i (z, y) dcount-space UNIV)) = (Xi. d-OUT
(Fi 1) 2)
unfolding d-OUT-def f-i’ by(rule ext nn-integral-eq-integral[symmetric] inte-
grable-f-i)+ simp
also have ennreal ([ y. f' (z, y) Ocount-space UNIV) = d-OUT 'z
unfolding d-OUT-def by(rule nn-integral-eg-integral[symmetric])(simp-all
add: f'-nonneg, simp add: suminf[symmetric] integrable-suminf integrable-k summable-nk
summable’-k)
also have (\i. d-OUT (f-i i) ) = (M\i. d-IN (f-i i) x)
using flowD-KIR[OF fn.g z] by(simp)
finally have *: (Ai. d-IN (f-i i) ) —— d-OUT (Az. ennreal (f' z)) = .

have (Xi. [ y. % i y z Ocount-space UNIV) sums [ y. (> i. 2k iy z)
Ocount-space UNIV
using integrable-k’ by (rule sums-integral) (simp-all add: summable-nk summable’-k’)
also have ... = [ y. f'(y, z) Ocount-space UNIV by(rule Bochner-Integration.integral-cong|OF
refl]) (rule suminf)
finally have (\i. Y j<i. [ y. %k j y x Ocount-space UNIV) —— ... un-
folding sums-def .
also have (\i. > j<i. [ y. % jy x dcount-space UNIV) = (Xi. [ y. fi" i (y,
x) dcount-space UNIV)
unfolding sum-i’ by(rule ext Bochner-Integration.integral-sum|symmetric]
integrable-k’)+
finally have (\i. ennreal ([ y. f-i’ i (y, ) dcount-space UNIV)) —— ennreal
(J y. ' (y, x) Ocount-space UNIV') by simp
also have (\i. ennreal ([ y. f-i" i (y, z) dcount-space UNIV)) = (Xi. d-IN (f-i
unfolding d-IN-def f-i’ by(rule ext nn-integral-eq-integral[symmetric] inte-
grable-f-i")+ simp
also have ennreal ([ y. f' (y, z) dcount-space UNIV) = d-IN [’z
unfolding d-IN-def by (rule nn-integral-eq-integral[symmetric])(simp-all add:
f/-nonneg, simp add: suminf|[symmetric] integrable-suminf integrable-k’ summable-nk
summable’-k")
finally show d-OUT f’ x = d-IN f’ = using * by(blast intro: LIMSEQ-unique)
qged
moreover
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{ have incseq (Ai. value-flow A (f-i 7))
by (rule incseq-Sucl)(simp add: value-aux value-f-i real field-simps a’-nonneg
ennreal-lel del: f-i-simps)
then have (\i. value-flow A (f-i i)) ——— (SUP i. value-flow A (f-i i)) by (rule
LIMSEQ-SUP)
also have (SUP i. value-flow A (f-i i)) = «
proof —
have o — (SUP i. value-flow A (f-i ©)) = (INF i. o — value-flow A (f-i 7))
by (simp add: ennreal-SUP-const-minus real)
also have a — value-flow A (f-i i) = o’/ 2 " i for ¢
by (simp add: value-f-i value-aux real ennreal-minus-if field-simps mult-le-cancel-left1)
hence (INF i. o — value-flow A (f-i i)) = (INF i. ennreal (o' / 2 1))
by (auto intro: INF-cong)
also have ... =0
proof (rule LIMSEQ-unique)
show (Mi. o’ / 2 7 i) —— (INF i. ennreal (a' /] 2 1))
by(rule LIMSEQ-INF)(simp add: field-simps real decseq-Sucl)
qed(simp add: LIMSEQ-divide-realpow-zero real ennreal-0[symmetric] del:
ennreal-0)
finally show (SUP i. value-flow A (f-i 7)) = «
apply (intro antisym)
apply (auto simp: a-def introl: SUP-mono fn.g) ||
apply (rule ennreal-minus-eq-0)
apply assumption
done
qged
also have (Ai. value-flow A (f-i ©)) —— value-flow A f’
by (simp add: value-flow|OF flow source-out] value-flow[OF fn.g source-out]
5
ultimately have value-flow A f' = « by(blast intro: LIMSEQ-unique) }
note value-f = this
moreover {
fix z
have d-IN f' z = [T y. liminf (Xi. f-i i (y, z)) Ocount-space UNIV unfolding
d-IN-def using f
by (simp add: tendsto-iff-Liminf-eq-Limsup)
also have ... < liminf (A\i. d-IN (f-i i) z) unfolding d-IN-def
by (rule nn-integral-liminf)(simp-all add:)
also have ... < liminf (\i. «) using d-IN-i[of - x| fn.g
by (auto intro!: Liminf-mono SUP-upper?2 eventually-sequentiallyl simp add:
a-def)
also have ... = value-flow A f' using value-f by(simp add: Liminf-const)
also note calculation
} ultimately show ?thesis by blast
qed

theorem ez-max-flow’: — eliminate assumption of no antiparallel edges using

locale wf-residual-network
assumes source-out: \y. edge A (source A) y +— y =z
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and nontrivial: E # {}
and real: o = ennreal o’ and nn[simpl: 0
shows 3f. flow A f A value-flow A f = «
proof —

interpret antiparallel-edges A ..
interpret A’: flow-attainability A"

by (rule A"-flow-attainability flow-attainability.axioms(2))+unfold-locales
have wf-A'": A" wf-residual-network

by (rule A"-wf-residual-network; simp add: no-loop)

a/

<
A (Vz. d-IN fz < value-flow A f)

have source-out”: edge A" (source A") y +— y = FEdge (source A) z for y
by (auto simp add: source-out)
have nontrivial’: V 1 — {source A", sink A"} # {} using nontrivial by (auto
simp add: V-A")

have (SUP g € {g. flow A" g}. value-flow A" g) = (SUP g € {g. flow A g}.
value-flow A g) (is ?lhs = ?rhs)
proof (intro antisym SUP-least; unfold mem-Collect-eq)
fix ¢
assume g: flow A" g
hence value-flow A" g = value-flow A (collect g) by(simp add: value-collect)
also { from g have flow A (collect g) by simp }
then have ... < %rhs by(blast intro: SUP-upper2)
finally show value-flow A" g < ... .
next
fix g
assume g¢: flow A g
hence value-flow A g = value-flow A" (split g) by simp
also { from g have flow A’ (split g) by simp }
then have ... < ?2lhs by(blast intro: SUP-upper2)
finally show value-flow A g < ?lhs .
qed
with real have eq: (SUP g € {g. flow A" g}. value-flow A" g) = ennreal o'
by (simp add: a-def)
from A”.ez-maz-flow'|OF wf-A" source-out’ nontrivial’ eq]
obtain f where f: flow A" f
and value-flow A" f = «
and IN: Az. d-IN fz < value-flow A" f unfolding eq real using nn by blast
hence flow A (collect f) and walue-flow A (collect f) = «a by(simp-all add:
value-collect)
moreover {
fix z
have d-IN (collect f) = = (DT y€range (\y. Edge y x). f (y, Vertez z))
by (simp add: nn-integral-count-space-reindex d-IN-def)
also have ... < d-IN f (Vertex z) unfolding d-IN-def
by (auto introl: nn-integral-mono simp add: nn-integral-count-space-indicator
split: split-indicator)
also have ... < wvalue-flow A (collect f) using IN[of Vertex x] f by(simp add:
value-collect)
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also note calculation }
ultimately show ?thesis by blast
qed

context begin — We eliminate the assumption of only one edge leaving the source
by introducing a new source vertex.

private datatype (plugins del: transfer size) 'v’' node = SOURCE | Inner (inner:
I,U /)

private lemma not-Inner-conv: = ¢ range Inner «<— x = SOURCE
by (cases ) auto

private lemma inj-on-Inner [simp]: inj-on Inner A
by (simp add: inj-on-def)

private inductive edge’ :: v node = "v node = bool
where

SOURCE: edge’ SOURCE (Inner (source A))
| Inner: edge A vy = edge’ (Inner z) (Inner y)

private inductive-simps edge’-simps [simp]:
edge’ SOURCE x
edge’ (Inner y) x
edge’ y SOURCE
edge’ y (Inner z)

private fun capacity’ :: 'v node flow
where
capacity’ (SOURCE, Inner x) = (if x = source A then « else 0)
| capacity’ (Inner z, Inner y) = capacity A (z, y)
| capacity’ - = 0

private lemma capacity’-source-in [simp]: capacity’ (y, Inner (source A)) = (if y
= SOURCE then « else 0)
by (cases y)(simp-all add: capacity-outside source-in)

private definition A’ :: v node network
where A’ = (edge = edge’, capacity = capacity’, source = SOURCE, sink = Inner
(sink A))

private lemma A’-sel [simp):
edge A’ = edge’
capacity A’ = capacity’
source A’ = SOURCE
sink A’ = Inner (sink A)
by (simp-all add: A'-def)

private lemma E-A" E 5/ = {(SOURCE, Inner (source A))} U (A\(, y). (Inner
z, Inner y)) ‘E
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by (auto elim: edge’.cases)

private lemma A’-countable-network:
assumes o #* T
shows countable-network A’
proof
show countable E o, unfolding E-A’ by simp
show source A’ # sink A’ by simp
show capacity A’ e = 0 if e ¢ E,/ for e using that unfolding E-A’
by(cases e rule: capacity’.cases)(auto intro: capacity-outside)
show capacity A’ e # T for e by(cases e rule: capacity’.cases)(simp-all add:
assms)
qed

private lemma A’-flow-attainability:
assumes o # T
shows flow-attainability A’
proof —
interpret A’ countable-network A’ using assms by (rule A’-countable-network)
show ?thesis
proof
show d-IN (capacity A') x # T V d-OUT (capacity A') © # T if sink: z #
sink A’ for x
proof (cases x)
case (Inner z’)
consider (source) z' = source A | (IN) z' # source A d-IN (capacity A) z’
% T | (OUT) d-OUT (capacity A) =’ #= T
using finite-capacity|of x'] sink Inner by (auto)
thus ?thesis
proof (cases)
case source
with Inner have d-IN (capacity A') z = (3. y. a * indicator {SOURCE
2 v node} y)
unfolding d-IN-def by(intro nn-integral-cong)(simp split: split-indicator)

also have ... = a by(simp add: maz-def)

finally show ?thesis using assms by simp
next

case IN

with Inner have d-IN (capacity A') x = (3. T yerange Inner. capacity A
(node.inner y, z'))

by (auto simp add: d-IN-def nn-integral-count-space-indicator not-Inner-conv
introl: mn-integral-cong split: split-indicator)

also have ... = d-IN (capacity A) z' unfolding d-IN-def

by (simp add: nn-integral-count-space-reindex)
finally show ?thesis using Inner sink IN by(simp)
next

case OUT

from Inner have d-OUT (capacity A') z = (3. * yErange Inner. capacity
A (z', node.inner y))
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by (auto simp add: d-OUT-def nn-integral-count-space-indicator not-Inner-conv
introl: nn-integral-cong split: split-indicator)

also have ... = d-OUT (capacity A) z' by(simp add: d-OUT-def nn-integral-count-space-reindez)
finally show ?thesis using OUT by auto
qed

qed(simp add: d-IN-def)
show — edge A’ z z for = by(cases x)(simp-all add: no-loop)
show — edge A’ z (source A’) for x by simp
qed
qed

private fun lift :: 'v flow = v node flow
where
lift f (SOURCE, Inner y) = (if y = source A then value-flow A f else 0)
| lift f (Inner x, Inner y) = f (z, y)
| Lift f-=0

private lemma d-OUT-lift-Inner [simp]: d-OUT (lift f) (Inner z) = d-OUT fx
(is ?lhs = ?rhs)
proof —
have ?lhs = (3. * yerange Inner. lift f (Inner z, y))
by (auto simp add: d-OUT-def nn-integral-count-space-indicator not-Inner-conv
introl: mn-integral-cong split: split-indicator)

also have ... = %rhs by(simp add: nn-integral-count-space-reindex d-OUT-def)
finally show ?thesis .
qged

private lemma d-OUT-lift-SOURCE [simp]: d-OUT (lift f) SOURCE = value-flow
A f (is ?lhs = ?rhs)
proof —
have ?lhs = (3. y. lift f (SOURCE, y) * indicator {Inner (source A)} y)
unfolding d-OUT-def by(rule nn-integral-cong)(case-tac x; simp)

also have ... = %rhs by(simp add: nn-integral-count-space-indicator maz-def)
finally show ?thesis .
qed

private lemma d-IN-lift-Inner [simp]:
assumes z # source A
shows d-IN (lift f) (Inner x) = d-IN fz (is ?lhs = ?rhs)
proof —
have ?lhs = (3. T yerange Inner. lift f (y, Inner z)) using assms
by(auto simp add: d-IN-def nn-integral-count-space-indicator not-Inner-conv
introl: mn-integral-cong split: split-indicator)

also have ... = %rhs by(simp add: nn-integral-count-space-reindez d-IN-def)
finally show ?thesis .
qed

private lemma d-IN-lift-source [simp]: d-IN (lift f) (Inner (source A)) = value-flow
A f + d-IN f (source A) (is ?lhs = 2rhs)
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proof —
have ?lhs = (3.1 y. lift f (y, Inner (source A)) x indicator {SOURCE} y) +
(3>t yerange Inner. lift f (y, Inner (source A)))
(is - = 2SOURCE + ?rest)
unfolding d-IN-def
apply (subst nn-integral-count-space-indicator, simp)
apply(subst nn-integral-add|symmetric])
apply(auto simp add: AE-count-space maz-def not-Inner-conv split: split-indicator
introl: nn-integral-cong)
done
also have ?rest = d-IN f (source A) by(simp add: nn-integral-count-space-reindex
d-IN-def)
also have ?SOURCE = value-flow A f
by (simp add: maz-def one-ennreal-def|symmetric] )
finally show ?thesis .
qed

private lemma flow-lift [simp]:

assumes flow A f

shows flow A’ (lift f)
proof

show lift f e < capacity A’ e for e

by (cases e rule: capacity’.cases)(auto intro: flowD-capacity|OF assms] simp add:
a-def intro: SUP-upper2 assms)

fix z
assume z: ¢ # source A" x # sink A’
then obtain z’ where z”: z = Inner z’ by(cases z) auto
then show KIR (lift f) x using z
by(cases x' = source A)(auto simp add: flowD-source-IN[OF assms] dest:
flowD-KIR[OF assms))
qed

private abbreviation (input) unlift :: 'v node flow = "v flow
where unlift f = (Mz, y). f (Inner z, Inner y))

private lemma flow-unlift [simp]:
assumes f: flow A’ f
shows flow A (unlift f)
proof
show unlift f e < capacity A e for e using flowD-capacity|OF f, of map-prod
Inner Inner e
by (cases e)(simp)
next
fix z
assume z: T # source A x # sink A
have d-OUT (unlift f) z = (3. yerange Inner. f (Inner z, y))
by (simp add: nn-integral-count-space-reindex d-OUT-def)
also have ... = d-OUT f (Inner z) using flowD-capacity[OF f, of (Inner z,
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SOURCE))
by (auto simp add: nn-integral-count-space-indicator d-OUT-def not-Inner-conv
introl: nn-integral-cong split: split-indicator)
also have ... = d-IN f (Inner x) using z flowD-KIR[OF f, of Inner x] by(simp)
also have ... = (3. yerange Inner. f (y, Inner x))
using z flowD-capacity[OF f, of (SOURCE, Inner z)]
by(auto simp add: nn-integral-count-space-indicator d-IN-def not-Inner-conv
introl: nn-integral-cong split: split-indicator)

also have ... = d-IN (unlift f) = by(simp add: nn-integral-count-space-reindex
d-IN-def)

finally show KIR (unlift f) z .
qed

private lemma value-unlift:
assumes f: flow A’ f
shows value-flow A (unlift f) = value-flow A’ f
proof —
have value-flow A (unlift f) = (3°+ yerange Inner. f (Inner (source A), y))
by (simp add: nn-integral-count-space-reindex d-OUT-def)
also have ... = d-OUT f (Inner (source A)) using flowD-capacity|OF f, of
(Inner (source A), SOURCE)]
by (auto simp add: nn-integral-count-space-indicator d-OUT-def not-Inner-conv
introl: mn-integral-cong split: split-indicator)

also have ... = d-IN f (Inner (source A)) using flowD-KIR[OF f, of Inner
(source A)] by(simp)
also have ... = (O_ %1 y. f (y, Inner (source A)) * indicator {SOURCE} vy)

unfolding d-IN-def using flowD-capacity[OF f, of (x, Inner (source A)) for
1]

by (intro nn-integral-cong)(auto intro!: antisym split: split-indicator if-split-asm
elim: meta-allE)

also have ... = f (SOURCE, Inner (source A)) by simp

also have ... = (3. y. f (SOURCE, y) * indicator {Inner (source A)} y)
by(simp add: one-ennreal-def[symmetric])

also have ... = value-flow A’ f unfolding d-OUT-def

unfolding d-OUT-def using flowD-capacity|OF f, of (SOURCE, Inner x) for
z] flowD-capacity|OF f, of (SOURCE, SOURCE))]

apply (intro nn-integral-cong)

apply(case-tac x)

apply(auto introl: antisym split: split-indicator if-split-asm elim: meta-allF)

done

finally show ?thesis .

qged

theorem ez-maz-flow:

3f. flow A f A value-flow A f = a A (Vz. d-IN fz < value-flow A f)
proof(cases «)

case (real o)

hence a: o # T by simp

then interpret A’ flow-attainability A’ by (rule A'-flow-attainability)
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have source-out: edge A’ (source A') y <— y = Inner (source A) for y by(auto)
have nontrivial: Ex+ # {} by(auto intro: edge’.intros)

have eq: (SUP g € {g. flow A’ g}. value-flow A’ g) = (SUP g € {g. flow A g}.
value-flow A g) (is ?lhs = %rhs)
proof (intro antisym SUP-least; unfold mem-Collect-eq)
fix ¢
assume g¢: flow A’ g
hence value-flow A’ g = value-flow A (unlift g) by(simp add: value-unlift)
also { from ¢ have flow A (unlift g) by simp }
then have ... < %rhs by(blast intro: SUP-upper2)
finally show value-flow A’ g < ... .
next
fix g
assume g¢: flow A g
hence value-flow A g = value-flow A’ (lift g) by simp
also { from g have flow A’ (lift g) by simp }
then have ... < ?2lhs by(blast intro: SUP-upper2)
finally show value-flow A g < ?lhs .
qged
also have ... = ennreal o’ using real by (simp add: a-def)
finally obtain f where f: flow A’ f
and value-f: value-flow A’ f = (| | g€{g. flow A’ g}. value-flow A’ g)
and IN-f: Az. d-IN fz < value-flow A’ f
using 0 < oy by(blast dest: A'.ex-maz-flow'[OF source-out nontrivial])
have flow A (unlift f) using f by simp
moreover have value-flow A (unlift ) = « using [ eq value-f by(simp add:
value-unlift a-def)
moreover {
fix z
have d-IN (unlift f) = = (3. T y€range Inner. f (y, Inner x))
by (simp add: nn-integral-count-space-reindex d-IN-def)
also have ... < d-IN f (Inner z) unfolding d-IN-def
by (auto intro!: nn-integral-mono simp add: nn-integral-count-space-indicator
split: split-indicator)
also have ... < value-flow A (unlift ) using IN-f[of Inner z] f by(simp add:
value-unlift)
also note calculation }
ultimately show ?thesis by blast
next
case top
show ?thesis
proof(cases Af. flow A f A value-flow A f =T)
case True
with top show ?thesis by auto
next
case Fulse
hence real: Vf. o« = T — flow A f — wvalue-flow A f < « using top by
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(auto simp: less-top)
{ fix i
have 2 x 2 ~ i < « using top by (simp-all add: ennreal-mult-less-top
power-less-top-ennreal)
from flow-by-value[OF this real] have 3 f. flow A f A value-flow A f = 2 %
2 7 i by blast }
then obtain f-i where f-i: A\i. flow A (f-i ©)
and value-i: \i. value-flow A (f-i i) = 2 = 2 ~ i by metis
define f where fe= (DT i. fiie/ (2% 2 i) for e
have flow A f
proof
fix e
have fe < (3.7 i. (SUPi. f-iie) /(2 x 2 i) unfolding f-def
by (rule nn-integral-mono)(auto intro!: divide-right-mono-ennreal SUP-upper)
also have ... = (SUPi. fiie) / 2+ (DT i. 1/ 27 4)
apply (subst nn-integral-cmult[symmetric))
apply(auto intro!: nn-integral-cong intro: SUP-upper2
simp: divide-ennreal-def ennreal-inverse-mult power-less-top-ennreal mult-ac)
done
also have (3" i. 1 /2 7i) = (D i. ennreal ((1 / 2) " 1))
by (simp add: nn-integral-count-space-nat power-divide divide-ennreal[symmetric]
ennreal-power|[symmetric])

also have ... = ennreal (> 0. (1 / 2) 1)
by (intro suminf-ennreal2 complete-algebra-summable-geometric) simp-all
also have ... = 2 by(subst suminf-geometric; simp)

also have (SUP i. f-iie) / 2 % 2 = (SUP 4. f-i i e)

by (simp add: ennreal-divide-times)
also have ... < capacity A e by(rule SUP-least)(rule flowD-capacity| OF f-i))
finally show [ e < capacity A e .

fix z
assume z: z # source A x # sink A
have d-OUT fz = (3.t 4€UNIV. >t y. f-ii (z,y) / (2 % 2 "))
unfolding d-OUT-def f-def
by (subst nn-integral-snd-count-space[where f=case-prod -, simplified])
(simp add: nn-integral-fst-count-space[where f=case-prod -, simplified])

also have ... = (3.1 i. d-OUT (f-ii) z / (2 * 2 " i)) unfolding d-OUT-def
by (simp add: nn-integral-divide)
also have ... = (30T 4. d-IN (fi i) = / (2 x 2 ~ 4)) by(simp add:
flowD-KIR|OF f-i, OF z))
also have ... = (3T 4€UNIV. >V y. fii (y, z) / (2 % 2 74))
by (simp add: nn-integral-divide d-IN-def)
also have ... = d-IN f 2z unfolding d-IN-def f-def

by (subst nn-integral-snd-count-space[where f=case-prod -, simplified])
(simp add: nn-integral-fst-count-space[where f=case-prod -, simplified))
finally show KIR fz .
qed
moreover {
have value-flow A f = (3. i. value-flow A (f-i i) / (2 * 2 " i)
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unfolding d-OUT-def f-def
by (subst nn-integral-snd-count-space[where f=case-prod -, simplified])
(simp add: nn-integral-fst-count-space[where f=case-prod -, simplified)
nn-integral-divide[symmetric])
also have ... = T
by (simp add: value-i ennreal-mult-less-top power-less-top-ennreal)
finally have value-flow A f = T .
}
ultimately show ?thesis using top by auto
qged
qed

end
end
end

end

10 The max-flow min-cut theorems in unbounded
networks

theory MFMC-Unbounded imports
MFMC-Web
MFMC-Flow-Attainability
MFMC-Reduction

begin

10.1 More about waves

lemma SINK-plus-current: SINK (plus-current f g) = SINK f N SINK g
by (auto simp add: SINK .simps set-eq-iff d-OUT-def nn-integral-0-iff emeasure-count-space-eq-0
add-eq-0-iff-both-eq-0)

abbreviation plus-web :: ('v, 'more) web-scheme = "v current = v current = v
current (- —~1 -» [66, 66] 65)
where plus-web T f g = plus-current f (91T / f)

lemma d-OUT-plus-web:

fixes I" (structure)

shows d-OUT (f ~ g) v = d-OUT fx + d-OUT (g 1T / f) « (is ?lhs = ?rhs)
proof —

have ?lhs = d-OUT fz + (3. T y. (if v € RF° (TER f) then 0 else g (z, y) *
indicator (— RF (TER f)) y))

unfolding d-OUT-def by(subst nn-integral-add[symmetric])(auto intro!: nn-integral-cong
split: split-indicator)

also have ... = ?rhs by(auto simp add: d-OUT-def intro!: arg-cong2[where
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f=(+)] nn-integral-cong)
finally show ?thesis .
qed

lemma d-IN-plus-web:

fixes I' (structure)

shows d-IN (f ~g) y=d-INfy+ d-IN (g 1T/ f) y (is Zlhs = %rhs)
proof —

have ?lhs = d-IN fy + (3.1 z. (if y € RF (TER f) then 0 else g (z, y) *
indicator (— RF° (TER f)) z))

unfolding d-IN-def by (subst nn-integral-add[symmetric])(auto introl: nn-integral-cong
split: split-indicator)

also have ... = ?rhs by(auto simp add: d-IN-def intro!: arg-cong2|where f=(+)]
nn-integral-cong)

finally show ?thesis .
qed

lemma plus-web-greater: fe < (f ~p g) e
by (cases e)(auto split: split-indicator)

lemma current-plus-web:

fixes I' (structure)

shows [ current T f; wave T f; current T' g | = current T (f —~ g)
by (blast intro: current-plus-current current-restrict-current)

context
fixes I :: ('v, 'more) web-scheme (structure)
and f g :: 'v current
assumes f: current I f
and w: wave ' f
and ¢: current I' g
begin

context
fixes z :: v
assumes z: ¢ € £ (TER f U TER g)
begin

qualified lemma RF-f: © ¢ RF° (TER f)
proof
assume *: £ € RF° (TER f)

from z obtain p y where p: path ' zp y and y: y € BT
and bypass: Nz. [vt # y; z € set p] = z=a V 2 ¢ TER f U TER g by(rule
E-E) blast
from rtrancl-path-distinct| OF p| obtain p’
where p: path T x p’ y and p” set p’ C set p and distinct: distinct (z # p’) .

from * have 2" z € RF (TER f) and &: © ¢ £ (TER f) by(auto simp add:
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roofed-circ-def)
hence = ¢ TER f using not-essentialD[OF - p y] p’ bypass by blast
with roofedD[OF z’ p y] obtain z where z: z € set p’ z € TER f by auto
with p have y € set p’ by(auto dest!: rtrancl-path-last intro: last-in-set)
with distinct have © # y by auto
with bypass z p’ distinct show False by auto

qed

private lemma RF-g: © ¢ RF° (TER g)
proof
assume *: ¢ € RF° (TER g)

from z obtain p y where p: pathI' zp yand y: y € BT
and bypass: Nz. [t £ y; z € set p] = 2=z V 2z ¢ TER f U TER g by(rule
E-E) blast
from rtrancl-path-distinct[OF p| obtain p’
where p: path T z p’ y and p”: set p’ C set p and distinct: distinct (z # p’) .

from x have - x € RF (TER g) and &: z ¢ £ (TER g) by(auto simp add:
roofed-circ-def)

hence z ¢ TER g using not-essentialD[OF - p y| p’ bypass by blast

with roofedD[OF z’ p y] obtain z where z: z € set p’ z € TER g by auto

with p have y € set p’ by(auto dest!: rtrancl-path-last intro: last-in-set)

with distinct have z # y by auto

with bypass z p’ distinct show False by auto
qed

lemma TER-plus-web-aux:
assumes SINK: z € SINK (¢ 1T/ f) (is - € SINK ?g)
shows z € TER (f —~ g)
proof
from z obtain p y where p: path ' zp y and y: y € BT
and bypass: Nz. [vt # y; z € set p] = z=a V z ¢ TER f U TER g by(rule
E-E) blast
from rtrancl-path-distinct|OF p| obtain p’
where p: path T’ x p’ y and p” set p’ C set p and distinct: distinct (z # p’) .

from RF-f have z € SINK f
by (auto simp add: roofed-circ-def SINK .simps dest: waveD-OUT[OF w])
thus z € SINK (f —~ g) using SINK
by (simp add: SINK .simps d-OUT-plus-web)
show z € SAT T (f —~ g)
proof(cases x € TER f)
case True
hence z € SAT T f by simp
moreover have ... C SAT T (f —~ g) by(rule SAT-mono plus-web-greater)+
ultimately show ?thesis by blast
next
case Fulse
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with z have © € TER ¢ by auto
from Fualse RF-f have = ¢ RF (TER f) by(auto simp add: roofed-circ-def)
moreover { fix z
assume z: z € RF° (TER f)
have (z, z) ¢ E
proof
assume (z, z) € E
hence path’: path T z (z # p’) y using p by(simp add: rtrancl-path.step)
from z have z € RF (TER f) by(simp add: roofed-circ-def)
from roofedD[OF this path’ y] False
consider (path) 2z’ where 2z’ € set p’ 2z’ € TER f | (TER) z € TER f by
auto
then show Fulse
proof cases
{ case (path 2')
with p distinct have = # y

by (auto 4 3 intro: last-in-set elim: rtrancl-path.cases dest: rtrancl-path-last[symmetric])

from bypass|OF this, of 2’| path False p’ show False by auto }
note that = this
case TER
with z have - essential T' (BT) (TER f) z by(simp add: roofed-circ-def)
from not-essential D[ OF this path’ y] False obtain 2z’ where 2’ € set p’ 2’
€ TER f by auto
thus False by(rule that)
qed
ged }
ultimately have d-IN ?g x = d-IN g x unfolding d-IN-def
by (intro nn-integral-cong)(clarsimp split: split-indicator simp add: currentD-outside] OF
gl)
hence d-IN (f ~g) x> d-INgx
by (simp add: d-IN-plus-web)
with <z € TER ¢> show ?thesis by(auto elim!: SAT.cases intro: SAT .intros)
qed
qed

qualified lemma SINK-TER-in'"
assumes Az. x ¢ RF (TER g) = d-OUT gz =0
shows z € SINK g
using RF-g by(auto simp add: roofed-circ-def SINK .simps assms)

end

lemma wave-plus: wave (quotient-web T f) (¢ 1 T / f) = wave T (f —~ g)
using f w by(rule wave-plus-current)(rule current-restrict-current| OF w g])

lemma TER-plus-web’":
assumes A\z. x ¢ RF (TER g) = d-OUT gz =0
shows £ (TER f U TER g) C TER (f —~ g)

proof
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fix z
assume *: ¢ € £ (TER f U TER g)
moreover have z € SINK (¢ 1T / f)
by (rule in-SINK-restrict-current)(rule MEMC-Unbounded.SINK-TER-in"[OF
fw g * assms))
ultimately show z € TER (f —~ ¢) by(rule TER-plus-web-auz)
qed

lemma TER-plus-web”: wave T' g = & (TER f U TER g) C TER (f —~ g)
by (rule TER-plus-web”)(rule waveD-OUT)

lemma wave-plus”: wave T' g = wave T (f —~ g)
by (rule wave-plus)(rule wave-restrict-current[OF f w g])

end

lemma RF-TER-plus-web:
fixes I" (structure)
assumes f: current I f
and w: wave T" f
and g: current I' g
and w” wave T ¢
shows RF (TER (f —~ g)) = RF (TER f U TER g)
proof
have RF (£ (TER f U TER g)) C RF (TER (f ~ g9))
by (rule roofed-mono)(rule TER-plus-web'|OF fw g w'])
also have RF (£ (TER f U TER g)) = RF (TER f U TER g) by(rule RF-essential)
finally show ... C RF (TER (f —~ g)) .
next
have fg: current T (f —~ g) using f w g by(rule current-plus-web)
show RF (TER (f ~ g)) C RF (TER f U TER g)
proof (intro subsetl roofedl)
fixzpuy
assume RF: x € RF (TER (f —~ g)) and p: pathT zp yand y: y € BT
from roofedD[OF RF p y] obtain z where z: z € set (z # p) and TER: z €
TER (f —~ g) by auto
from TER have SINK: z € SINK f
by (auto simp add: SINK .simps d-OUT-plus-web add-eq-0-iff-both-eq-0)
from TER have z € SAT T (f —~ g) by simp
hence SAT: z € SATT fU SATT g
by(cases z € RF (TER f))(auto simp add: currentD-SAT|OF f] currentD-SAT[OF
g] currentD-SAT|[OF fg] d-IN-plus-web d-IN-restrict-current-outside restrict-current-IN-not-RF[OF
g] wave-not-RF-IN-zero[ OF f w))

show (Jz€set p. € TER f U TER g) V z € TER f U TER ¢
proof(cases z € RF (TER g))
case Fulse
hence z € SINK g by(simp add: SINK .simps waveD-OUT|[OF w’])
with SINK SAT have z € TER f U TER g by auto
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thus ?thesis using z by auto
next
case True
from split-list|OF z] obtain ys zs where split: x # p = ys @Q z # zs by blast
with p have path T z zs y by(auto elim: rtrancl-path-appendE simp add:
Cons-eq-append-conv)
from roofed D[ OF True this y| split show ?thesis by(auto simp add: Cons-eq-append-conv)
qed
qed
qed

lemma RF-TER-Sup:
fixes I' (structure)
assumes f: A\f. f € Y = current T f
and w: \f. f € Y = wave T f
and Y: Complete-Partial-Order.chain (<) Y Y # {} countable (support-flow
(Sup V)
shows RF (TER (Sup Y)) = RF (UfeY. TER f)
proof(rule set-eql iffI)+
fix z
assume z: ¢ € RF (TER (Sup Y))
have z € RF (RF ((JfeY. TER f))
proof
fixpy
assume p: path ' x pyand y: y € BT
from roofedD[OF x p y] obtain z where z: z € set (z # p) and TER: z €
TER (Sup Y) by auto
from TER have SINK: z € SINK f if f € Y for f using that by(auto simp
add: SINK-Sup[OF Y1)

from Y (2) obtain f where y: f € Y by blast

show (Jz€set p. z € RF (JfeY. TER f)) Vz € RF (JfeY. TER f)
proof(cases 3feY. z € RF (TER f))

case True

then obtain f where fY: f € Y and zf: z € RF (TER f) by blast

from zf have z € RF (|Jf€Y. TER f) by(rule in-roofed-mono)(auto intro:

)
with z show ¢thesis by auto
next
case Fulse
hence x: d-INfz= 0 if f € Y for f using that by (auto intro: wave-not-RF-IN-zero| OF
ful)
hence d-IN (Sup Y) z = 0 using Y (2) by(simp add: d-IN-Sup[OF Y])
with TER have z € SAT T' f using *[OF y]
by(simp add: SAT.simps)
with SINK[OF y] have z € TER f by simp
with z y show ?thesis by(auto intro: roofed-greaterl)
qed
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qed
then show =z € RF (|Jf€Y. TER f) unfolding roofed-idem .
next
fix z
assume z: z € RF (|JfeY. TER f)
have z € RF (RF (TER (] Y)))
proof(rule roofedI)
fixpy
assume p: path ' x pyand y: y € BT
from roofedD[OF z p y| obtain z f where *: z € set (¢ # p)
and xx: f € Y and TER: z € TER f by auto
have z € RF (TER (Sup Y))
proof (rule ccontr)
assume z: z ¢ RF (TER (Sup Y))
have wave T' (Sup Y) using Y (1—2) w Y(3) by(rule wave-lub)
hence d-OUT (Sup Y) z = 0 using z by(rule waveD-OUT)
hence z € SINK (Sup Y) by(simp add: SINK .simps)
moreover have z € SAT T (Sup Y) using TER SAT-Sup-upper[OF xx, of
'] by blast
ultimately have z € TER (Sup Y) by simp
hence z € RF (TER (Sup Y)) by(rule roofed-greaterl)
with z show Fulse by contradiction
qed
thus (Fz€set p. z € RF (TER (Sup Y))) V x € RF (TER (Sup Y)) using x*
by auto
qged
then show z € RF (TER (| | Y)) unfolding roofed-idem .
qed

10.2 Hindered webs with reduced weights

context countable-bipartite-web begin

context
fixes u :: 'v = ennreal
and ¢
defines ¢ = ([ y. u y dcount-space (B T))
assumes u-outside: N\v. v ¢ BT = uz =0
and finite-e: € #= T

begin

private lemma u-A: 2 € AT = vz =10
using u-outside|of x| disjoint by auto

private lemma u-finite: uy # T
proof(cases y € BT)

case True
have u y < ¢ unfolding e-def by(rule nn-integral-ge-point)(simp add: True)
also have ... < T using finite-= by (simp add: less-top[symmetric])
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finally show ?thesis by simp
qed(simp add: u-outside)

lemma hindered-reduce: — Lemma 6.7
assumes u: u < weight T’
assumes hindered-by: hindered-by (T'(weight := weight T — u))) € (is hindered-by
T )
shows hindered T’
proof —
note [simp] = u-finite
let TER = TERgp
from hindered-by obtain f
where hindrance-by: hindrance-by 7I" f €
and f: current 7T f
and w: wave I" f by cases
from hindrance-by obtain a where a: a € AT a ¢ Eop (?TER f)
and a-le: d-OUT fa < weight T' a
and e-less: weight I' a — d-OUT fa > ¢
and e-nonneg: € > 0 by(auto simp add: u-A hindrance-by.simps)

from f have f": current T' f by (rule current-weight-mono)(auto intro: diff-le-self-ennreal)
write Some («(-)»)

define edge’
where edge’ zo yo =
(case (zo, yo) of
(None, Some y) = ye VAyg¢ AT
| (Some z, Some y) = edge ' z y V edge I y z
| - = Fulse) for zo yo
define cap
where cap ¢ =
(case e of
(None, Some y) = if y € V then u y else 0
| (Some z, Some y) = if edge I' x y A = # a then [ (z, y) else if edge T y =
then mazx (weight T' z) (weight T y) + 1 else 0
| -= 0) for e
define U where U = (edge = edge’, capacity = cap, source = None, sink =
Some al)

have edge’-simps [simp):
edge’ None (y) +— y€e V Ay ¢ AT
edge’ zo None «— False
edge’ (x) (y) «— edge T zy V edge T y z
for zo z y by(simp-all add: edge’-def split: option.split)

have edge-NonelFE [elim!]: thesis if edge’ None y Nz. [y =(2); 2€ V; 2¢ AT

] = thesis for y thesis
using that by(simp add: edge’-def split: option.split-asm sum.split-asm)
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have edge-SomelFE [elim!]: thesis if edge’ (x) y Nz. [ v = (2); edge T x 2 V edge
T z x| = thesis for z y thesis
using that by (simp add: edge’-def split: option.split-asm sum.split-asm)
have edge-Some2F [elim!]: thesis if edge’ © (y) [ © = None; y € V; y ¢ AT ]
= thesis N\z. [ = (2); edge T 2y V edge T y 2 | = thesis for z y thesis
using that by(simp add: edge’-def split: option.split-asm sum.split-asm)

have cap-simps [simp]:
cap (None, (y)) if y € V then u y else 0)
cap (zo, None)

cap ((z), (y)) =
(if edge Tz y A x # a then f (z, y) else if edge T y x then maz (weight T’ x)

(weight T' y) + 1 else 0)
for zo z y by(simp-all add: cap-def split: option.split)

= (
=0

have U-sel [simp]:
edge U = edge’
capacity ¥ = cap
source ¥ = None
sink ¥ = (a)
by (simp-all add: V-def)

have cap-outsidel: = vertexr ' © = cap ({z), y) = 0 for z y
by (cases y)(auto simp add: vertez-def)
have capacity-A-weight: d-OUT cap (z) < weight T zif z € AT for z
proof —
have d-OUT cap (z) < (3. T y€range Some. f (x, the y))
using that disjoint a(1) unfolding d-OUT-def
by (auto 4 4 introl: nn-integral-mono simp add: nn-integral-count-space-indicator
notin-range-Some currentD-outside| OF f] split: split-indicator dest: edge-antiparallel
bipartite-F)
also have ... = d-OUT fz by(simp add: d-OUT-def nn-integral-count-space-reindex)
also have ... < weight T' z using [’ by(rule currentD-weight-OUT)
finally show ?thesis .
qed
have flow-attainability: flow-attainability W
proof
have Ey = (A(z, y). ((z), ())) “E U (M, y). ((y), (z))) “E U (Az. (None,
(#))) (V- AT)
by (auto simp add: edge’-def split: option.split-asm)
thus countable Ey by simp
next
fix v
assume v # sink U
consider (sink) v = None | (A) z where v = (z) v € AT
| (B) y where v = (y) y¢ AT y € V| (outside) x where v = (z) z ¢ V
by (cases v) auto
then show d-IN (capacity ¥) v #= T V d-OUT (capacity W) v # T
proof cases
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case sink thus ?thesis by(simp add: d-IN-def)
next
case (A z)
thus ?thesis using capacity-A-weight[of x] by (auto simp: top-unique)
next
case (B y)
have d-IN (capacity ¥) v < (3. T =z. f (the z, y) * indicator (range Some) x
+ u y * indicator {None} z)
using B disjoint bipartite-V a(1) unfolding d-IN-def
by (auto 4 4 introl: nn-integral-mono simp add: nn-integral-count-space-indicator
notin-range-Some currentD-outside[ OF f] split: split-indicator dest: edge-antiparallel
bipartite-F)

also have ... = (3. z€range Some. f (the z, y)) + u y
by (subst nn-integral-add)(simp-all add: nn-integral-count-space-indicator)
also have ... = d-IN fy + u y by(simp add: d-IN-def nn-integral-count-space-reindex)

also have d-IN fy < weight T' y using f' by (rule currentD-weight-IN)
finally show ?thesis by(auto simp add: add-right-mono top-unique split:
if-split-asm)
next
case outside
hence d-OUT (capacity ¥) v = 0
by(auto simp add: d-OUT-def nn-integral-0-iff-AE AFE-count-space cap-def
vertez-def split: option.split)
thus ?thesis by simp
qed
next
show capacity U e # T for e using weight-finite
by(auto simp add: cap-def max-def vertez-def currentD-finite[OF f'] split:
option.split prod.split simp del: weight-finite)
show capacity ¥ e = 0 if e ¢ Ey for e
using that bipartite-V disjoint
by (auto simp add: cap-def maz-def intro: u-outside split: option.split prod.split)
show — edge U z (source ¥) for z by simp
show — edge ¥ z z for z by(cases z)(simp-all add: no-loop)
show source ¥ # sink ¥ by simp
qed
then interpret V: flow-attainability ¥ .

define a where o = (| | g€{yg. flow ¥ g}. value-flow ¥ g)
have a-le: a < ¢
proof —
have o < d-OUT cap None unfolding a-def by(rule SUP-least)(auto intro!:
d-OUT-mono dest: flowD-capacity)
also have ... < [ y. cap (None, y) dcount-space (range Some) unfolding
d-OUT-def
by (auto simp add: nn-integral-count-space-indicator notin-range-Some introl:
nn-integral-mono split: split-indicator)
also have ... < ¢ unfolding e-def
by (subst (2) nn-integral-count-space-indicator, auto simp add: nn-integral-count-space-reindex
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u-outside intro!: nn-integral-mono split: split-indicator)
finally show ?thesis by simp
qed
then have finite-flow: o # T using finite-e by (auto simp: top-unique)

from V.ex-maz-flow

obtain j where j: flow ¥ j
and value-j: value-flow ¥ j = «
and IN-j: N\z. d-INjz < «
unfolding a-def by auto

have j-le-f: j (Some x, Some y) < f (z, y) if edge T z y for z y
using that flowD-capacity|OF j, of (Some x, Some y)] a(1) disjoint
by (auto split: if-split-asm dest: bipartite-E intro: order-trans)

have IN-j-finite [simp]: d-IN jx # T for z using finite-flow by (rule neg-top-trans)(simp
add: IN-j)

have j-finite[simp]: j (z, y) < T for z y
by (rule le-less-trans|OF d-IN-ge-point)) (simp add: IN-j-finite[of y] less-top|symmetric])

have OUT-j-finite: d-OUT jx # T for x
proof(cases x = source ¥ V z = sink V)
case True thus ?thesis
proof cases
case left thus ?thesis using finite-flow value-j by simp
next
case right
have d-OUT (capacity ¥) (a) # T using capacity-A-weight[of a] a(1) by(auto
sitmp: top-unique)
thus ?thesis unfolding right]simplified]
by (rule neg-top-trans)(rule d-OUT-mono flowD-capacity|OF j])+
qed
next
case Fulse then show ?thesis by(simp add: flowD-KIR|[OF j])
qed

have IN-j-le-weight: d-IN j (x) < weight T' z for
proof(cases x € AT)

case zA: True

show ?thesis

proof(cases © = a)

case True
have d-IN j (z) < « by(rule IN-j)
also have ... < ¢ by(rule a-le)

also have ¢ < weight T’ a using e-less diff-le-self-ennreal less-le-trans by blast
finally show ?thesis using True by(auto intro: order.strict-implies-order)
next
case Fulse
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have d-IN j (z) = d-OUT j (z) using flowD-KIR[OF j, of Some x| False by
stmp
also have ... < d-OUT cap (z) using flowD-capacity[OF j] by(auto intro:
d-OUT-mono)
also have ... < weight I z using A by(rule capacity-A-weight)
finally show ?thesis .
qed
next
case zA: Fulse
show ?thesis
proof(cases z € BT)
case True
have d-IN j (z) < d-IN cap (z) using flowD-capacity[OF j] by(auto intro:
d-IN-mono)
also have ... < (37 z. f (the z, z) * indicator (range Some) z) + (3. T 2
it 'v option. u z * indicator {None} z)
using True disjoint
by (subst nn-integral-add[symmetric]) (auto simp add: vertex-def currentD-outside[OF
f] d-IN-def B-out intro!: nn-integral-mono split: split-indicator)

also have ... = d-INfz + uz

by (simp add: nn-integral-count-space-indicator[symmetric] nn-integral-count-space-reindex
d-IN-def)

also have ... < weight T' z using currentD-weight-IN[OF f, of z] u-finite|of
z]

using e-less u by (auto simp add: ennreal-le-minus-iff le-fun-def)
finally show ?thesis .
next

case Fulse

with zA have z ¢ V using bipartite-V by blast

then have d-IN j (z) = 0 using False
by (auto simp add: d-IN-def nn-integral-0-iff emeasure-count-space-eq-0 ver-

tez-def edge’-def split: option.split-asm introl: U.flowD-outside] OF j])

then show ?thesis

by simp
qed
qed

let ?j = j o map-prod Some Some o prod.swap

have finite-j-OUT: (3. + yeOUT z. j ((z), (y))) # T (is %-OUT # -) if z €
AT for z
using currentD-finite-OUT|[OF f', of 1]
by (rule neg-top-trans)(auto intro!: nn-integral-mono j-le-f simp add: d-OUT-def
nn-integral-count-space-indicator outgoing-def split: split-indicator)
have j-OUT-eq: 9j-OUT x = d-OUT j (z) if x € AT for z
proof —
have 2j-OUT x = (Y. T yerange Some. j (Some z, y)) using that disjoint
by (simp add: nn-integral-count-space-reindex)(auto 4 4 simp add: nn-integral-count-space-indicator
outgoing-def intro!: nn-integral-cong ¥.flowD-outside|OF j| dest: bipartite-E split:
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split-indicator)
also have ... = d-OUT j (z)
by (auto simp add: d-OUT-def nn-integral-count-space-indicator notin-range-Some
introl: nn-integral-cong V.flowD-outside|OF j] split: split-indicator)
finally show ?thesis .
qed

define g where g = f & %
have g-simps: g (z, y) = (f @ %) (z, y) for z y by(simp add: g-def)

have OUT-g-A: d-OUT g z = d-OUT fx + d-IN j {x) — d-OUT j {z) if z € A
T for x
proof —
have d-OUT gz = (35" yeOUT z. f (z, y) +j ((y), (x)) — j (), (v)))
by(auto simp add: d-OUT-def g-simps currentD-outside[OF f'] outgoing-def
nn-integral-count-space-indicator introl: nn-integral-cong)
also have ... = (3.7 yeOUT z. f (2, y) + j ((v), (z))) — O_+ yeOUT uz.
i (), (o))
(is - = - — %-OUT) using finite-j-OUT[OF that]
by (subst nn-integral-diff ) (auto simp add: AE-count-space outgoing-def intro!:
order-trans[OF j-le-f])
also have ... = (3" yeOUT z. f (7, y)) + O ycOUT z. j (Some y,
Some 1)) — %-OUT
(is - = 2f + %-IN — -) by(subst nn-integral-add) simp-all
also have ?f = d-OUT f = by(subst d-OUT-alt-def[where G=I)(simp-all
add: currentD-outside[OF f])
also have 2-OUT = d-OUT j (z) using that by (rule j-OUT-eq)
also have ?j-IN = (3. yerange Some. j (y, (z))) using that disjoint
by (simp add: nn-integral-count-space-reindex)(auto 4 4 simp add: nn-integral-count-space-indicator
outgoing-def intro!: nn-integral-cong V.flowD-outside[ OF j| split: split-indicator dest:
bipartite-F)
also have ... = d-IN j (Some ) using that disjoint
by (auto 4 8 simp add: d-IN-def nn-integral-count-space-indicator notin-range-Some
intro!: nn-integral-cong V.flowD-outside[OF j| split: split-indicator)
finally show ?thesis by simp
qed

have OUT-¢g-B: d-OUT gx =0 if z ¢ AT for x
using disjoint that
by (auto simp add: d-OUT-def nn-integral-0-iff-AE AE-count-space g-simps dest:
bipartite-E)

have OUT-g-a: d-OUT g a < weight T a using a(1)
proof —
have d-OUT g a = d-OUT fa + d-INj (a) — d-OUT j {(a) using a(1) by(rule
OUT-g-A)
also have ... < d-OUT fa + d-IN j {a)
by (rule diff-le-self-ennreal)
also have ... < weight T a + d-IN j {(a) — ¢

198



using finite-c e-less currentD-finite-OUT[OF ]
by (simp add: less-diff-eq-ennreal less-top ac-simps)
also have ... < weight I a
using IN-j|THEN order-trans, OF «-le] by (simp add: ennreal-minus-le-iff)
finally show ?thesis .
qed

have OUT-jj: d-OUT %j x = d-IN j (z) — j (None, (z)) for z
proof —
have d-OUT ?j z = (3. " yerange Some. j (y, (z))) by(simp add: d-OUT-def
nn-integral-count-space-reindex)
also have ... = d-IN j (z) — O_% y. j (y, (z)) * indicator {None} y)
unfolding d-IN-def
by (subst nn-integral-diff [symmetric]) (auto simp add: maz-def V.flowD-finite] OF
j] AE-count-space nn-integral-count-space-indicator split: split-indicator introl: nn-integral-cong)

also have ... = d-INj (z) — j (None, (z)) by(simp add: maz-def)
finally show ?thesis .
qed

have OUT-jj-finite [simp): d-OUT %j x # T for z
by (simp add: OUT-jj)

have IN-g: d-IN g x = d-IN fz + j (None, (z)) for z
proof(cases x € BT)
case True
have finite: (3. * y€IN z. j (Some y, Some z)) # T using currentD-finite-IN|OF
1", of 1]
by (rule neg-top-trans)(auto intro!: nn-integral-mono j-le-f simp add: d-IN-def
nn-integral-count-space-indicator incoming-def split: split-indicator)

have d-IN g x = d-IN (f ® %)) x by(simp add: g-def)

also have ... = (3. y€IN z. f (y, x) + j (Some z, Some y) — j (Some y,
Some 1))

by (auto simp add: d-IN-def currentD-outside[OF f'] incoming-def nn-integral-count-space-indicator
introl: nn-integral-cong)

also have ... = (3. " y€IN z. f (y, ) + j (Some z, Some y)) — (3. T yeIN
z. j (Some y, Some z))
(is - = - — %j-IN) using finite

by (subst nn-integral-diff ) (auto simp add: AE-count-space incoming-def intro!:
order-trans|OF j-le-f])
also have ... = (3.1 y€IN z. f (y, z)) + (O T y€IN z. j (Some z, Some
y)) — Y-IN
(is - = 2f + 2)-OUT — -) by(subst nn-integral-add) simp-all
also have ?f = d-IN f z by(subst d-IN-alt-def[where G=I)(simp-all add:
currentD-outside[ OF f])
also have ?2j-OUT = (>_ T yerange Some. j (Some z, y)) using True disjoint
by (simp add: nn-integral-count-space-reindex)(auto 4 4 simp add: nn-integral-count-space-indicator
incoming-def introl: nn-integral-cong V.flowD-outside|OF j| split: split-indicator
dest: bipartite-E)
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also have ... = d-OUT j (Some z) using disjoint
by (auto 4 8 simp add: d-OUT-def nn-integral-count-space-indicator notin-range-Some
introl: nn-integral-cong V.flowD-outside[OF j] split: split-indicator)
also have ... = d-IN j (Some z) using flowD-KIR|OF j, of Some x| True a
disjoint by auto
also have ?j-IN = (3.1 yerange Some. j (y, Some x)) using True disjoint
by (simp add: nn-integral-count-space-reindex)(auto 4 4 simp add: nn-integral-count-space-indicator
incoming-def intro!: nn-integral-cong V.flowD-outside|OF j| dest: bipartite-E split:
split-indicator)
also have ... = d-IN j (Some z) — (3. y :: 'v option. j (None, Some z) *
indicator {None} y)
unfolding d-IN-def using flowD-capacity[OF j, of (None, Some )]
by (subst nn-integral-diff [symmetric])
(auto simp add: nn-integral-count-space-indicator AE-count-space top-unique
itmage-iff
intro!: nn-integral-cong ennreal-diff-self split: split-indicator if-split-asm)
also have d-IN fx + d-IN j (Some z) — ... = d-IN fz + j (None, Some z)
using ennreal-add-diff-cancel-right[OF IN-j-finite[of Some x|, of d-IN fz + j
(None, Some z)]
apply (subst diff-diff-ennreal’)
apply(auto simp add: d-IN-def intro!: nn-integral-ge-point ennreal-diff-le-mono-left)
apply(simp add: ac-simps)
done
finally show ?thesis .
next
case Fulse
hence d-IN gx = 0 d-IN fz = 0j (None, {(z)) = 0
using disjoint currentD-IN[OF f', of x] bipartite-V currentD-outside-IN[OF
1] u-outside|OF Fualse] flowD-capacity[OF j, of (None, (z))]
by (cases vertex I x; auto simp add: d-IN-def nn-integral-0-iff-AE A E-count-space
g-simps dest: bipartite-F split: if-split-asm)+
thus ?thesis by simp
qed

have g: current T g
proof
show d-OUT g x < weight T x for x
proof(cases x € AT)
case Fulse
thus ?thesis by (simp add: OUT-g-B)
next
case True
with OUT-g-a show ?thesis
by (cases © = a)(simp-all add: OUT-g-A flowD-KIR[OF j| currentD-weight-OUT[OF
I
qed

show d-IN g < weight I' z for z
proof(cases z € BT)
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case Fulse
hence d-IN g x = 0 using disjoint
by(auto simp add: d-IN-def nn-integral-0-iff-AE AE-count-space g-simps
dest: bipartite-E)
thus ?thesis by simp
next
case True
have d-IN g z < (weight I' z — v z) + u = unfolding IN-g
using currentD-weight-IN[OF f, of z] flowD-capacity|OF j, of (None, Some
z)] True bipartite-V
by (intro add-mono)(simp-all split: if-split-asm)
also have ... = weight I' x
using u by (intro diff-add-cancel-ennreal) (simp add: le-fun-def)
finally show ?Zthesis .
qed
show g e = 0 if ¢ ¢ E for e using that
by (cases e)(auto simp add: g-simps)
qed

define cap’ where cap’ = (A\(z, y). if edge T’ x y then g (x, y) else if edge T y
then 1 else 0)

have cap’-simps [simp]: cap’ (z, y) = (if edge T z y then g (z, y) else if edge T
y x then 1 else 0)
for z y by(simp add: cap’-def)

define G where G = (edge = Az y. cap’ (z, y) > 0)
have G-sel [simp]: edge G © y +— cap’ (z, y) > 0 for z y by(simp add: G-def)
define reachable where reachable z = (edge G)** x a for z
have reachable-alt-def: reachable = Az. A p. path Gz p a
by (simp add: reachable-def [abs-def] rtranclp-eg-rtrancl-path)

have [simp]: reachable a by(auto simp add: reachable-def)

have AB-edge: edge G z y if edge I y = for z y

using that

by (auto dest: edge-antiparallel simp add: min-def le-neg-trans add-eq-0-iff-both-eq-0)
have reachable-AB: reachable y if reachable z (z, y) € E for z y

using that by (auto simp add: reachable-def simp del: G-sel dest!: AB-edge intro:

rtrancl-path.step)

have reachable-BA: g (z, y) = 0 if reachable y (z, y) € E = reachable z for = y
proof (rule ccontr)

assume g (z, y) # 0

then have g (z, y) > 0 by (simp add: zero-less-iff-neg-zero)

hence edge G z y using that by simp

then have reachable x using <reachable y»

unfolding reachable-def by(rule converse-rtranclp-into-rtranclp)

with <= reachable ©» show Fualse by contradiction
qed
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have reachable-V: vertex I' x if reachable x for x
proof —
from that obtain p where p: path G = p o unfolding reachable-alt-def ..
then show ?thesis using rtrancl-path-nth[OF p, of 0] a(1) A-vertex
by(cases p = [])(auto 4 3 simp add: vertex-def elim: rtrancl-path.cases split:
if-split-asm)
qed

have finite-j-IN: ([ * y. j (Some y, Some z) dcount-space (IN z)) # T for z
proof —
have ([ y. j (Some y, Some z) dcount-space (IN z)) < d-IN fz
by (auto introl: nn-integral-mono j-le-f simp add: d-IN-def nn-integral-count-space-indicator
incoming-def split: split-indicator)
thus ?thesis using currentD-finite-IN[OF ', of z] by (auto simp: top-unique)
qed
have j-outside: j (z, y) = 0 if — edge U z y for z y
using that flowD-capacity[OF j, of (x, y)| V.capacity-outside[of (z, y)]
by (auto)

define h where h = (\(
have h-simps [simp]: h (
0) for z y
by (simp add: h-def)
have h-le-g: h e < g e for e by(cases e) simp

y). if reachable © N\ reachable y then g (z, y) else 0)

x’
z, y) = (if reachable © A reachable y then g (z, y) else

have OUT-h: d-OUT h z = (if reachable x then d-OUT g x else 0) for z
proof —
have d-OUT hz = (3.t yeOUT z. h (z, y)) using h-le-g currentD-outside[OF

9]
by (intro d-OUT-alt-def) auto
also have ... = (3. + ye€OUT uz. if reachable = then g (z, y) else 0)
by (auto introl: nn-integral-cong simp add: outgoing-def dest: reachable-AB)
also have ... = (if reachable z then d-OUT g z else 0)
by (auto introl: d-OUT-alt-def[symmetric] currentD-outside] OF g])
finally show ?thesis .
qed
have IN-h: d-IN h x = (if reachable x then d-IN g x else 0) for x
proof —
have d-INhz = (3" yeIN z. h (y, z))
using h-le-g currentD-outside[OF g] by (intro d-IN-alt-def) auto
also have ... = (3. y€IN . if reachable x then g (y, z) else 0)
by (auto introl: nn-integral-cong simp add: incoming-def dest: reachable-BA)
also have ... = (if reachable z then d-IN g z else 0)
by (auto introl: d-IN-alt-def[symmetric] currentD-outside[OF g])
finally show ?thesis .
qed

have h: current I' h using g h-le-g
proof (rule current-lel)
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show d-OUT hx < d-INhzifz ¢ AT for z
by (simp add: OUT-h IN-h currentD-OUT-IN[OF g that])
qed

have reachable-full: j (None, (y)) = u y if reach: reachable y for y
proof (rule ccontr)
assume j (None, (y)) # uy
with flowD-capacity|OF j, of (None, (y))]
have le: j (None, (y)) < u y by(auto split: if-split-asm simp add: u-outside
U.flowD-outside[OF j| zero-less-iff-neg-zero)
then obtain y: y € BT and uy: u y > 0 using u-outside|of y]
by(cases y € B T; cases uy = 0) (auto simp add: zero-less-iff-neq-zero)

from reach obtain ¢ where ¢: path G y ¢ a and distinct: distinct (y # q)
unfolding reachable-alt-def by (auto elim: rtrancl-path-distinct)
have ¢-Nil: ¢ # [] using ¢ a(1) disjoint y by (auto elim!: rtrancl-path.cases)

let ?E = zip (y # q) q

define £ where E = (None, Some y) # map (map-prod Some Some) ?E
define ( where ( = Min (insert (v y — j (None, Some y)) (cap’ * set ?E))
let 2 = Xe. (if e € set E then  else 0) + j e

define j’ where j' = cleanup ?j'

have j-free: 0 < cap’ e if e € set ?F for e using that unfolding E-def list.sel
proof —

from that obtain ¢ where e: e = ((y # ¢) ! i, ¢! 7)

and i: i < length ¢ by(auto simp add: set-zip)

have e’ edge G ((y # q) ! ©) (¢! 7) using q ¢ by(rule rtrancl-path-nth)

thus ?thesis using e by(simp)
qed
have (-pos: 0 < ¢ unfolding (-def using le

by (auto intro: j-free diff-gr0-ennreal)
have (-le: < cap’ e if e € set ?F for e using that unfolding (-def by auto
have finite-¢ [simplified]: ( < T unfolding (-def

by (intro Min-less-iff [ THEN iffD2])(auto simp add: less-top[symmetric])

have E-antiparallel: (x', y') € set ?E = (y/, ¢') ¢ set ?F for z' y’
using distinct
apply(auto simp add: in-set-zip nth-Cons in-set-conv-nth)
apply(auto simp add: distinct-conv-nth split: nat.split-asm)
by (metis Suc-lessD less-Suc-eq less-irrefl-nat)

have OUT-j" d-OUT %j' &’ = ¢ % card (set [(z", y) « E. 2" = z']) + d-OUT
jz’ for z’
proof —
have d-OUT %j' ' = d-OUT (Xe. if e € set E then C else 0) ' + d-OUT jz’
using (-pos by(intro d-OUT-add)
also have d-OUT (Xe. if e € set E then ( else 0) ' = [T y. ¢ * indicator
(set E) (z', y) Ocount-space UNIV
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unfolding d-OUT-def by(rule nn-integral-cong)(simp)
also have ... = ([ " e. ¢  indicator (set E) e dembed-measure (count-space
UNIV) (Pair z"))
by (simp add: measurable-embed-measurel nn-integral-embed-measure)
also have ... = ([ 1 e. ( * indicator (set [(z", y) < E. z" = z) e
dcount-space UNIV)
by (auto simp add: embed-measure-count-space’ nn-integral-count-space-indicator
introl: nn-integral-cong split: split-indicator)
also have ... = (¢ * card (set [(z”, y) « E. " = z']) using (-pos by(simp
add: nn-integral-cmult)
finally show ?thesis .
qed
have IN-j": d-IN ?j’ 2’ = ¢ x card (set [(y, z'") < E. 2" = z']) + d-IN j 2’ for
x/
proof —
have d-IN ?j' ' = d-IN (Xe. if e € set E then ¢ else 0) z' + d-IN j z’
using (-pos by(intro d-IN-add)
also have d-IN (Xe. if e € set E then C else 0) ' = [+ y. ¢ * indicator (set
E) (y, ') Ocount-space UNIV
unfolding d-IN-def by(rule nn-integral-cong)(simp)
also have ... = ([ e. ¢ * indicator (set E) e dembed-measure (count-space
UNIV) (M. (3, +))
by (simp add: measurable-embed-measurel nn-integral-embed-measure)
also have ... = ([T e. ¢ * indicator (set [(y, ") «+ E. 2" = 2) e
Odcount-space UNIV)
by (auto simp add: embed-measure-count-space’ nn-integral-count-space-indicator
introl: mn-integral-cong split: split-indicator)
also have ... = ( * card (set [(y, ') + E. 2" = z])
using (-pos by(auto simp add: nn-integral-cmult)
finally show ?Zthesis .
qed

have j": flow ¥ j'
proof
fix e :: 'v option edge
consider (None) e = (None, Some y)
| (Some) z y where e = (Some z, Some y) (z, y) € set E
| (old) x y where e = (Some z, Some y) (z, y) ¢ set ?F
| v' where e = (None, Some y') y # y’
| e = (None, None) |  where e = (Some z, None)
by(cases e; case-tac a; case-tac b)(auto)
then show j' e < capacity ¥ e using uy (-pos flowD-capacity[OF j, of €]
proof (cases)
case None
have ¢ < uy — j (None, Some y) by(simp add: (-def)
then have ¢ + j (None, Some y) < u y
using (-pos by (auto simp add: ennreal-le-minus-iff)
thus ?thesis using reachable-V[OF reach] None V.flowD-outside|OF j, of
(Some y, None)] uy
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by(auto simp add: j'-def E-def)
next
case (Some z' y’)
have e: ( < cap’ (2’, y’) using Some(2) by(rule ¢-le)
then consider (backward) edge T' =’ y' &' # a | (forward) edge T' y' x’ —
edge I' " 3y’
| (a') edge T 2" y' 2’ = a
using Some (-pos by(auto split: if-split-asm)
then show ?thesis
proof cases
case backward
have ¢ < f (z/, y) + j (Some y', Some z') — j (Some z’, Some y’)
using e backward Some(1) by(simp add: g-simps)
hence ¢ + j (Some z', Some y') — j (Some y’, Some z') < (f (z/, y') +
j (Some y', Some ©') — j (Some z’, Some y')) + j (Some z’, Some y") — j (Some
y’, Some z')
by (intro ennreal-minus-mono add-right-mono) simp-all
also have ... = f (z/, v/
using j-le-f[OF <edge T 2’ y")
by (simp-all add: add-increasing2 less-top diff-add-assoc2-ennreal)
finally show ?thesis using Some backward
by (auto simp add: j'-def E-def dest: in-set-tlD E-antiparallel)
next
case forward
have ¢ + j (Some z’, Some y’) — j (Some y', Some ') < ( + j (Some x’,
Some y’)
by (rule diff-le-self-ennreal)
also have j (Some z’, Some y') < d-IN j (Some y’)
by (rule d-IN-ge-point)
also have ... < weight Ty’ by(rule IN-j-le-weight)
also have ¢ < I using e forward by simp
finally have ¢ + j (Some z’, Some y') — j (Some y', Some z") < maz
(weight T z') (weight T y) + 1
by(simp add: add-left-mono add-right-mono max-def)(metis (no-types,
lifting) add.commute add-right-mono less-imp-le less-le-trans not-le)
then show ?thesis using Some forward e
by (auto simp add: j'-def E-def max-def dest: in-set-tID E-antiparallel)
next
case a’
with Some have a € set (map fst (zip (y # ¢) q)) by(auto intro:
rev-image-eql)
also have map fst (zip (y # q) q) = butlast (y # q) by(induction q
arbitrary: y) auto
finally have Fualse using rtrancl-path-last|OF q ¢-Nil] distinct g-Nil
by (cases q rule: rev-cases) auto
then show ?thesis ..
qed
next
case (old =’ y')
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hence j' e < j e using (-pos
by (auto simp add: j'-def E-def intro!: diff-le-self-ennreal)
also have j e < capacity ¥ e using j by (rule flowD-capacity)
finally show ?thesis .
qged(auto simp add: j'-def E-def W.flowD-outside[OF j] uy)
next
fix z’
assume z”: 2’ # source ¥z’ # sink ¥
then obtain z’’ where z': 2z’ = Some z'’ by auto
have d-OUT ?j' ' = ¢ = card (set [(z", y) « E. 2" = z']) + d-OUT j =’
by(rule OUT-j")
also have card (set [(z', y) « E. 2" = 2']) = card (set [(y, z"") + E. 2/ =
z']) (is ?lhs = ?rhs)
proof —
have ?lhs = length [(z", y) + E. z" = 2’| using distinct
by (subst distinct-card)(auto simp add: E-def filter-map distinct-map
inj-map-prod’ distinct-zipI1)
also have ... = length [z"" + map fst ?E. """ = 2"/
by (simp add: E-def z"' split-beta cong: filter-cong)
also have map fst 7E = butlast (y # q) by(induction q arbitrary: y) simp-all
also have [z « butlast (y # q). /" = 2" = [2"" + y # ¢q. """ = '
using ¢-Nil rtrancl-path-last|OF q ¢-Nil] =’ z”
by (cases q rule: rev-cases) simp-all
also have ¢ = map snd ?F by(induction q arbitrary: y) auto
also have length [z"" + y # .... 2" = 2"] = length [z"' < map snd E. "’
= z’] using z"
by(simp add: E-def cong: filter-cong)

also have ... = length [(y, ') «+ E. 2" = 2’| by(simp cong: filter-cong
add: split-beta)
also have ... = ?rhs using distinct

by (subst distinct-card)(auto simp add: E-def filter-map distinct-map
inj-map-prod’ distinct-zipI1)
finally show ?thesis .
qed
also have ¢ ... + d-OUT jz’ = d-IN %' x’
unfolding flowD-KIR[OF j z'| by(rule IN-j'[symmetric])
also have d-IN ?j' 2’ # T
using VU.flowD-finite-IN[OF j z'(2)] finite-C IN-j'lof z'] by (auto simp:
top-add ennreal-mult-eq-top-iff)
ultimately show KIR j’ 2’ unfolding j’-def by(rule KIR-cleanup)
qed
hence value-flow ¥ j' < o unfolding a-def by(auto intro: SUP-upper)
moreover have value-flow ¥ j' > value-flow ¥ j
proof —
have value-flow ¥ j + 0 < value-flow U j +  * 1
using (-pos value-j finite-flow by simp
also have [(z/, y') + E. ' = None] = [(None, Some y)]
using ¢-Nil by(cases q)(auto simp add: E-def filter-map cong: filter-cong
split-beta)
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hence ¢ * 1 < ( * card (set [(z', y') + E. ' = None]) using (-pos
by (intro mult-left-mono)(auto simp add: E-def real-of-nat-ge-one-iff neq-Nil-conv
card.insert-remove)
also have value-flow ¥ j + ... = value-flow ¥ 2§’
using OUT-j’ by(simp add: add.commute)
also have ... = value-flow ¥ j’ unfolding j'-def
by (subst value-flow-cleanup)(auto simp add: E-def ¥.flowD-outside|OF j])
finally show ?thesis by(simp add: add-left-mono)
qed
ultimately show Fulse using finite-flow (-pos value-j
by (cases value-flow U j ¢ rule: ennreal2-cases) simp-all
qed

have sep-h: y € TER h if reach: reachable y and y: y € BT and TER: y €
?TER f for y
proof (rule ccontr)
assume y" y ¢ TER h
from y a(1) disjoint have yna: y # a by auto

from reach obtain p’ where path G y p’ a unfolding reachable-alt-def ..
then obtain p’ where p”: path G y p’ a and distinct: distinct (y # p’) by(rule
rtrancl-path-distinct)

have SINK: y € SINK h using y disjoint
by (auto simp add: SINK .simps d-OUT-def nn-integral-0-iff emeasure-count-space-eq-0
intro: currentD-outside[OF g] dest: bipartite-F)
have hg: d-IN h y = d-IN g y using reach by(simp add: IN-h)
also have ... = d-IN fy + j (None, Some y) by(simp add: IN-g)
also have d-IN fy = weight I' y — u y using currentD-weight-IN[OF' f, of y]
y disjoint TER
by (auto elim!: SAT.cases)
also have d-IN h y < weight T' y using y’ currentD-weight-IN[OF g, of y] y
disjoint SINK
by (auto intro: SAT .intros)
ultimately have le: j (None, Some y) < u y
by(cases weight T' y u y j (None, Some y) rule: ennreal3-cases; cases u y <
weight T' y)
(auto simp: ennreal-minus ennreal-plus[symmetric] add-top ennreal-less-iff
ennreal-neg simp del: ennreal-plus)
moreover from reach have j (None, (y)) = u y by(rule reachable-full)
ultimately show Fulse by simp
qed

have w’: wave T h
proof
show sep: separating I' (TER h)
proof (rule ccontr)
assume - ?thesis
then obtain z p y where z: t € AT and y: y€ BT and p: pathT zp y
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and z": z ¢ TER h and bypass: \z. z € set p = z ¢ TER h
by(auto simp add: separating-gen.simps)
from p disjoint z y have p-eq: p = [y] and edge: (z, y) € E
by —(erule rtrancl-path.cases, auto dest: bipartite-F)+
from p-eq bypass have y”: y ¢ TER h by simp
have reachable x using =’ by(rule contrapos-np)(simp add: SINK .simps
d-OUT-def SAT.A z)
hence reach: reachable y using edge by (rule reachable-AB)

have x: z ¢ Eop (?TER f) using z’
proof (rule contrapos-nn)
assume x: ¢ € Egp (?TER f)
have d-OUT h z < d-OUT g z using h-le-g by(rule d-OUT-mono)
also from x have z # a using a by auto
then have d-OUT j (Some x) = d-IN j (Some z) by (auto intro: flowD-KIR[OF

i
hence d-OUT g x < d-OUT f z using OUT-g-A[OF x] IN-jlof Some z]
finite-flow
by (auto split: if-split-asm)
also have ... = 0 using * by(auto elim: SINK.cases)

finally have = € SINK h by(simp add: SINK .simps)
with z show z € TER h by(simp add: SAT.A)
qed
from p p-eq z y have path T z [y] yz € A 7" y € B T by simp-all
from * separatingD|OF separating-essential, OF waveD-separating, OF w this
have y € ?TER f by auto
with reach y have y € TER h by(rule sep-h)
with y’ show Fulse by contradiction
qed
qed(rule h)

have OUT-g-a: d-OUT g a = d-OUT h a by(simp add: OUT-h)
have a ¢ £ (TER h)
proof

assume *: a € £ (TER h)

have j (Some a, Some y) = 0 for y
using flowD-capacity|OF j, of (Some a, Some y)] a(1) disjoint
by (auto split: if-split-asm dest: bipartite-E)
then have d-OUT fa < d-OUT ¢ a unfolding d-OUT-def
— This step requires that j does not decrease the outflow of a. That’s why we
set the capacity of the outgoing edges from (a) in ¥ to 0
by (intro nn-integral-mono)(auto simp add: g-simps currentD-outside| OF f]
intro: )
then have a € SINK f using OUT-g-a * by(simp add: SINK .simps)
with a(1) have a € YTER f by(auto intro: SAT.A)
with a(2) have a”: — essential T (B T) (?TER f) a by simp

from x obtain y where ay: edge ' a y and y: y € BT and y": y ¢ TER h
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using disjoint a(1)
by(auto 4 4 simp add: essential-def elim: rtrancl-path.cases dest: bipartite-E)
from not-essentialD[OF o' rtrancl-path.step, OF ay rtrancl-path.base y]
have TER: y € ?TER f by simp

have reachable y using (reachable a> by(rule reachable-AB)(simp add: ay)
hence y € TER h using y TER by(rule sep-h)
with y’ show False by contradiction
qed
with <o € A 'y have hindrance T h
proof
have d-OUT h a = d-OUT g a by(simp add: OUT-g-a)
also have ... < d-OUT fa+ [T y.j (Some y, Some a) dcount-space UNIV
unfolding d-OUT-def d-IN-def
by (subst nn-integral-add[symmetric])(auto simp add: g-simps introl: nn-integral-mono
diff-le-self-ennreal)
also have ([t y. j (Some y, Some a) dcount-space UNIV) = ([T y. j (v,
Some a) dembed-measure (count-space UNIV') Some)
by (simp add: nn-integral-embed-measure measurable-embed-measurel )
also have ... < d-IN j (Some a) unfolding d-IN-def
by (auto simp add: embed-measure-count-space nn-integral-count-space-indicator
introl: nn-integral-mono split: split-indicator)
also have ... < « by(rule IN-j)
also have ... < ¢ by(rule a-le)
also have d-OUT fa + ... < d-OUT f a + (weight T' a — d-OUT f a) using
e-less
using currentD-finite-OUT[OF f'] by (simp add: ennreal-add-left-cancel-less)
also have ... = weight I' a
using a-le by simp
finally show d-OUT h a < weight I a by(simp add: add-left-mono)
qed
then show ?thesis using h w’ by (blast intro: hindered.intros)
qed

end

corollary hindered-reduce-current: — Corollary 6.8
fixes e g
definese = > T 2€BT. d-INgz — d-OUT g x
assumes ¢: current I' g
and e-finite: ¢ = T
and hindered: hindered-by (I' © g) ¢
shows hindered T’
proof —
define '’ where T/ = T'(weight := Az. if x € AT then weight T' z — d-OUT g
z else weight T z|)
have TI''-sel [simp]:
edge I'' = edge T’
AT'=AT
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BT'=BT
weight T'' ¢ = (if ¢ € AT then weight T' x — d-OUT g x else weight T x)
vertex T'' = vertex T
web.more I'' = web.more T
for z by(simp-all add: T'-def)
have countable-bipartite-web I’
by unfold-locales(simp-all add: A-in B-out A-vertex disjoint bipartite-V no-loop
weight-outside currentD-outside-OUT[OF g| currentD-weight-OUT[OF g| edge-antiparallel,
rule bipartite-E)
then interpret I'”: countable-bipartite-web I’ .
let 2u = Ax. (d-IN g x — d-OUT g z) * indicator (— AT) x

have hindered T
proof (rule T'".hindered-reduce)
show ?u x = 0 if x ¢ BT’ for x using that bipartite-V
by(cases verter T'' x)(auto simp add: currentD-outside-OUT[OF g] cur-
rentD-outside-IN[OF' g])

have x: (3. " 2€B I ?u z) = ¢ using disjoint

by (auto introl: nn-integral-cong simp add: e-def nn-integral-count-space-indicator
currentD-outside-OUT|[OF g] currentD-outside-IN[OF g] not-vertex split: split-indicator)

thus (3.1 2z€BT’. %ux) # T using e-finite by simp

have *x: I''(weight := weight T/ — 2u) =T 6 ¢
using currentD-weight-IN[OF g] currentD-OUT-IN|[OF g] currentD-IN[OF
g] currentD-finite-OUT[OF ¢
by (intro web. equality)(simp-all add: fun-eq-iff diff-diff-ennreal’ ennreal-diff-le-mono-left)
show hindered-by (U'(weight := weight T — 2u)) O T zeB T ?u 1)
unfolding * *x by(fact hindered)
show (Az. (d-IN g x — d-OUT g ) * indicator (— AT) z) < weight "’
using currentD-weight-IN[OF g|
by (simp add: le-fun-def ennreal-diff-le-mono-left)
qed
then show ?thesis
by (rule hindered-mono-web[rotated —1]) simp-all
qed

end

10.3 Reduced weight in a loose web

definition reduce-weight :: (v, 'more) web-scheme = v = real = ('v, 'more)
web-scheme
where reduce-weight T' z r = T'(weight := \y. weight T y — (if x = y then r else

0))

lemma reduce-weight-sel [simpl:
edge (reduce-weight I' z r) = edge T’
A (reduce-weight ' z ) = AT
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B (reduce-weight T' z r) = BT
verter (reduce-weight T' z r) = vertex T
weight (reduce-weight I' z 1) y = (if ¢ = y then weight T' © — r else weight T' y)
web.more (reduce-weight T z r) = web.more T
by (simp-all add: reduce-weight-def zero-ennreal-def[symmetric] vertex-def fun-eq-iff)

lemma essential-reduce-weight [simp|: essential (reduce-weight I' z r) = essential
r
by (simp add: fun-eq-iff essential-def)

lemma roofed-reduce-weight [simpl: roofed-gen (reduce-weight T x 1) = roofed-gen
Tr
by (simp add: fun-eq-iff roofed-def)

context countable-bipartite-web begin

context begin
private datatype (plugins del: transfer size) '‘a vertex = SOURCE | SINK | Inner
(inner: 'a)

private lemma notin-range-Inner: x ¢ range Inner «— x = SOURCE V z =
SINK
by (cases ) auto

private lemma inj-Inner [simp]: \A. inj-on Inner A
by (simp add: inj-on-def)

lemma unhinder-bipartite:
assumes h: An :: nat. current T' (h n)
and SAT: An. (BT' N V) — {b} C SAT T (hn)
and b: be BT
and IN: (SUP n. d-IN (h n) b) = weight T b
and h0-b: An. d-IN (h 0) b < d-IN (hn) b
and b-V: b eV
shows 3’ current ' h' AN wave T " AN BT NV C SATT h'
proof —
write Inner («(-)»)
define edge’
where edge’ To yo =
(case (zo, yo) of
({z), (y)) => edge T zy V edge T y x
| ((z), SINK) =z € AT
| (SOURCE, (y)) = y=1b>
| (SINK, (z)) =>z€ AT
| - = Fulse) for zo yo
have edge’-simps [simp):
edge’ (x) (y) +— edge T zy V edge T y z
edge’ () SINK «— z € AT
edge’ SOURCE yo «— yo = (b)
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edge’ SINK (z) «— 2z € AT
edge’ SINK SINK <— Fulse
edge’ xo SOURCE <— Fulse
for = y yo zo by(simp-all add: edge’-def split: vertex.split)
have edge’E: thesis if edge’ zo yo
Nz y. [ zo = (x); yo = (y); edge T z y V edge T y x | = thesis
Nz. [ zo = (x); yo = SINK; z € AT | = thesis
Nz. [ zo = SOURCE; yo = (b) | = thesis
Ay. [ zo = SINK; yo = (y); y € AT | = thesis
for zo yo thesis using that by(auto simp add: edge’-def split: option.split-asm
vertex.split-asm)
have edge’-Innerl [elim!]: thesis if edge’ (z) yo
Ny. [ yo={y); edge T zy V edge T y x | = thesis
[ yo = SINK; z € AT | = thesis
for z yo thesis using that by(auto elim: edge’E)
have edge’-Inner2 [elim!]: thesis if edge’ zo (y)
Nz. [ zo = (x); edge T zy V edge T y z | = thesis
[ o = SOURCE; y = b | = thesis
[ zo = SINK; y € AT | = thesis
for zo y thesis using that by(auto elim: edge’E)
have edge’-SINK1 [elim!]: thesis if edge’ SINK yo
Ny. [ yo=(y); y € AT ]| = thesis
for yo thesis using that by(auto elim: edge'E)
have edge’-SINK2 [elim!]: thesis if edge’ xo SINK
Nz. [ zo = (z); v € AT | = thesis
for zo thesis using that by(auto elim: edge’'E)

define cap
where cap royo =
(case zoyo of
({(z), (y)) = if edge T x y then h 0 (x, y) else if edge T y x then max (weight
T z) (weight T y) else 0
| ({z), SINK) = if c € AT then weight T' £ — d-OUT (h 0) x else 0
| (SOURCE, yo) = if yo = (b) then weight T' b — d-IN (h 0) b else 0
| (SINK, (y)) = if y € AT then weight T" y else 0
| - = 0) for zoyo
have cap-simps [simp]:
cap ({z), (y)) = (if edge T x y then h 0 (x, y) else if edge T y x then mazx (weight
T z) (weight T' y) else 0)
cap ({(x), SINK) = (if x € AT then weight T x — d-OUT (h 0) z else 0)
cap (SOURCE, yo) = (if yo = (b) then weight T b — d-IN (h 0) b else 0)
cap (SINK, (y)) = (if y € AT then weight T y else 0)
cap (SINK, SINK) = 0
cap (zo, SOURCE) = 0
for z y yo zo by (simp-all add: cap-def split: vertex.split)
define U where U = (edge = edge’, capacity = cap, source = SOURCE, sink
= SINK))
have U-sel [simp]:
edge ¥ = edge’
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capacity ¥ = cap
source ¥ = SOURCE
sink ¥ = SINK

by (simp-all add: V-def)

have cap-outsidel: — vertexr ' © = cap ({z), y) = 0 for = y using A-vertex
by (cases y)(auto simp add: vertez-def)
have capacity-A-weight: d-OUT cap (z) < 2 * weight I' x if z € AT for z
proof —
have d-OUT cap (z) < (3% y. h 0 (z, inner y) * indicator (range Inner) y
+ weight T' = * indicator {SINK} y)
using that disjoint unfolding d-OUT-def
by (auto introl: nn-integral-mono diff-le-self-ennreal simp add: A-in notin-range-Inner
split: split-indicator)
also have ... = (3. " ye€range Inner. h 0 (z, inner y)) + weight T’
by (auto simp add: nn-integral-count-space-indicator nn-integral-add)
also have (>_* yerange Inner. h 0 (z, inner y)) = d-OUT (h 0) =
by (simp add: d-OUT-def nn-integral-count-space-reindex)
also have ... < weight I' z using h by(rule currentD-weight-OUT)
finally show ?thesis unfolding one-add-one[symmetric] distrib-right by (simp
add: add-right-mono)
qed
have flow-attainability: flow-attainability ¥
proof
have By C (A, y). (&), (1)) ‘B U (A, y). (5), (1)) “E U (\a. ({a),
SINK)) ‘AT U (Az. (SINK, (z))) ‘AT U {(SOURCE, (b))}
by (auto simp add: edge’-def split: vertex.split-asm,)
moreover have countable (A T') using A-vertex by(rule countable-subset) simp
ultimately show countable Ey by(auto elim: countable-subset)
next
fix v
assume v # sink ¥
then consider (source) v = SOURCE | (A) x where v = (z) x € AT
| (B) y where v = (y) y ¢ AT y € V| (outside) z where v = (z) z ¢ V
by (cases v) auto
then show d-IN (capacity U) v # T V d-OUT (capacity ¥) v # T
proof cases
case source thus ?thesis by (simp add: d-IN-def)
next
case (4 z)
thus ?thesis using capacity-A-weight|of z] by (auto simp: top-unique en-
nreal-mult-eq-top-iff)
next
case (B y)
have d-IN (capacity ¥) v < (3. z. h 0 (inner z, y) * indicator (range
Inner) x + weight T b x indicator {SOURCE} z)
using B bipartite-V
by (auto 4 4 introl: nn-integral-mono simp add: diff-le-self-ennreal d-IN-def
notin-range-Inner nn-integral-count-space-indicator currentD-outside[OF h] split:
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split-indicator dest: bipartite-F)
also have ... = (3_* z€range Inner. h 0 (inner z, y)) + weight T b
by(simp add: nn-integral-add nn-integral-count-space-indicator)
also have (. " z€range Inner. h 0 (inner x, y)) = d-IN (h 0) y
by (simp add: d-IN-def nn-integral-count-space-reindex)
also have d-IN (h 0) y < weight T’ y using h by(rule currentD-weight-IN)
finally show ?thesis by(auto simp add: top-unique add-right-mono split:
if-split-asm)
next
case outside
hence d-OUT (capacity ¥) v = 0 using A-vertex
by(auto simp add: d-OUT-def nn-integral-0-iff-AE AE-count-space cap-def
vertez-def split: vertex.split)
thus ?thesis by simp
qed
next
show capacity ¥ e # T for e
by(auto simp add: cap-def maz-def vertez-def currentD-finite[OF h] split:
vertez.split prod.split)
show capacity U e = 0 if e ¢ Ey for e using that
by (auto simp add: cap-def max-def split: prod.split; split vertex.split)+
show — edge U z (source ¥) for z using b by(auto simp add: B-out)
show — edge ¥ z z for z by(cases z)(simp-all add: no-loop)
show source ¥ # sink ¥ by simp
qed
then interpret V: flow-attainability ¥ .
define oo where o = (SUP fe{f. flow ¥ f}. value-flow ¥ f)

define f
where f n zoyo =
(case zoyo of
((z), (y)) = if edge T z y then h 0 (z, y) — h n (x, y) else if edge T y = then
hn(y, z) — h 0 (y, x) else 0
| (SOURCE, (y)) = if y = b then d-IN (hn) b — d-IN (h 0) b else 0
| ((z), SINK) = ifx € AT then d-OUT (hn) x — d-OUT (h 0) z else 0
| (SINK, (y)) = ify € AT then d-OUT (h 0) y — d-OUT (h n) y else 0
| - = 0) for n zoyo
have f-cases: thesis if Nz y. e = ((z), (y)) = thesis \y. e = (SOURCE, (y))
= thesis
Nz. e = ((z), SINK) = thesis N\y. e = (SINK, (y)) = thesis e = (SINK,
SINK) = thesis
Nzo. e = (xo, SOURCE) = thesis e = (SOURCE, SINK) = thesis
for e :: 'v vertex edge and thesis
using that by(cases e; cases fst e snd e rule: vertex.exhaust|[case-product ver-
tex.ezhaust]) simp-all
have f-simps [simp]:
fn{{z), {y) = (if edge T = y then h 0 (z, y) — hn (z, y) else if edge T y x
then h n (y, ) — h 0 (y, x) else 0)
fn (SOURCE, (y)) = (if y = b then d-IN (h n) b — d-IN (h 0) b else 0)
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fn (z), SINK) = (if v € AT then d-OUT (hn) z — d-OUT (h 0) z else 0)
fn (SINK, (y)) = (ify € AT then d-OUT (h 0) y — d-OUT (h n) y else 0)
fn (SOURCE, SINK) = 0
fn (SINK, SINK) = 0
fn (zo, SOURCE) = 0
for n z y zo by(simp-all add: f-def split: vertex.split)
have OUT-f-SOURCE: d-OUT (f n) SOURCE = d-IN (hn) b — d-IN (h 0) b
for n
proof (rule trans)
show d-OUT (f n) SOURCE = (3. % y. fn (SOURCE, y) * indicator {{b)}
y) unfolding d-OUT-def
apply(rule nn-integral-cong) subgoal for x by(cases z) auto done

show ... = d-IN (hn) b — d-IN (h 0) b using h0-b[of n]
by (auto simp add: maz-def)
qed

have OUT-f-outside: d-OUT (fn) (z) = 0 if ¢ V for z n using A-vertez that
apply(clarsimp simp add: d-OUT-def nn-integral-0-iff emeasure-count-space-eq-0)
subgoal for y by(cases y)(auto simp add: vertez-def)
done
have IN-f-outside: d-IN (fn) (z) = 0 if x ¢ V for x n using b-V that
apply(clarsimp simp add: d-IN-def nn-integral-0-iff emeasure-count-space-eq-0)
subgoal for y by(cases y)(auto simp add: currentD-outside-OUT|[OF h] ver-
tez-def)
done

have f: flow ¥ (f n) for n
proof
show f-le: fn e < capacity ¥ e for e
using currentD-weight-out[OF h] currentD-weight-IN[OF h] currentD-weight-OUT[OF
h]
by (cases e rule: f-cases)
(auto dest: edge-antiparallel simp add: not-le le-max-iff-disj intro: en-
nreal-minus-mono ennreal-diff-le-mono-left)

fix zo
assume zo # source ¥ xo # sink ¥
then consider (A) z where zo = () z € AT | (B) z where zo = (z) z €
BTl zeV
| (outside) x where zo = (z) x ¢ V using bipartite-V by(cases zo) auto
then show KIR (f n) zo
proof cases
case outside
thus %thesis by (simp add: OUT-f-outside IN-f-outside)
next
case A

have finitel: (3. y. hn (z, y) = indicator A y) # T for A n
using currentD-finite-OUT[OF h, of n x, unfolded d-OUT-def]
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by (rule neg-top-trans)(auto introl: nn-integral-mono simp add: split: split-indicator)

let ?h0-ge-hn = {y. h 0 (z, y) > hn (z, y)}
let ?h0-lt-hn = {y. h 0 (x, y) < hn (z, y)}

have d-OUT (fn) {z) = O_ T y. fn ({x), y) * indicator (range Inner) y +
fn ((z), y) * indicator {SINK} y)
unfolding d-OUT-def by(intro nn-integral-cong)(auto split: split-indicator
simp add: notin-range-Inner)
also have ... = (3T yerange Inner. fn ((z), y)) + fn ({z), SINK)
by (simp add: nn-integral-add nn-integral-count-space-indicator maz.left-commute
maz.commute)
also have (> ™ yerange Inner. fn ((z), y)) = 3" y. h 0 (z, y) — hn (=,
y)) using A
apply(simp add: nn-integral-count-space-reindex cong: nn-integral-cong-simp
outgoing-def)
apply(auto simp add: nn-integral-count-space-indicator outgoing-def A-in
maz.absorbl currentD-outside]OF h| introl: nn-integral-cong split: split-indicator
dest: edge-antiparallel)
done
also have ... = (31 y. h 0 (z, y) * indicator ?h0-ge-hn y) — O+ y. hn
(z, y) * indicator 2h0-ge-hn y)
apply(subst nn-integral-diff [symmetric])
apply(simp-all add: AE-count-space finitel split: split-indicator)
apply (rule nn-integral-cong; auto simp add: maz-def not-le split: split-indicator)
by (metis diff-eq-0-ennreal le-less not-le top-greatest)
also have (3" y. h n (z, y) x indicator ?h0-ge-hn y) = d-OUT (h n) x —
O°* y. hon (z, y) * indicator Zh0-It-hn y)
unfolding d-OUT-def
apply (subst nn-integral-diff [symmetric])
apply(auto simp add: AE-count-space finitel currentD-finite[OF h] split:
split-indicator introl: nn-integral-cong)
done
also have (3.7 y. h 0 (z, y) * indicator ?h0-ge-hn y) — ... + fn ((z),
SINK) =
>> T y. h 0 (z, y) * indicator ?h0-ge-hn y) + (O 1 y. hn (x, y) * indicator
?h0-lt-hn y) — min (d-OUT (h n) z) (d-OUT (h 0) z)
using finitel [of n {-}] A finitel[of n UNIV]
apply (subst diff-diff-ennreal’)
apply (auto simp: d-OUT-def finitel A E-count-space nn-integral-diff [symmetric]
top-unique nn-integral-add[symmetric]
split: split-indicator introl: nn-integral-mono ennreal-diff-self)
apply (simp add: min-def not-le diff-eq-0-ennreal finitel less-top[symmetric))
apply (subst diff-add-assoc2-ennreal)
apply (auto simp: add-diff-eq-ennreal intro!: nn-integral-mono split: split-indicator)
apply (subst diff-diff-commute-ennreal)
apply (simp add: ennreal-add-diff-cancel )
done
also have ... = (31 y. hn (z, y) * indicator ?h0-lt-hn y) — (d-OUT (h 0)
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z— (0T y. h 0 (z,y) * indicator ?h0-ge-hn y)) + fn (SINK, (x))
apply(rule sym)
using finitel[of 0 {-}] A finitel[of 0 UNIV]
apply (subst diff-diff-ennreal’)
apply (auto simp: d-OUT-def finitel A E-count-space nn-integral-diff [symmetric]
top-unique nn-integral-add[symmetric)
split: split-indicator intro!: nn-integral-mono ennreal-diff-self)
apply (simp add: min-def not-le diff-eq-0-ennreal finitel less-topsymmetric])
apply (subst diff-add-assoc2-ennreal)
apply (auto simp: add-diff-eq-ennreal intro!: nn-integral-mono split: split-indicator)
apply (subst diff-diff-commute-ennreal)
apply (simp-all add: ennreal-add-diff-cancel ac-simps)
done
also have d-OUT (h 0) z — (3t y. h 0 (z, y) = indicator ?h0-ge-hn y) =
(>>F y. h 0 (z, y) * indicator ?h0-lt-hn y)
unfolding d-OUT-def
apply(subst nn-integral-diff [symmetric])
apply(auto simp add: AE-count-space finitel currentD-finite[OF h] split:
split-indicator introl: nn-integral-cong)
done
also have (3. " y. h n (z, y) * indicator ?h0-lt-hn y) — ... = O " y. hn
(l” y) —ho (I7 y))
apply(subst nn-integral-diff [symmetric])
apply(simp-all add: AE-count-space finitel order.strict-implies-order split:
split-indicator)
apply (rule nn-integral-cong; auto simp add: currentD-finite[OF h] top-unique
less-top[symmetric] not-less split: split-indicator introl: diff-eq-0-ennreal)
done
also have ... = (3_* yerange Inner. fn (y, (z))) using A
apply(simp add: nn-integral-count-space-reindex cong: nn-integral-cong-simp
outgoing-def)
apply(auto simp add: nn-integral-count-space-indicator outgoing-def A-in
maz.commute currentD-outside[OF h] introl: nn-integral-cong split: split-indicator
dest: edge-antiparallel)
done
also have ... + fn (SINK, (z)) = (3" y. fn (y, (z)) x indicator (range
Inner) y + fn (y, (z)) * indicator {SINK} y)
by (simp add: nn-integral-add nn-integral-count-space-indicator)
also have ... = d-IN (f n) (z)
using A b disjoint unfolding d-IN-def
by (intro nn-integral-cong)(auto split: split-indicator simp add: notin-range-Inner)
finally show ?thesis using A by simp
next
case (B 1)

have finitel: (3_% y. hn (y, z) * indicator A y) # T for A n

using currentD-finite-IN[OF h, of n x, unfolded d-IN-def]
by (rule neg-top-trans)(auto intro!: nn-integral-mono split: split-indicator)
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have finite-h[simp]: h n (y, ) < T for y n
using finitel [of n {y}] by (simp add: less-top)

let ?h0-gt-hn = {y. h 0 (y, z) > h n (y, z)}
let ?h0-le-hn = {y. h 0 (y, ) < hn (y, z)}

have eq: d-IN (h 0) x + fn (SOURCE, (z)) = d-IN (hn) z
proof(cases z = b)
case True with currentD-finite-IN[OF h, of - b] show ?thesis
by (simp add: add-diff-self-ennreal h0-b)
next
case Fulse
with B SAT have z € SAT T' (hn) x € SAT T (h 0) by auto
with B disjoint have d-IN (h n) x = d-IN (h 0) z by(auto simp add:
currentD-SAT[OF h))
thus ?thesis using False by (simp add: currentD-finite-IN[OF h])
qed

have d-IN (fn) (z) = . y. fn (y, (z)) * indicator (range Inner) y + fn
(y, (x)) * indicator {SOURCE} y)
using B disjoint unfolding d-IN-def
by (intro nn-integral-cong)(auto split: split-indicator simp add: notin-range-Inner)
also have ... = (3.1 yerange Inner. f n (y, (z))) + fn (SOURCE, (z))
using h0-b[of n]
by (simp add: nn-integral-add nn-integral-count-space-indicator mazx-def)
also have (Y. ™ yerange Inner. fn (y, (z))) = " y. h 0 (y, x) — h n (y,
z))
using B disjoint
apply(simp add: nn-integral-count-space-reindex cong: nn-integral-cong-simp
outgoing-def)
apply(auto simp add: nn-integral-count-space-indicator outgoing-def B-out
maz.commute currentD-outside]OF h] introl: nn-integral-cong split: split-indicator
dest: edge-antiparallel)
done
also have ... = (37 y. h 0 (y, x) * indicator ?h0-gt-hn y) — O y. h n
(y, ) x indicator ?h0-gt-hn y)
apply (subst nn-integral-diff [symmetric])
apply(simp-all add: AE-count-space finitel order.strict-implies-order split:
split-indicator)
apply (rule nn-integral-cong; auto simp add: currentD-finite[OF h] top-unique
less-top[symmetric] not-less split: split-indicator introl: diff-eq-0-ennreal)
done
also have eq-h-0: (3. y. h 0 (y, x) * indicator ?h0-gt-hn y) = d-IN (h 0)
z— (01 y. h 0 (y, ©) % indicator ?h0-le-hn y)
unfolding d-IN-def
apply (subst nn-integral-diff [symmetric])
apply(auto simp add: AE-count-space finitel currentD-finite[OF h] split:
split-indicator introl: nn-integral-cong)
done
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also have eq-h-n: (3.7 y. h n (y, z) * indicator ?h0-gt-hn y) = d-IN (h n)
z— O°F y. hn (y, z) x indicator 2h0-le-hn y)
unfolding d-IN-def
apply (subst nn-integral-diff [symmetric])
apply(auto simp add: AE-count-space finitel currentD-finite[OF h] split:
split-indicator introl: nn-integral-cong)
done
also have d-IN (h 0) x — (3. y. h 0 (y, x) * indicator ?h0-le-hn y) — (d-IN
(hn)z — O°F y. hn (y, z) x indicator ?h0-le-hn y)) + fn (SOURCE, (z)) =
> * y. hn (y, z) * indicator ?h0-le-hn y) — (3T y. h 0 (y, z) *
indicator ?h0-le-hn y)
apply (subst diff-add-assoc2-ennreal)
subgoal by (auto simp add: eg-h-0[symmetric] eq-h-n[symmetric] split:
split-indicator introl: nn-integral-mono)
apply (subst diff-add-assoc2-ennreal)
subgoal by (auto simp: d-IN-def split: split-indicator intro!: nn-integral-mono)
apply (subst diff-diff-commute-ennreal)
apply (subst diff-diff-ennreal’)
subgoal
by (auto simp: d-IN-def split: split-indicator introl: nn-integral-mono) ||
subgoal
unfolding eg-h-n[symmetric]
by (rule add-increasing?2)
(auto simp add: d-IN-def split: split-indicator introl: nn-integral-mono)
apply (subst diff-add-assoc2-ennreal[symmetric])
unfolding eq
using currentD-finite-IN[OF h]
apply simp-all
done
also have (31 y. h n (y, ) * indicator ?h0-le-hn y) — 3T y. h 0 (y, z)
x indicator Zh0-le-hn y) = O T y. hn (y, z) — h 0 (y, x))
apply (subst nn-integral-diff [symmetric])
apply(simp-all add: AE-count-space max-def finitel split: split-indicator)
apply(rule nn-integral-cong; auto simp add: not-le split: split-indicator)
by (metis diff-eq-0-ennreal le-less not-le top-greatest)
also have ... = (3. yerange Inner. f n ((z), y)) using B disjoint
apply(simp add: nn-integral-count-space-reindex cong: nn-integral-cong-simp
outgoing-def)
apply(auto simp add: B-out currentD-outside[OF h| mazx.commute intro!:
nn-integral-cong split: split-indicator dest: edge-antiparallel)
done
also have ... = (3_ " y. fn ((z), y) * indicator (range Inner) y)
by (simp add: nn-integral-add nn-integral-count-space-indicator maz.left-commute
maz.commute)
also have ... = d-OUT (f n) (z) using B disjoint
unfolding d-OUT-def by(intro nn-integral-cong)(auto split: split-indicator
simp add: notin-range-Inner)
finally show ?thesis using B by(simp)
qed
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qed

have weight I' b — d-IN (h 0) b = (SUP n. value-flow ¥ (f n))
using OUT-f-SOURCE currentD-finite-IN[OF h, of 0 b] IN
by (simp add: SUP-diff-ennreal less-top)
also have (SUP n. value-flow ¥ (f n)) < « unfolding «-def
apply(rule SUP-least)
apply(rule SUP-upper)
apply(simp add: f)
done
also have a < weight T' b — d-IN (h 0) b unfolding «-def
proof(rule SUP-least; clarsimp)
fix f
assume [: flow ¥ f
have d-OUT f SOURCE = (3. " y. f (SOURCE, y) * indicator {(b)} v)
unfolding d-OUT-def
apply(rule nn-integral-cong)
subgoal for z using flowD-capacity|OF f, of (SOURCE, x)]
by (auto split: split-indicator)
done
also have ... = f (SOURCE, (b)) by(simp add: maz-def)
also have ... < weight T b — d-IN (h 0) b using flowD-capacity[OF f, of
(SOURCE, (b))] by simp
finally show d-OUT f SOURCE < ... .
qed
ultimately have a: o = weight T' b — d-IN (h 0) b by(rule antisym[rotated])
hence a-finite: « # T by simp

from V.ez-maz-flow
obtain g where g: flow ¥ ¢
and wvalue-g: value-flow ¥ g = «
and IN-g: Az. d-IN g x < value-flow ¥ ¢g unfolding «-def by blast

have g-le-h0: g ((z), (y)) < h 0 (z, y) if edge T z y for z y
using flowD-capacity|OF g, of ({z), (y))] that by simp
note [simp] = U.flowD-finite| OF g]

have ¢-SOURCE: g (SOURCE, (z)) = (if x = b then « else 0) for z
proof(cases x = b)
case True
have g (SOURCE, (z)) = (3. " y. ¢ (SOURCE, y) * indicator {(z)} y) by(simp
add: maz-def)
also have ... = value-flow ¥ g unfolding d-OUT-def using True
by (intro nn-integral-cong)(auto split: split-indicator intro: U.flowD-outside[OF
gl)
finally show ?thesis using value-g by(simp add: True)
qed(simp add: V.flowD-outside[OF g])

let 7g = Az, y). g ((y), (7))
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define ' where h/ = h 0 @ %g
have h'-simps: h' (z, y) = (if edge T z y then h 0 (z, y) + g ({v), (x)) — g ({z),
(y)) else 0) for z y
by (simp add: h'-def)

have OUT-h'-B [simp]: d-OUT h' z = 0 if x € BT for z using that unfolding
d-OUT-def
by (simp add: nn-integral-0-iff emeasure-count-space-eq-0)(simp add: h'-simps
B-out)
have IN-h'-A [simp]: d-IN h' z = 0 if © € AT for z using that unfolding
d-IN-def
by (simp add: nn-integral-0-iff emeasure-count-space-eq-0)(simp add: h'-simps
A-in)
have h'-outside: h' e = 0 if e ¢ E for e unfolding h’-def using that by(rule
plus-flow-outside)
have OUT-h'-outside: d-OUT h' z = 0 and IN-h’-outside: d-IN h' xz = 0 if z ¢
V for z using that
by (auto simp add: d-OUT-def d-IN-def nn-integral-0-iff emeasure-count-space-eq-0
vertex-def intro: h'-outside)

have ¢-le-OUT: g (SINK, (z)) < d-OUT g () for z
by (subst flowD-KIR[OF g|) (simp-all add: d-IN-ge-point)

have OUT-g-A: d-OUT ?g z = d-OUT g (z) — g (SINK, (z)) if z € AT for x
proof —
have d-OUT ?g x = (3. T y€range Inner. g (y, (z)))
by (simp add: nn-integral-count-space-reindex d-OUT-def)
also have ... = d-IN g (z) — O°%" y. g (y, (z)) * indicator {SINK} y)
unfolding d-IN-def
using that b disjoint flowD-capacity|OF g, of (SOURCE, (x))]
by (subst nn-integral-diff [symmetric])
(auto simp add: nn-integral-count-space-indicator notin-range-Inner maz-def
introl: nn-integral-cong split: split-indicator if-split-asm)

also have ... = d-OUT g (z) — g (SINK, (z)) by(simp add: flowD-KIR[OF
g] maz-def)
finally show ?thesis .
qed

have IN-g-A: d-IN %9 © = d-OUT g (z) — g ((z), SINK) if z € AT for x
proof —
have d-IN ?g x = (3. * yerange Inner. g ({z), y))
by (simp add: nn-integral-count-space-reindex d-IN-def)
also have ... = d-OUT g (z) — (O_ " y. g ({(z), y) * indicator {SINK} y)
unfolding d-OUT-def
using that b disjoint flowD-capacity|OF ¢, of ((z), SOURCE)]
by (subst nn-integral-diff [symmetric])
(auto simp add: mn-integral-count-space-indicator notin-range-Inner maz-def
intro: nn-integral-cong split: split-indicator if-split-asm)
also have ... = d-OUT g (z) — g ({(z), SINK) by(simp add: maz-def)
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finally show ?thesis .
qed
have OUT-g¢-B: d-OUT %g x = d-IN g (z) — g (SOURCE, (z)) if v € BT for z
proof —
have d-OUT ?g x = (3. T y€range Inner. g (y, (z)))
by (simp add: nn-integral-count-space-reindex d-OUT-def)
also have ... = d-IN g (z) — (3. y. g (y, (z)) * indicator {SOURCE} y)
unfolding d-IN-def
using that b disjoint flowD-capacity|OF g, of (SINK, (x))]
by (subst nn-integral-diff [symmetric])
(auto simp add: nn-integral-count-space-indicator notin-range-Inner maz-def
introl: nn-integral-cong split: split-indicator if-split-asm)

also have ... = d-IN g (z) — g (SOURCE, (z)) by(simp add: max-def)
finally show ?thesis .

qed

have IN-¢g-B: d-IN ?g x = d-OUT g (x) if x € BT for z

proof —

have d-IN ?g z = (3_* yerange Inner. g ({z), y))
by (simp add: nn-integral-count-space-reindex d-IN-def)
also have ... = d-OUT g (z) unfolding d-OUT-def using that disjoint
by(auto 4 3 simp add: nn-integral-count-space-indicator notin-range-Inner
introl: nn-integral-cong V.flowD-outside[OF g| split: split-indicator)
finally show ?thesis .
qed

have finite-g-IN: d-IN ?g x # T for = using «a-finite
proof(rule neg-top-trans)
have d-IN ?g z = (3. yerange Inner. g ({z), y))
by (auto simp add: d-IN-def nn-integral-count-space-reindex)
also have ... < d-OUT g (z) unfolding d-OUT-def
by (auto simp add: nn-integral-count-space-indicator introl: nn-integral-mono
split: split-indicator)
also have ... = d-IN g (z) by(rule flowD-KIR[OF g]) simp-all
also have ... < «a using IN-g value-g by simp
finally show d-IN %9 xz < « .
qed

have OUT-h'-A: d-OUT h' x = d-OUT (h 0) z + g ({z), SINK) — g (SINK,
(z))ifz € AT for z
proof —
have d-OUT b’ z = d-OUT (h 0) z + (O_ 7 y. %9 (z, y) * indicator E (z, y))
— =1 y. %9 (y, ) * indicator E (z, y))
unfolding h'-def
apply(subst OUT-plus-flow[of T h 0 ?g, OF currentD-outside’|OF h]])
apply(auto simp add: g-le-h0 finite-g-IN)
done
also have (3.1 y. %9 (z, y) * indicator E (z, y)) = d-OUT %9 z unfolding
d-OUT-def using that
by (auto simp add: A-in split: split-indicator intro!: nn-integral-cong U.flowD-outside[ OF
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9))
also have ... = d-OUT g (z) — g (SINK, (z)) using that by(rule OUT-g-A)

also have (3.1 y. %9 (y, ) * indicator E (z, y)) = d-IN ?g z using that
unfolding d-IN-def
by (auto simp add: A-in split: split-indicator intro!: nn-integral-cong U.flowD-outside[ OF
gl)
also have ... = d-OUT g () — g ({z), SINK) using that by(rule IN-g-A)
also have d-OUT (h 0) z + (d-OUT g (z) — g (SINK, (z))) — ... = d-OUT
(h 0) z + g ((z), SINK) — g (SINK, (z))
apply(simp add: g-le-OUT add-diff-eq-ennreal d-OUT-ge-point)
apply (subst diff-diff-commute-ennreal)
apply(simp add: add-increasing d-OUT-ge-point g-le-OUT diff-diff-ennreal’)
apply (subst add.assoc)
apply(subst (2) add.commute)
apply (subst add.assoc[symmetric])
apply (subst ennreal-add-diff-cancel-right)
apply (simp-all add: V.flowD-finite-OUT[OF g])
done
finally show ?thesis .
qed

have finite-g-OUT: d-OUT %g x # T for z using a-finite
proof(rule neg-top-trans)
have d-OUT ?g x = (3. T y€range Inner. g (y, (z)))
by (auto simp add: d-OUT-def nn-integral-count-space-reindex)
also have ... < d-IN g (z) unfolding d-IN-def
by(auto simp add: nn-integral-count-space-indicator introl: nn-integral-mono
split: split-indicator)
also have ... < « using IN-g value-g by simp
finally show d-OUT %9z < « .
qed

have IN-h'-B: d-IN h' x = d-IN (h 0) z + g (SOURCE, (z)) if € BT for «
proof —
have g-le: ¢ (SOURCE, (z)) < d-IN g (z)
by (rule d-IN-ge-point)

have d-INh'z = d-IN (h 0) z + 3. y. g ((z), {y)) * indicator E (y, z)) —
(S* 3. g ({9), () * indicator B (y, 1))
unfolding h’-def
by (subst IN-plus-flow[of T h 0 ?g, OF currentD-outside'|OF h]])
(auto simp add: g-le-h0 finite-g-OUT)
also have (3. y. g ((z), (y)) * indicator E (y, z)) = d-IN ?g z unfolding
d-IN-def using that
by (intro nn-integral-cong)(auto split: split-indicator intro!: . flowD-outside| OF
g] simp add: B-out)
also have ... = d-OUT g (z) using that by(rule IN-g-B)
also have (3. y. g ((y), (z)) * indicator E (y, z)) = d-OUT ?g z unfolding
d-OUT-def using that
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by (intro nn-integral-cong)(auto split: split-indicator introl: U.flowD-outside[OF
g] simp add: B-out)
also have ... = d-IN g (z) — g (SOURCE, (z)) using that by(rule OUT-g-B)
also have d-IN (h 0) z + d-OUT g (z) — ... = d-IN (h 0) z + g (SOURCE,
(z))
using V. flowD-finite-IN[OF g] g-le
by(cases d-IN (h 0) z; cases d-IN g (x); cases d-IN g (z); cases g (SOURCE,

()
(auto simp: flowD-KIR|OF g] top-add ennreal-minus-if ennreal-plus-if simp
del: ennreal-plus)
finally show ?thesis .
qed

have h': current T' h'
proof
fix x
consider (A) z € AT | (B) z € BT | (outside) © ¢ V using bipartite-V by
auto
note cases = this

show d-OUT h' x < weight T x
proof (cases rule: cases)
case A
then have d-OUT h' z = d-OUT (h 0) =z + g ((z), SINK) — g (SINK, (z))
by (simp add: OUT-h'-A)
also have ... < d-OUT (h 0) z + g ({z), SINK) by(rule diff-le-self-ennreal)
also have g ((z), SINK) < weight T' x — d-OUT (h 0) x
using flowD-capacity|OF g, of ((z), SINK)] A by simp
also have d-OUT (h 0) z + ... = weight T
by (simp add: add-diff-eq-ennreal add-diff-inverse-ennreal currentD-finite-OUT[OF
h] currentD-weight-OUT|[OF h)
finally show ?thesis by(simp add: add-left-mono)
qed(simp-all add: OUT-h'-outside )

show d-IN b/ z < weight T z
proof (cases rule: cases)

case B
hence d-IN h' z = d-IN (h 0) z + g (SOURCE, (z)) by(rule IN-h'-B)
also have ... < weight I' x

by (simp add: g-SOURCE « currentD-weight-IN[OF h] add-diff-eq-ennreal
add-diff-inverse-ennreal currentD-finite-IN[OF h])
finally show ?thesis .
qed(simp-all add: IN-h’-outside)
next
show h' e = 0 if e ¢ E for e using that by(simp split: prod.split-asm add:
h'-simps)
qed
moreover

have SAT-h. BT NV C SATT h'
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proof
show 2z € SAT T' b/ if x € BT NV for z using that
proof(cases z = b)
case True
have d-IN I/ z = weight I’ z using that True
by (simp add: IN-h'-B g-SOURCE « currentD-weight-IN[OF h] add-diff-eq-ennreal
add-diff-inverse-ennreal currentD-finite-IN[OF h])
thus %thesis by (simp add: SAT .simps)
next
case False
have d-IN h'/ © = d-IN (h 0) z using that False by(simp add: IN-h’-B
g-SOURCE)
also have ... = weight I' x
using SAT[of 0, THEN subsetD, of =] False that currentD-SAT[OF h, of x
0] disjoint by auto
finally show ?thesis by(simp add: SAT.simps)
qed
qed
moreover
have wave T' b’
proof
have separating T (BT N V)
proof
fixzyp
assume z: x € AT and y: y€ BTl and p: pathT zp y
hence Nil: p # [| using disjoint by (auto simp add: rtrancl-path-simps)
from rtrancl-path-last|OF p Nil] last-in-set|OF Nil] y rtrancl-path-Range[ OF
p, of y]
show (Fzeset p. z€ BT N'V)Vxe BT NV by(auto intro: vertezl2)
qed
moreover have TER: BT NV C TER h’ using SAT-h’ by(auto simp add:
SINK)
ultimately show separating I' (TER h') by(rule separating-weakening)
qed(rule h')
ultimately show #¢thesis by blast
qed

end

lemma countable-bipartite-web-reduce-weight:
assumes weight I' x > w
shows countable-bipartite-web (reduce-weight T' z w)
using bipartite-V A-vertex bipartite-E disjoint assms
by unfold-locales (auto 4 8 simp add: weight-outside )

lemma unhinder: — Lemma 6.9
assumes loose: loose T’
and b: be BT

and wb: weight I' b > 0
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and 6: § > 0

shows Je>0. ¢ < § A = hindered (reduce-weight T' b €)
proof (rule ccontr)

assume — ?thesis

hence hindered: hindered (reduce-weight T' b €) if € > 0 & < ¢ for ¢ using that
by simp

from b disjoint have bnAd: b ¢ AT by blast

define wb where wb = enn2real (weight T' b)
have wb-conv: weight T' b = ennreal wb by (simp add: wb-def less-top[symmetric])
have wb-pos: wb > 0 using wb by (simp add: wb-conv)

define ¢ where ¢ n = min § wb / (n + 2) for n :: nat
have c-pos: € n > 0 for n using wb-pos § by(simp add: e-def)
have e-nonneg: 0 < ¢ n for n using e-pos|of n| by simp
have x: ¢ n < min wb 6 / 2 for n using wb-pos &
by (auto simp add: e-def field-simps min-def)
have e-le: ¢ n < wb and e-less: € n < wb and e-less-0: ¢ n < § and e-le”: € n
< wb / 2 for n
using x[of n| e-pos[of n] by (auto)

define I'" where I'' n = reduce-weight I' b (¢ n) for n :: nat
have I'’-sel [simp]:

edge (' n) = edge T

AT n)=AT

B('n)=BT

weight (T''' n) x = weight T' © — (if £ = b then € n else 0)

essential (I'' n) = essential T

roofed-gen (I'' n) = roofed-gen T

for n z by(simp-all add: T’'-def)

have vertez-I'' [simp]: vertex (T'' n) = vertex T for n
by (simp add: vertex-def fun-eq-iff)

from wb have b € V using weight-outside[of b] by(auto intro: ccontr)

interpret I'": countable-bipartite-web I'' n for n unfolding I'’-def

using wb-pos by (intro countable-bipartite-web-reduce-weight)(simp-all add: wb-conv
e-le e-nonneg)

obtain g where g: An. current (I'' n) (g n)

and w: An. wave (I'' n) (g n)

and hind: An. hindrance (I'' n) (g n) using hindered[OF e-pos, unfolded
wb-conv ennreal-less-iff, OF e-less-0)

unfolding hindered.simps I''-def by atomize-elim metis
from g have ¢I': current I (g n) for n

by (rule current-weight-mono)(auto simp add: e-nonneg diff-le-self-ennreal)
note [simp] = currentD-finite] OF g
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have b-TER: b € TER,,, (g n) for n
proof(rule ccontr)
assume b" b ¢ TERp/, (g n)
then have TER: TERp/ , (9 n) = TER (g n) using b e-nonneg[of n]
by (auto simp add: SAT.simps split: if-split-asm intro: ennreal-diff-le-mono-left)
from wlof n] TER have wave T' (g n) by(simp add: wave.simps separat-
ing-gen.simps)
moreover have hindrance I' (g n) using hind[of n] TER bnA b’
by (auto simp add: hindrance.simps split: if-split-asm)
ultimately show False using loose-unhindered[OF loose] ¢T'|of n] by(auto
intro: hindered.intros)
qed

have IN-g-b: d-IN (g n) b = weight T' b — € n for n using b-TER[of n] bnA
by (auto simp add: currentD-SAT[OF g])

define factor where factor n = (wb — € 0) / (wb — ¢ n) for n
have factor-le-1: factor n < 1 for n using wb-pos § e-less|of n]
by (auto simp add: factor-def field-simps e-def min-def)
have factor-pos: 0 < factor n for n using wb-pos § * e-less by(simp add:
factor-def field-simps)
have factor: (wb — € n) * factor n = wb — € 0 for n using e-less[of n]
by (simp add: factor-def field-simps)

define ¢’ where ¢’ = (An (z, y). if y = b then g n (z, y) * factor n else g n (z,
y))
have g’-simps: ¢’ n (z, y) = (if y = b then g n (z, y) * factor n else g n (z, y))
for n z y by(simp add: g’-def)
have g’-le-g: ¢’ n e < g n e for n e using factor-le-1|[of n]
by(cases e g n e rule: prod.exhaust[case-product ennreal-cases])
(auto simp add: g'-simps field-simps mult-left-le)

have / + (n % 6 + n *x (n % 2)) # (0 :: real) for n :: nat
by(metis (mono-tags, opaque-lifting) add-is-0 of-nat-eq-0-iff of-nat-numeral
zero-neg-numeral)
then have IN-g”: d-IN (g’ n) © = (if x = b then weight T b — £ 0 else d-IN (g
n) z) for z n
using b-TER[of n] bnA factor-pos|of n] factor|of n| wb-pos §
by(auto simp add: d-IN-def g’-simps nn-integral-divide nn-integral-cmult cur-
rentD-SAT[OF g] wb-conv e-def field-simps
ennreal-minus ennreal-mult’[symmetric] intro!: arg-cong[where
f=ennreal])
have OUT-¢" d-OUT (¢’ n) x = d-OUT (g n) x — gn (z, b) * (I — factor n)
for n z
proof —
have d-OUT (¢'n) 2= X" y. gn (2, 9) — (X7 v (gn (z, y) x (1 -
factor n)) x indicator {b} y)
using factor-le-1[of n] factor-pos|of n|
apply(cases g n (z, b))
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apply (subst nn-integral-diff [symmetric])
apply(auto simp add: g'-simps nn-integral-divide d-OUT-def AE-count-space
mult-left-le ennreal-mult-eq-top-iff
ennreal-mult’[symmetric] ennreal-minus-if
introl: nn-integral-cong split: split-indicator)
apply(simp-all add: field-simps)

done
also have ... = d-OUT (gn) z — gn (z, b) * (1 — factor n) using factor-le-1[of
n]
by (subst nn-integral-indicator-singleton)(simp-all add: d-OUT-def field-simps)
finally show ?%thesis .
qed

have g” current (I' 0) (¢’ n) for n
proof
show d-OUT (¢’ n) = < weight (I'" 0) z for z
using b-TER][of n] currentD-weight-OUT[OF g, of n z] e-le[of 0] factor-le-1[of
)
by (auto simp add: OUT-g’ SINK .simps ennreal-diff-le-mono-left)
show d-IN (¢’ n) z < weight (I'' 0) = for z
using d-IN-monoof g’ n x, OF g'-le-g] currentD-weight-IN[OF g, of n ]
b-TER[of n] b
by (auto simp add: IN-g' SAT.simps wb-conv e-def)
show g’ n e = 0 if e ¢ Ep/ , for e using that by(cases e)(clarsimp simp add:
g’-simps currentD-outside[ OF g|)
qged

have SINK-g”: SINK (g n) = SINK (g’ n) for n using factor-pos|[of n]
by (auto simp add: SINK .simps currentD-OUT-eq-0[OF g] currentD-OUT-eq-0[OF
g’ g’-simps split: if-split-asm)
have SAT-g": SAT (T'' n) (g n) = SAT (T’ 0) (¢’ n) for n using b-TER]of n|
e-le’lof 0]
by (auto simp add: SAT.simps wb-conv IN-g’ IN-g-b)
have TER-g" TER:/, (g n) = TERp: , (g’ n) for n
using b-TER[of n| by(auto simp add: SAT.simps SINK-g' OUT-g' IN-g’
wh-conv e-def)

have w’”: wave (I'" 0) (g’ n) for n
proof
have separating (I'' 0) (TERp/ ,, (g n)) using waveD-separating[OF w, of n]
by (simp add: separating-gen.simps)
then show separating (I'" 0) (TERp/ ;5 (9’ n)) unfolding TER-g’ .
qed(rule g’)

define f where f = rec-nat (g 0) (An rec. rec ~pr g’ (n + 1))
have f-simps [simp]:

fO0=gqg0

f(Sucn)=fn~prgg' (n+1)

for n by(simp-all add: f-def)
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have f: current (I'' 0) (f n) and fw: wave (I'' 0) (f n) for n
proof (induction n)
case (Suc n)
{ case 1 show ?case unfolding f-simps using Suc.IH ¢' by (rule current-plus-web)

}

}
qed(simp-all add: g w)

{ case 2 show ?case unfolding f-simps using Suc.IH g’ w’ by (rule wave-plus’)

have f-inc: n < m = fn < fm for nm
proof (induction m rule: dec-induct)
case (step k)
note step.IH
also have fk < (fk ~p/ 59" (k+ 1))
by (rule le-funl plus-web-greater)+

also have ... = f (Suc k) by simp
finally show ?case .
qed simp

have chain-f: Complete-Partial-Order.chain (<) (range f)
by (rule chain-imagel[where le-a=(<)])(simp-all add: f-inc)

have countable (support-flow (f n)) for n using current-support-flow|OF f, of n]
by (rule countable-subset) simp

hence supp-f: countable (support-flow (SUP n. fn)) by (subst support-flow-Sup) simp

have RF-f: RF (TERp: ; (fn)) = RF (Ui<n. TERp/ (¢ 7)) for n
proof (induction n)
case 0 show ?case by(simp add: TER-g')
next
case (Suc n)
have RF' (TERp:  (f (Sucn))) = REpr o (TERp: o (fn —~pr g g’ (n + 1)))
by simp

also have ... = RF/ ) (TERp: ) (fn) U TERp: 5 (9" (n + 1))) using f fw
gl w/
by (rule RF-TER-plus-web)
also have ... = RF/ ) (RFpr o (TERp: o (fn)) U TERpr () (9" (n + 1)))

by (simp add: roofed-idem-Unl)
also have RF/ , (TERp:  (fn)) = RFpr o (Ui<n. TERp/ 5 (g' 7)) by(simp
add: Suc.IH)
also have RF/ (... U TERp: 5 (9" (n + 1)) = RFpr y (Ui<n. TERp
(¢0)) U TERp o (g (n + 1))
by (simp add: roofed-idem-Unl)
also have (|Ji<n. TERp: , (9" 7)) U TERp/  (g' (n + 1)) = (Ui<Suc n.
TERp: (9" 1))
unfolding atMost-Suc UN-insert by (simp add: Un-commute)
finally show ?case by simp
qed

define gw where gw = (SUP n. fn)
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have gw: current (I'' 0) gw unfolding gw-def using chain-f
by (rule current-Sup)(auto simp add: f supp-f)
have ww: wave (I'' 0) gw unfolding gw-def using chain-f
by (rule wave-lub)(auto simp add: fw supp-f)
from gw have gw’: current (I'' n) gw for n using wb-pos §
by (elim current-weight-mono)(auto simp add: e-le wb-conv e-def field-simps
ennreal-minus-if min-le-iff-disy)

have SINK-gw: SINK gw = ((n. SINK (f n)) unfolding gw-def
by (subst SINK-Sup|OF chain-f])(simp-all add: supp-f)

have SAT-gw: SAT (T 0) (fn) C SAT (I 0) gw for n
unfolding gw-def by (rule SAT-Sup-upper) simp

have g-b-out: g n (b, x) = 0 for n z using b-TER[of n] by (simp add: SINK .simps
currentD-OUT-eq-0[OF g])

have g¢’-b-out: ¢’ n (b, ) = 0 for n z by(simp add: g'-simps g-b-out)

have fn (b, z) = 0 for n z by(induction n)(simp-all add: g-b-out g'-b-out)
hence b-SINK-f: b € SINK (f n) for n by(simp add: SINK .simps d-OUT-def)
hence b-SINK-gw: b € SINK gw by(simp add: SINK-gw)

have RF-circ: RF°pr,, (TERp: 5 (9" n)) = RF°pr g (TERp ) (g' n)) for n
by (simp add: roofed-circ-def)
have edge-restrict-T'": edge (quotient-web (I'' 0) (¢’ n)) = edge (quotient-web (T
n) (g n)) for n
by (simp add: fun-eq-iff TER-g’' RF-circ)
have restrict-curr-g". f 170 / ¢'n=f1T'n/ gnfornf
by (simp add: restrict-current-def RF-circ TER-g)

have RF-restrict: roofed-gen (quotient-web (I'' n) (g n)) = roofed-gen (quotient-web
(T"0) (¢’ n)) for n
by (simp add: roofed-def fun-eq-iff edge-restrict-T'')

have gwr’: current (quotient-web (I'" 0) (¢’ n)) (gw 1 T/ 0 / g’ n) for n using
w' gw
by (rule current-restrict-current)

have gwr: current (quotient-web (I n) (g n)) (gw 1 T/ n / g n) for n using w
!/

gw
by (rule current-restrict-current)
have wwr: wave (quotient-web (I'' n) (g n)) (gw 1T n / g n) (is wave T 2gw)
for n
proof
have *: wave (quotient-web (I'' 0) (¢’ n)) (gw 1T/ 0 / g’ n)
using ¢’ w’ gw ww by(rule wave-restrict-current)
have d-IN (w1 T'n /gn)b=20
by (rule d-IN-restrict-current-outside roofed-greaterl b-TER)+
hence SAT-subset: SAT (quotient-web (I'' 0) (¢’ n)) (gw 1T'n / gn) C SAT
T (gw 1T n/ gn)
using b-TER[of n] wb-pos
by (auto simp add: SAT.simps TER-g' RF-circ wb-conv e-def field-simps
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ennreal-minus-if split: if-split-asm)

hence TER-subset: TEunotz’ent—web T 0) (¢’ n) (gw1T'n /[ gn) C TER
(gw 1T n [ gn)

using SINK-g’ by(auto simp add: restrict-curr-g’)

proof
fixzyp
assume zy: x € A T y € B I and p: path T z p y

from p have p” path (quotient-web (I 0) (¢’ n)) =z p y by(simp add:
edge-restrict-T"")

show separating 7T'' (TER ps 7gw) (is separating - ?TER)

with waveD-separating|OF x, THEN separatingD, simplified, OF p'| TER-g'[of
n] SINK-g' SAT-g’ restrict-curr-g’ SAT-subset zy

show (Jz€set p. z € YTER) V x € ?TER by auto
qed

show d-OUT (gw [ T'''n / gn) z = 0if x ¢ RF o/ ?TER for z
unfolding restrict-curr-g’[symmetric] using TER-subset that

by (intro waveD-OUT[OF x])(auto simp add: TER-g' restrict-curr-g' RF-restrict
intro: in-roofed-mono)

qed

have RF-gw: RF (TERp 4 gw) = RF (Un. TERp: 5 (9" n))
proof —
have RF/ ) (TERp: ) gw) = RF (4. TERp/ ) (f 1))
unfolding gw-def by(subst RF-TER-Sup[OF - - chain-f])(auto simp add: f
fw supp-f)
also have ... = RF (Ji. RF (TERy/  (f1))) by(simp add: roofed-UN)
also have ... = RF (Ji. Uj<i. TERp/ 5 (g’ j)) unfolding RF-f roofed-UN
by simp

also have (Ji. Uj<i. TERp/ (¢ j)) = (Ui. TERp: 4 (9" 9)) by auto
finally show ?thesis by simp

qged

have SAT-plus-w: SAT (T' n) (g n ~pr, gw) = SAT (T 0) (¢’ n ~p/ y gw)
for n

apply (intro set-eql)

apply(simp add: SAT.simps IN-plus-current[OF g w gwr] IN-plus-current[OF
g’ w’ gwr’] TER-g’)
apply(cases d-IN (gw 1 T/ n / gn) b)
apply (auto simp add: SAT.simps wb-conv d-IN-plus-web IN-g’)
apply (simp-all add: wb-conv IN-g-b restrict-curr-g’ e-def field-simps)
apply(metis TER-g' b-TER roofed-greaterl )+
done

have SINK-plus-w: SINK (g n ~p/, gw) = SINK (g’ n ~p/ , gw) for n
apply(rule set-eql; simp add: SINK.simps OUT-plus-current|OF g w gwr]
OUT-plus-current[OF g’ w'] current-restrict-current|OF w’ gw])
using factor-pos|of n|

by (auto simp add: RF-circ TER-g’ restrict-curr-g’ currentD-OUT-eq-0[OF g]

231



currentD-OUT-eq-0[OF g'| g’-simps split: if-split-asm)
have TER-plusw: TERp/ , (gn ~pr,, gw) = TERp: 5 (9’ n —~pr  gw) for n
by (rule set-eql iffT)+(simp-all add: SAT-plus-w SINK-plus-w)

define h where hn = gn —~p/ , gw for n
have h: current (I'' n) (h n) for n unfolding h-def using g w
by (rule current-plus-current)(rule current-restrict-current[OF w gw'])
have hw: wave (I'' n) (h n) for n unfolding h-def using g w gw’ wwr by (rule
wave-plus)

define T where T' = TER[/ , gw
have RF-h: RF (TERp/,, (hn)) = RF T for n
proof —
have RFp/ , (TERp: , (hn)) = RFp 5 (RFps 5 (TERp: 5 gw) U TERp
(9" n))
unfolding h-def TER-plus-w RF-TER-plus-web[OF ¢’ w’ gw ww] roofed-idem-Un1
by (simp add: Un-commute)

also have ... = RF ((Un. TERp/ (¢’ n)) U TERp: (9" n))
by (simp add: RF-gw roofed-idem-Unl)
also have ... = RFp/ ;) T unfolding 7-def
by(auto simp add: RF-gw introl: arg-cong2[where f=roofed]| del: equalityl)
auto
finally show ?thesis by simp
qed

have OUT-h-nT: d-OUT (hn) z = 0 if x ¢ RF T for n z
by (rule waveD-OUT[OF hw))(simp add: RF-h that)

have IN-h-nT: d-IN (hn) z = 0 if t ¢ RF T for n z
by (rule wave-not-RF-IN-zero[OF h hw))(simp add: RF-h that)

have OUT-h-b: d-OUT (h n) b = 0 for n using b-TER|[of n] b-SINK-gw|THEN

in-SINK-restrict-current)

by (auto simp add: h-def OUT-plus-current[OF g w gwr] SINK.simps)

have OUT-h-E: d-OUT (hn) x = 0 if x € £ T for z n using that
apply (subst (asm) E-RF[symmetric])
apply (subst (asm) (1 2) REF-h[symmetric, of n])
apply (subst (asm) E-RF)
apply(simp add: SINK .simps)
done

have IN-h-E: d-IN (h n) © = weight (T''n) zifz € £ Tx ¢ AT for z n using

that

apply
apply
apply
apply
done

subst (asm) E-RF[symmetric))

subst (asm) (1 2) RE-h[symmetric, of n])
subst (asm) E-RF)

simp add: currentD-SAT[OF h))

P .y

have b-SAT: b € SAT (T 0) (h 0) using b-TER][of 0]
by (auto simp add: h-def SAT.simps d-IN-plus-web intro: order-trans)
have b-T: b € T using b-SINK-gw b-TER by(simp add: T-def)(metis SAT-gw
subsetD f-simps(1))
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have essential: b€ € T
proof(rule ccontr)
assume b ¢ £ T
hence b: b ¢ & (TERp: , (h 0))
proof (rule contrapos-nn)
assume b € & (TERp: 5 (h 0))
then obtain p y where p: path I' b p y and y: y € B I' and distinct: distinct
(b # p)
and bypass: \z. z € set p => z ¢ RF (TERp/ ;5 (h 0)) by(rule £-E-RF)
auto
from bypass have bypass”. \z. z € set p = z ¢ T unfolding RF-h by(auto
intro: roofed-greaterl)
have essential T’ (BT) T b using p y by(rule essentiall)(auto dest: bypass’)
then show b € £ T using b-T by simp
qed

have h0: current T' (h 0) using h[of 0] by(rule current-weight-mono)(simp-all
add: wb-conv e-nonneg)
moreover have wave T' (h 0)
proof
have separating (' 0) (£ o (TERp: 5 (h 0))) by(rule separating-essential)(rule
waveD-separating| OF hw])
then have separating I' (€ (TER ) (h 0))) by(simp add: separating-gen.simps)
moreover have subset: & (TERp/ , (h 0)) € TER (h 0) using e-nonneg|of
0] b
by (auto simp add: SAT.simps wb-conv split: if-split-asm)
ultimately show separating T' (TER (h 0)) by(rule separating-weakening)
qed(rule h0)
ultimately have h 0 = zero-current by(rule looseD-wave| OF loose])
then have d-IN (h 0) b = 0 by(simp)
with b-SAT wb <b ¢ A > show Fualse by(simp add: SAT.simps wb-conv e-def
ennreal-minus-if split: if-split-asm)
qed

define S where S = {z € RF (TN BT)N AT. essential ' (T N BT) (RF
(TNBT)NAT) z}
define I'-h where I'-h = ( edge = Az y. edge T 2y Az € SAye TANyeB
T, weight = Az. weight T' z * indicator (SU TN BT)z, A=S5, B=TnN BTI)
have I'-h-sel [simp]:
edge-hzxy+—edgel cynze SANye TANye BT
AT-h=S9
BIl-h=TnABT
weight T'-h © = weight T = * indicator (SU T N BT) z
for z y
by (simp-all add: T'-h-def)

have vertez-I'-hD: z € S U (T N BT) if vertex T'-h z for x
using that by(auto simp add: vertex-def)
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have S-vertex: vertex I'-h z if x € § for x
proof —
from that have a: x € AT and RF: x € RF (T N BT) and ess: essential T
(TNBT) (RF(TNBT)NAT) z
by (simp-all add: S-def)
from ess obtain p y where p: path ' xpyand y: y€ BT and yT: ye€ T
and bypass: Nz. z € set p = z ¢ RF (T N BT) N AT by(rule essen-
tialE-RF')(auto intro: roofed-greaterl)
from p a y disjoint have edge I' z y
by (cases)(auto 4 & elim: rtrancl-path.cases dest: bipartite-E)
with that y yT show ?thesis by(auto intro!: vertexll)
qed
have OUT-not-S: d-OUT (hn)x =0ifz ¢ S for z n
proof(rule classical)
assume x: d-OUT (h n) z # 0
consider (A) z € AT | (B) z € BT | (outside) t ¢ AT = ¢ BT by blast
then show ?thesis
proof cases
case B with currentD-OUT[OF h, of = n| show ?thesis by simp
next
case outside with currentD-outside-OUT[OF h, of z n] show ?thesis by (simp
add: not-vertex)
next
case A
from * obtain y where zy: h n (z, y) # 0 using currentD-OUT-eq-0[OF
h, of n z] by auto
then have edge: edge I' © y using currentD-outside]OF h] by (auto)
hence p: path T z [y] y by(simp add: rtrancl-path-simps)

from bipartite-E[OF edge] have z: € AT and y: y € BT by simp-all
moreover have ¢ € RF (RF (T N BT))
proof
fix p y'
assume p: path ' zp y’and vy y' € BT
from p z y’ disjoint have py: p = [y’
by (cases)(auto 4 38 elim: rtrancl-path.cases dest: bipartite-E)
have separating (I'' 0) (RF/ o (TERp: 5 (h 0))) unfolding separating-RF
by (rule waveD-separating| OF hw))
from separatingD][OF this, of x p y'] py p z y’
have x € RF T V y' € RF T by(auto simp add: RF-h)
thus (3z€set p. z€ RF (TN BT))Vaee RF(TNBT)
proof cases
case right with y’ py show ?thesis by(simp add: RF-in-B)
next
case left
have z ¢ & T using OUT-h-E[of z n] zy by(auto simp add: cur-
rentD-OUT-eq-0[OF h))
with left have © € RF° T by(simp add: roofed-circ-def)
from RF-circ-edge-forward[OF this, of y'] p py have y’ € RF T by(simp
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add: rtrancl-path-simps)
with y’ have y’' € T by(simp add: RF-in-B)
with y’ show ?thesis using py by(auto intro: roofed-greaterI)
qed
qed
moreover have y € T using IN-h-nT|[of y n| y zy by(auto simp add: RF-in-B
currentD-IN-eq-0[OF h))
with p z y disjoint have essential T' (T N BT) (RE(TNBT)NAT) z
by (auto introl: essentiall)
ultimately have z € S unfolding roofed-idem by (simp add: S-def)
with that show ?thesis by contradiction
qed
qed

have B-vertex: vertex I'-h y if T: y € T and B: y € BT and w: weight ' y >
0 for y
proof —
from T B disjoint -less[of 0] w
have d-IN (h 0) y > 0 using IN-h-E[of y 0] by(cases y € A T")(auto simp add:
essential-BI wb-conv ennreal-minus-if )
then obtain z where zy: h 0 (z, y) # 0 using currentD-IN-eq-0[OF h, of 0
y| by (auto)
then have edge: edge T' z y using currentD-outside] OF h] by (auto)
from zy have d-OUT (h 0) x # 0 by(auto simp add: currentD-OUT-eq-0[OF
h)
hence z € S using OUT-not-S[of = 0] by(auto)
with edge T B show ?thesis by(simp add: vertexI2)
qed

have I'-h: countable-bipartite-web T'-h
proof
show Vp_, C AT-h U B T'-h by(auto simp add: vertez-def)
show A I'-h C V_;, using S-vertex by auto
show z € AT-h ANy € BT-hif edge I'-h x y for x y using that by auto
show A I'-h N B T'-h = {} using disjoint by(auto simp add: S-def)
have Ep_j, C E by auto
thus countable Ep_j, by(rule countable-subset) simp
show weight T-h © # T for x by(simp split: split-indicator)
show weight I'-h ¢ = 0 if ¢ ¢ Vp_j, for z
using that S-vertexr B-vertex|of z]
by (cases weight T'-h © > 0)(auto split: split-indicator)
qed
then interpret I'-h: countable-bipartite-web I'-h .

have essential-T: essential I' (B T') T = essential I' (B T') (TERp: , (h 0))
proof(rule ext iffI)+

fix »

assume essential T (BT) Tz

then obtain p y where p: path I’ z p y and y: y € B I" and distinct: distinct
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(z # p)
and bypass: \z. z € set p = z ¢ RF T by(rule essentialE-RF)auto

from bypass have bypass: \z. z € set p = z ¢ TERp/ ;5 (h 0)
unfolding RF-h[of 0, symmetric] by(blast intro: roofed-greaterl)
show essential I' (B T') (TERp/ ; (h 0)) v using p y
by (blast intro: essentiall dest: bypass’)
next
fix z
assume essential I' (B I') (TERp: , (b 0)) ©
then obtain p y where p: path T’ z p y and y: y € B I" and distinct: distinct
(z # p)
and bypass: N\z. z € set p = z ¢ RF (TERp/ 5 (h 0)) by(rule essen-
tialE-REF) auto
from bypass have bypass”: Nz. z € set p = 2 ¢ T
unfolding RF-h[of 0] by(blast intro: roofed-greaterI)
show essential T' (BT) T z using p y
by (blast intro: essentiall dest: bypass’)
qed

have h” current T'-h (h n) for n
proof
show d-OUT (h n) z < weight T'-h z for z
using currentD-weight-OUT[OF h, of n x] e-nonneg[of n| T''.currentD-OUT'|OF
h, of x n] OUT-not-S
by (auto split: split-indicator if-split-asm elim: order-trans intro: diff-le-self-ennreal
in-roofed-mono simp add: OUT-h-b roofed-circ-def)

show d-IN (h n) = < weight T'-h z for z
using currentD-weight-IN[OF h, of n ] currentD-IN[OF h, of © n] e-nonneg|of
n] b-T b I''.currentD-IN'[OF h, of x n] IN-h-nT[of x n]
by(cases x € B T')(auto 4 3 split: split-indicator split: if-split-asm elim:
order-trans intro: diff-le-self-ennreal simp add: S-def roofed-circ-def RF-in-B)

show hne= 0 if e ¢ Ep_, for e
using that OUT-not-S|of fst e n] currentD-outside'|OF h, of e n] I'.currentD-IN'|OF
h, of snd e n] disjoint
apply(cases e € E)
apply(auto split: prod.split-asm simp add: currentD-OUT-eq-0[OF h] cur-
rentD-IN-eq-0[OF hl)
apply(cases fst e € S; clarsimp simp add: S-def)
apply (frule RF-circ-edge-forward[rotated))
apply (erule roofed-circl, blast)
apply(drule bipartite-E)
apply(simp add: RF-in-B)
done
qed

have SAT-h": BT-h N Vp_, — {b} C SAT T'-h (h n) for n
proof

236



fix z
assume ¢ € BT-h NV — {b}
then have z: 2 € T and B: x € BI' and b: z # b and vertez: z € V_p, by
auto
from B disjoint have znA: © ¢ AT by blast
from z B have z € £ T by(simp add: essential-BI)
hence d-IN (h n) x = weight (I'' n) = using znd by(rule IN-h-E)
with 2nA b x B show © € SAT I'-h (h n) by(simp add: currentD-SAT[OF h'])
qed
moreover have b € B I'-h using b essential by simp
moreover have (An. min 6 wb * (1 / (real (n + 2)))) —— 0
apply(rule LIMSEQ-ignore-initial-segment)
apply(rule tendsto-mult-right-zero)
apply (rule lim-1-over-real-power[where s=1, simplified])
done
then have (INF n. ennreal (¢ n)) = 0 using wb-pos §
apply(simp add: e-def)
apply(rule INF-Lim)
apply(rule decseq-Sucl)
apply(simp add: field-simps min-def)
apply(simp add: add.commute ennreal-0[symmetric] del: ennreal-0)
done
then have (SUP n. d-IN (h n) b) = weight T'-h b using essential b bnA wb
IN-h-E[of b]
by (simp add: SUP-const-minus-ennreal)
moreover have d-IN (h 0) b < d-IN (h n) b for n using essential b bnA wb-pos
d IN-h-E|of b
by (simp add: wb-conv e-def field-simps ennreal-minus-if min-le-iff-disj)
moreover have b-V: b € Vp_;, using b wb essential by (auto dest: B-vertex)
ultimately have 34’ current I'-h b’ A wave T'-h b’ A B T-h N Vp_, C SAT
T-h h'
by (rule T'-h.unhinder-bipartite|OF h'])
then obtain h’ where h': current T'-h h' and h'w: wave T'-h b’
and B-SAT" BT-h N Vp_, € SAT I'-h b’ by blast

have h'": current T' h'
proof
show d-OUT h' x < weight T z for z using currentD-weight-OUT[OF L', of
x
]
by (auto split: split-indicator-asm elim: order-trans intro: )
show d-IN h' z < weight T z for = using currentD-weight-IN[OF b', of x]
by (auto split: split-indicator-asm elim: order-trans intro: )
show h' e = 0 if e ¢ E for e using currentD-outside’[OF h', of €] that by
auto
qed
moreover have wave T' h’
proof
have separating (I'' 0) T unfolding T-def by(rule waveD-separating| OF ww])
hence separating T' T by(simp add: separating-gen.simps)
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hence *: separating T' (€ T) by(rule separating-essential)
show separating I' (TER h')
proof
fixzpy
assume z: z € AT and p: path T x pyand y: y € BT
from p z y disjoint have py: p = [y]
by (cases)(auto 4 3 elim: rtrancl-path.cases dest: bipartite-E)
from separatingD[OF % p z y] py have z € £ T V y € £ T by auto
then show (3z€set p. z € TER h') Vv z € TER b’
proof cases
case left
then have z ¢ V_;, using z disjoint
by(auto 4 4 dest!: vertex-I'-hD simp add: S-def elim: essential E-RF introl:
roofed-greaterl dest: roofedD)
hence d-OUT h' x = 0 by(intro currentD-outside-OUT[OF h'))
with z have z € TER h' by(auto simp add: SAT.A SINK .simps)
thus ?thesis ..
next
case right
have y € SAT T h’
proof(cases weight T y > 0)
case True
with py z y right have vertex I'-h y by(auto intro: B-vertex)
hence y € SAT T'-h b’ using B-SAT' right y by auto
with right y disjoint show ?thesis
by (auto simp add: currentD-SAT[OF h'] currentD-SAT[OF h'] S-def)
qed(auto simp add: SAT.simps)
with currentD-OUT[OF h', of y] y right have y € TER b’ by(auto simp
add: SINK)
thus ?thesis using py by simp
qed
qed
qed(rule h")
ultimately have h' = zero-current by (rule looseD-wave| OF loose])
hence d-IN b’ b = 0 by simp
moreover from essential b b-V B-SAT' have b € SAT T'-h h' by(auto)
ultimately show Fulse using wb b essential disjoint by (auto simp add: SAT.simps
S-def)
qed

end

10.4 Single-vertex saturation in unhindered bipartite webs

The proof of lemma 6.10 in [2] is flawed. The transfinite steps (taking
the least upper bound) only preserves unhinderedness, but not looseness.
However, the single steps to non-limit ordinals assumes that 2 — f; is loose
in order to apply Lemma 6.9.
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Counterexample: The bipartite web with three nodes a1, ao, ag in A and
two nodes b1, be in B and edges (a1, b1), (a2, b1), (a2, b2), (a3, b2) and
weights a1 = a3 = 1 and ag = 2 and b; = & and bs = 2. Then, we can
get a sequence of weight reductions on be from 2 to 1.5, 1.25, 1.125, etc.
with limit 7. All maximal waves in the restricted webs in the sequence are
zero-current, so in the limit, we get K = 0 and € = 1 for as and bs. Now, the
restricted web for the two is not loose because it contains the wave which
assigns 1 to (as, b2).

We prove a stronger version which only assumes and ensures on unhindered-
ness.

context countable-bipartite-web begin

lemma web-flow-iff: web-flow I f <— current T f
using bipartite-V by(auto simp add: web-flow.simps)

lemma countable-bipartite-web-minus-web:

assumes f: current I f

shows countable-bipartite-web (T & f)
using bipartite-V A-vertex bipartite-E disjoint currentD-finite-OUT|[OF f] cur-
rentD-weight-OUT[OF f] currentD-weight-IN[OF f] currentD-outside-OUT|OF f]
currentD-outside-IN[OF f]
by unfold-locales (auto simp add: weight-outside)

lemma current-plus-current-minus:

assumes f: current I' f

and g: current (I' © f) g

shows current T (plus-current f g) (is current - 2fg)
proof

interpret I': countable-bipartite-web T' © f using f by(rule countable-bipartite-web-minus-web)

show d-OUT ?fg x < weight T z for x

using currentD-weight-OUT[OF g, of z| currentD-OUT[OF g, of z] cur-
rentD-finite-OUT|OF f, of x] currentD-OUT|OF f, of z] currentD-outside-IN[OF
f, of 2] currentD-outside-OUT[OF f, of ] currentD-weight-OUT[OF f, of x]
by(cases x € AT V z € B T')(auto simp add: add.commute d-OUT-def

nn-integral-add not-vertex ennreal-le-minus-iff split: if-split-asm)

show d-IN ?fg x < weight T' z for x

using currentD-weight-IN[OF g, of z] currentD-IN|OF g, of x| currentD-finite-IN[OF
f, of ] currentD-OUT|OF f, of z] currentD-outside-IN[OF f, of z] currentD-outside-OUT[OF
f, of z] currentD-weight-IN[OF f, of ]

by(casesz € AT V z € BT)(auto simp add: add.commute d-IN-def nn-integral-add
not-vertex ennreal-le-minus-iff split: if-split-asm)

show ?fg e = 0 if e ¢ E for e using that currentD-outside’|OF f, of €] cur-
rentD-outside’|OF g, of €] by(cases e) simp
qged

lemma wave-plus-current-minus:

assumes f: current I' f
and w: wave ' f
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and g: current (I' © f) g
and w": wave (T & f) g
shows wave I' (plus-current f g) (is wave - ?fg)
proof
show fg: current T' ?fg using f g by(rule current-plus-current-minus)
show sep: separating T' (TER %fg)
proof
fixxpy
assume z: z € AT and p: path T zpyand y: y € BT
from p z y disjoint have py: p = [y]
by (cases)(auto 4 3 elim: rtrancl-path.cases dest: bipartite-E)
with waveD-separating| THEN separatingD, OF w p z y| have x € TER f V y
€ TER f by auto
thus (3 z€set p. z € TER ?fg) V z € TER ?fg
proof cases
case right
with y disjoint have y € TER ?fg using currentD-OUT[OF fg y]
by(auto simp add: SAT.simps SINK .simps d-IN-def nn-integral-add not-le
add-increasing?2)
thus “thesis using py by simp
next
case z": left
from p have path (I' © f) x p y by simp
from waveD-separating| THEN separatingD, OF w' this] z y py
have z € TERF@fg\/yE TERp@fgby auto
thus ?thesis
proof cases
case left
hence z € TER ?fg using z z’
by (auto simp add: SAT.simps SINK .simps d-OUT-def nn-integral-add)
thus %thesis ..
next
case right
hence y € TER ?fg using disjoint y currentD-OUT[OF fg y] cur-
rentD-OUT|[OF f y| currentD-finite-IN[OF f, of y]
by (auto simp add: add.commute SINK .simps SAT.simps d-IN-def nn-integral-add
ennreal-minus-le-iff split: if-split-asm)
with py show ?thesis by auto
qed
qed
qed
qged

lemma minus-plus-current:

assumes f: current I' f

and g: current (I' © f) g

shows T © plus-current f g =T © f © g (is ?lhs = ?rhs)
proof (rule web.equality)

have weight ?lhs x = weight ?rhs x for
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using currentD-weight-IN[OF f, of z] currentD-weight-IN[OF g, of ]
by (auto simp add: d-IN-def d-OUT-def nn-integral-add diff-add-eq-diff-diff-swap-ennreal
add-increasing? diff-add-assoc2-ennreal add.assoc)
thus weight ?lhs = weight ?rhs ..
qed simp-all

lemma unhindered-minus-web:
assumes unhindered: = hindered I’
and f: current T f
and w: wave I" f
shows — hindered (T & f)
proof
assume hindered (I' © f)
then obtain g where g: current (I' © f) ¢
and w”: wave (T © f) ¢
and hind: hindrance (T' © f) g by cases
let ?fg = plus-current f g
have fg: current T' ?fg using f g by(rule current-plus-current-minus)
moreover have wave I' ?fg using f w g w’ by(rule wave-plus-current-minus)
moreover from hind obtain a where a: a € AT and n€: a ¢ & ¢ f(TERp o
9)
and wa: d-OUT g a < weight (T' © f) a by cases auto
from a have hindrance T' ?fg
proof
show a ¢ £ (TER %fg)
proof
assume &: a € € (TER ?fg)
then obtain p y where p: pathT' ap yand y: y € BT
and bypass: Nz. z € set p = z ¢ RF (TER ?fg) by(rule E-E-RF) blast
from p a y disjoint have py: p = [y]
by (cases)(auto 4 3 elim: rtrancl-path.cases dest: bipartite-E)
from bypass|of y] py have y ¢ TER ?fg by(auto intro: roofed-greaterl)
with currentD-OUT[OF fg y] have y ¢ SAT T' ?fg by(auto simp add:
SINK .simps)
hence y ¢ SAT (I' © f) g using y currentD-OUT[OF fy| currentD-finite-IN[OF
fiof ]
by (auto simp add: SAT.simps d-IN-def nn-integral-add ennreal-minus-le-iff
add.commute)
hence essential (I' © f) (B (I' © f)) (TERr ¢ f 9) a using p py y
by (auto introl: essentiall)
moreover from &£ o have a € TERp ¢ ¢ g
by (auto simp add: SAT.A SINK-plus-current)
ultimately have a € £ o f (TERp o f g) by blast
thus Fulse using n€ by contradiction
qed
show d-OUT ?fg a < weight T' a using a wa currentD-finite-OUT[OF f, of a]
by (simp add: d-OUT-def less-diff-eq-ennreal less-top add.commute nn-integral-add)
qed
ultimately have hindered T' by(blast intro: hindered.intros)
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with unhindered show Fualse by contradiction
qed

lemma loose-minus-web:
assumes unhindered: — hindered T’
and f: current " f
and w: wave I" f
and mazimal: Aw. [ current T' w; wave I' w; f <w] = f=w
shows loose (I' © f) (is loose T)
proof
fix g
assume g: current I' g and w’: wave I g
let ?g = plus-current f g
from f g have current I' 29 by(rule current-plus-current-minus)
moreover from fw g w’ have wave T' 29 by(rule wave-plus-current-minus)
moreover have f < ?¢ by(clarsimp simp add: le-fun-def)
ultimately have eq: f = ?¢ by(rule mazimal)
have g e = 0 for e
proof(cases e)
case (Pair z y)
have fe < d-OUT f z unfolding d-OUT-def Pair by(rule nn-integral-ge-point)
stmp
also have ... < weight T' z by(rule currentD-weight-OUT|[OF f])
also have ... < T by(simp add: less-top[symmetric])
finally show g e = 0 using Pair eq[ THEN fun-cong, of e
by(cases f e g e rule: ennreal2-cases)(simp-all add: fun-eq-iff)
qed
thus g = (A-. 0) by(simp add: fun-eq-iff)
next
show — hindrance I' zero-current using unhindered
proof (rule contrapos-nn)
assume hindrance I" zero-current
then obtain z where a: z € A T and &: © ¢ Eop (TERop zero-current)
and weight: d-OUT zero-current x < weight I z by cases
have hindrance T" f
proof
show a”: z € AT using a by simp
with weight show d-OUT fx < weight I x
by (simp add: less-diff-eq-ennreal less-top|symmetric] currentD-finite-OUT[OF

show = ¢ £ (TER f)
proof
assume z € £ (TER f)
then obtain p y where p: path ' zpyand y: y € BT
and bypass: \z. z € set p = z ¢ RF (TER f) by(rule £-E-RF) auto
from p o’ y disjoint have py: p = [y]
by (cases)(auto 4 8 elim: rtrancl-path.cases dest: bipartite-E)
hence y ¢ (TER f) using bypass|of y] by(auto intro: roofed-greaterl)
hence weight 7T" y > 0 using currentD-OUT|[OF [y disjoint y
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by(auto simp add: SINK .simps SAT.simps diff-gr0-ennreal)
hence y ¢ TER o zero-current using y disjoint by(auto)
hence essential 7I' (B ') (TER¢p zero-current) x using p y py by(auto
introl: essentiall)
with a have z € Egp (TERgr zero-current) by simp
with £ show Fulse by contradiction
qed
qed
thus hindered T using f w ..
qged
qged

lemma weight-minus-web:

assumes f: current I' f

shows weight (T' © f) z = (if x € AT then weight T' z — d-OUT f z else weight
'z — d-IN fz)
proof(cases x € BT)

case True

with currentD-OUT[OF f True] disjoint show ?thesis by auto
next

case Fulse

hence d-IN fz = 0d-OUT fz=0ifx ¢ AT

using currentD-outside-OUT[OF f, of x| currentD-outside-IN[OF f, of x| bi-

partite-V that by auto

then show ?thesis by simp
qged

lemma (in —) separating-minus-web [simp]: separating-gen (G © f) = separat-
ing-gen G
by (simp add: separating-gen.simps fun-eq-iff)

lemma current-minus:
assumes f: current I' f
and g: current T g
and le: Ae.ge < fe
shows current (I' © g) (f — g)
proof —
interpret I': countable-bipartite-web I' © g using ¢ by (rule countable-bipartite-web-minus-web)
note [simp del] = minus-web-sel(2)
and [simp] = weight-minus-web[OF g]
show %thesis
proof
show d-OUT (f — g) =z < weight (I' © g) z for x unfolding fun-diff-def
using currentD-weight-OUT[OF f, of x] currentD-weight-IN[OF g, of z]
by (subst d-OUT-diff )(simp-all add: le currentD-finite-OUT[OF g] currentD-OUT'[OF
f] currentD-OUT'[OF g] ennreal-minus-mono)
show d-IN (f — g) z < weight (T © g) z for z unfolding fun-diff-def
using currentD-weight-IN[OF f, of x] currentD-weight-OUT[OF g, of z]
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by (subst d-IN-diff )(simp-all add: le currentD-finite-IN[OF g| currentD-IN[OF
f] currentD-IN[OF g] ennreal-minus-mono)
show (f — g) e = 0 if e ¢ Ep o , for e using that currentD-outside[OF f]
currentD-outside’|OF g] by simp
qed
qed

lemma

assumes w: wave I f

and g: current I' g

and le: Ae.ge < fe

shows wave-minus: wave (I' © g) (f — g)

and TER-minus: TER f C TERp g g f -9
proof

have z € SINK f = x € SINK (f — g) for z using d-OUT-monolof g - f, OF
le, of ]

by (auto simp add: SINK .simps fun-diff-def d-OUT-diff le currentD-finite-OUT[OF
gl)

moreover have 2 € SATT f = z € SAT T & g) (f — g) for z

by (auto simp add: SAT.simps currentD-OUT'[OF g fun-diff-def d-IN-diff le

currentD-finite-IN[OF g] ennreal-minus-mono)

ultimately show TER: TER f C TERp ¢ 4 (f — g) by(auto)

from w have separating I' (TER f) by(rule waveD-separating)
thus separating (I' © g) (TERp ¢ 4 (f — ¢)) using TER by(simp add: separat-
ing-weakening)

fix z
assume ¢ ¢ RFp o o (TERp & 4 (f — 9))
hence = ¢ RF (TER f) using TER by(auto intro: in-roofed-mono)
hence d-OUT fx = 0 by(rule waveD-OUT[OF w))
moreover have 0 < f e for e using le[of €] by simp
ultimately show d-OUT (f — ¢g) x = 0 unfolding d-OUT-def
by (simp add: nn-integral-0-iff emeasure-count-space-eq-0)
qed

lemma (in —) essential-minus-webd [simp]: essential (I' © f) = essential T
by (simp add: essential-def fun-eq-iff)

lemma (in —) RF-in-essential: fixes B shows essential I' B S © = z € roofed-gen
I'BS+—zelf
by (auto intro: roofed-greaterI elim!: essentialE-RF dest: roofedD)

lemma (in —) d-OUT-fun-upd:

assumes f (z,y) # T f(z,y) > 0k#T k>0

shows d-OUT (f((z, y) :==k)) 2’ = (if . = 2’ then &-OUT fz — f (z,y) + k
else d-OUT f ')

(is ?lhs = %rhs)
proof(cases x = z’)

244



case True
have ?lhs = (3.7 y'. f (z, y') + k x indicator {y} yv") — O_ 1 y" f (z, y') *
indicator {y} y’)
unfolding d-OUT-def using assms True
by (subst nn-integral-diff [symmetric])
(auto intro!: nn-integral-cong simp add: AE-count-space split: split-indicator)
also have (>_* ¢ f (z, y') + k * indicator {y} y") = d-OUT fz + O " y' k
 indicator {y} y')
unfolding d-OUT-def using assms
by (subst nn-integral-add[symmetric])
(auto intro!: nn-integral-cong split: split-indicator)
also have ... — (3.7 y'. f (z, y') * indicator {y} y') = ?rhs using True assms
by (subst diff-add-assoc2-ennreal[symmetric])(auto simp add: d-OUT-def introl:
nn-integral-ge-point)
finally show ?thesis .
qed(simp add: d-OUT-def)

lemma unhindered-saturatel : — Lemma 6.10
assumes unhindered: — hindered T’
and a:a € AT
shows 3f. current T f A d-OUT f a = weight T a A — hindered (T' © f)
proof —
from a A-vertex have a-vertex: vertex I' a by auto
from unhindered have — hindrance I' zero-current by (auto intro!: hindered.intros
stmp add: )
then have a-: a € £ (AT) if weight T a > 0
proof (rule contrapos-np)
assume a ¢ £ (AT)
with a have — essential I' (BT') (AT) a by simp
hence — essential ' (BT) (AT U {z. weight T' z < 0}) a
by (rule contrapos-nn)(erule essential-mono; simp)
with a that show hindrance T' zero-current by(auto intro: hindrance)
qed

define F where F = (A(e, h = v current). plus-current € h)
have F-simps: F (g, h) = plus-current ¢ h for & h by(simp add: F-def)
define Flid where Fld = {(¢, h).
current ' e N (Vz. 2z # a — d-OUT e x = 0) A
current (I' © €) h A wave (I' © €) h A
= hindered (I © F (e, b))}
define leq where leq = restrict-rel Fld {(f, /). f < [’}
have Fld: Field leq = Fld by(auto simp add: leq-def)
have F-I [intro?): (e, h) € Field leq
if current T' e and Az. z # a = d-OUT e . = 0
and current (I' © €) h and wave (I' © €) h
and - hindered (I' © F (g, h))
for ¢ h using that by(simp add: Fld Fld-def)
have e-curr: current T' ¢ if (e, h) € Field leq for £ h using that by(simp add:
Fld Fld-def)
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have OUT-e: \z. © # a = d-OUT € z = 0 if (e, h) € Field leq for ¢ h using
that by(simp add: Fld Fld-def)
have h: current (I' © €) h if (e, h) € Field leq for € h using that by(simp add:
Fld Fld-def)
have h-w: wave (T' © €) h if (e, h) € Field leq for € h using that by(simp add:
Fld Fld-def)
have unhindered”: — hindered (I' © F eh) if ¢h € Field leq for €h using that
by (simp add: Fld Fld-def split: prod.split-asm)
have f: current I' (F €h) if ¢h € Field leq for ch using e-curr h that
by(cases eh)(simp add: F-simps current-plus-current-minus)
have out-c: € (z, y) = 0 if (e, h) € Field leq x # a for e h z y
proof(rule antisym)
have ¢ (z, y) < d-OUT ¢ z unfolding d-OUT-def by(rule nn-integral-ge-point)
stmp
with OUT-¢|OF that] show ¢ (z, y) < 0 by simp
qed simp
have IN-¢: d-IN € x = ¢ (a, z) if (e, h) € Field leq for ¢ h
proof(rule trans)
show d-IN ¢ z = (3.1 y. € (y, z) * indicator {a} y) unfolding d-IN-def
by (rule nn-integral-cong)(simp add: out-e[OF that] split: split-indicator)
qed(simp add: maz-def e-curr[OF that])
have leql: ((e, h), (', b)) € leq if ¢ < &' h < h' (e, h) € Field leq (¢', h') €
Field leq for € h e’ h'
using that unfolding Fld by(simp add: leg-def in-restrict-rel-iff)

have chain-Field: Sup M € Field leq if M: M € Chains leq and nempty: M #
{} for M
unfolding Sup-prod-def
proof
from nempty obtain ¢ h where in-M: (¢, h) € M by auto
with M have Field: (¢, h) € Field leq by(rule Chains-FieldD)

from M have chain: Complete-Partial-Order.chain (\e €'. (g, €’) € leq) M
by (intro Chains-into-chain) simp
hence chain’. Complete-Partial-Order.chain (<) M
by (auto simp add: chain-def leg-def in-restrict-rel-iff)
hence chainl: Complete-Partial-Order.chain (<) (fst < M)
and chain2: Complete-Partial-Order.chain (<) (snd ‘ M)
by (rule chain-imagel; auto)+

have outsidel: Sup (fst * M) (z, y) = 0 if = edge T’ x y for = y using that
by (auto introl: SUP-eq-const simp add: nempty dest!: Chains-FieldD[OF M|
e-curr currentD-outside)
then have support-flow (Sup (fst * M)) C E by(auto elim!: support-flow.cases
intro: ccontr)
hence supp-flowl: countable (support-flow (Sup (fst < M))) by(rule count-
able-subset) simp

show SM1: current T' (Sup (fst < M))
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by (rule current-Sup[OF chainl - - supp-flowl])(auto dest: Chains-FieldD[OF
M, THEN e-curr| simp add: nempty)
show OUT1-na: d-OUT (Sup (fst * M)) z = 0 if © # a for z using that
by (subst d-OUT-Sup|OF chainl - supp-flowl])(auto simp add: nempty intro!:
SUP-eq-const dest: Chains-FieldD[OF M, THEN OUT-])

interpret SM1: countable-bipartite-web I' © Sup (fst * M)
using SM1 by(rule countable-bipartite-web-minus-web)

let ?h = Sup (snd * M)
have outside2: ?h (z, y) = 0 if — edge T x y for z y using that
by (auto introl: SUP-eq-const simp add: nempty dest!: Chains-FieldD[OF M|
h currentD-outside)
then have support-flow ?h C E by (auto elim!: support-flow.cases intro: ccontr)
hence supp-flow2: countable (support-flow ?h) by(rule countable-subset) simp

have OUT?: d-OUT (Sup (fst * M)) z = (SUP (e, h)e M. d-OUT ¢ z) for z
by (subst d-OUT-Sup [OF chainl - supp-flowl])
(simp-all add: nempty split-beta image-comp)
have OUT1": d-OUT (Sup (fst * M)) x = (if © = a then SUP (e, h)eM. d-OUT
€ a else 0) for x
unfolding OUT! by(auto intro!: SUP-eq-const simp add: nempty OUT-e
dest!: Chains-FieldD[OF M))
have OUT1-le: (| JeheM. d-OUT (fst ch) z) < weight T’ z for
using currentD-weight-OUT[OF SM1, of x] OUTI|of x| by(simp add:
split-beta)
have OUT1-nonneg: 0 < (| |eheM. d-OUT (fst eh) z) for = using in-M
by (rule SUP-upper2)simp
have IN1: d-IN (Sup (fst * M)) x = (SUP (e, h)eM. d-IN ¢ z) for x
by (subst d-IN-Sup [OF chainl - supp-flowl])
(simp-all add: nempty split-beta image-comp)
have IN1-le: (| |eheM. d-IN (fst eh) z) < weight T' z for z
using currentD-weight-IN[OF SM1, of x| IN1[of z] by (simp add: split-beta)
have INI-nonneg: 0 < (| J]eheM. d-IN (fst eh) z) for = using in-M by(rule
SUP-upper?2) simp
have IN1" d-IN (Sup (fst * M)) z = (SUP (e, h)eM. € (a, z)) for z
unfolding IN! by(rule SUP-cong|OF refl])(auto dest!: Chains-FieldD[OF M]
IN-e)

have directed: Iek”eM. F (snd ck) + F (fst ek’) < F (snd ek') + F (fst k")
if mono: Afg. Nz. f2<g2) = Ff<FgekeMek'e M
for ¢k ek’ and F :: - = ennreal
using chainD[OF chain that(2—23)]
proof cases
case left
hence snd ek < snd ek’ by(simp add: leg-def less-eq-prod-def in-restrict-rel-iff )
hence F (snd k) + F (fst ek’) < F (snd k') + F (fst ek’)
by (intro add-right-mono mono)(clarsimp simp add: le-fun-def)
with that show ?thesis by blast
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next
case right
hence fst ¢k’ < fst ek by(simp add: leq-def less-eq-prod-def in-restrict-rel-iff )
hence F (snd k) + F (fst ek’) < F (snd k) + F (fst k)
by (intro add-left-mono mono)(clarsimp simp add: le-fun-def)
with that show ?thesis by blast
qed
have directed-OUT: Jek”’eM. d-OUT (snd €k) = + d-OUT (fst ek’) = <
d-OUT (snd k') x + d-OUT (fst k') z
if ek € M ek’ € M for x ek ek’ by (rule directed; rule d-OUT-mono that)
have directed-IN: eck’’e M. d-IN (snd ¢k) x + d-IN (fst ek’) = < d-IN (snd
ek’ x + d-IN (fst k")
if ek € M ek’ € M for z ek ek’ by(rule directed; rule d-IN-mono that)

let ' =T © Sup (fst * M)

have hM2: current I" h if ch: (e, h) € M for ¢ h
proof
from eh have Field: (g, h) € Field leq by(rule Chains-FieldD[OF M])
then have H: current (I' © €) h and e-curr’: current T € by(rule h e-curr)+
from e-curr’ interpret T': countable-bipartite-web T' © e by(rule count-
able-bipartite-web-minus-web)

fix z
have d-OUT h x < d-OUT ?h z using eh by(intro d-OUT-mono)(auto intro:
SUP-upper2)

also have OUT: ... = (SUP hesnd ‘* M. d-OUT h z) using chain2 -
supp-flow2

by(rule d-OUT-Sup)(simp-all add: nempty)

also have ... = ... + (SUP e€fst * M. d-OUT € z) — (SUP e€fst * M.
d-OUT ¢ x)

using OUT1-le|of z]
by (intro ennreal-add-diff-cancel-right[symmetric] neq-top-trans| OF weight-finite,
of - a])
(simp add: image-comp)
also have ... = (SUP (e, k)eM. d-OUT k x + d-OUT ¢ z) — (SUP e€fst *
M. d-OUT ¢ z) unfolding split-def
by (subst SUP-add-directed-ennreal| OF directed-OUT])
(simp-all add: image-comp)
also have (SUP (g, k)eM. d-OUT k z + d-OUT ¢ z) < weight T z
apply(clarsimp dest!: Chains-FieldD[OF M] intro!: SUP-least)
subgoal premises that for € h
using currentD-weight-OUT[OF h[|OF that], of ] currentD-weight-OUT[OF
e-curr|OF that], of z]
countable-bipartite-web-minus-web[OF e-curr, THEN countable-bipartite-web. currentD-OUT",
OF that h[OF that], where z=1]
by (auto simp add: ennreal-le-minus-iff split: if-split-asm)
done
also have (SUP ecfst * M. d-OUT ¢ z) = d-OUT (Sup (fst * M)) z using
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OUT1
by (simp add: split-beta image-comp)
finally show d-OUT h z < weight 71" x
using T'.currentD-OUT'[OF h[|OF Field], of z] currentD-weight-IN[OF SM1,
of z] by(auto simp add: ennreal-minus-mono)

have d-IN h ¢ < d-IN ?h z using ch by(intro d-IN-mono)(auto intro:
SUP-upper?2)

also have IN: ... = (SUP hesnd * M. d-IN h z) using chain2 - supp-flow2
by (rule d-IN-Sup)(simp-all add: nempty)
also have ... = ... + (SUP e€fst * M. d-IN € z) — (SUP ecfst * M. d-IN
€ 1)
using INI1-le[of x]
by (intro ennreal-add-diff-cancel-right [symmetric] neq-top-trans [OF weight-finite,
of - )
(simp add: image-comp)
also have ... = (SUP (e, k)eM. d-IN k x + d-IN ¢ ) — (SUP ecfst * M.

d-IN ¢ z) unfolding split-def
by (subst SUP-add-directed-ennreal [OF directed-IN])
(simp-all add: image-comp)
also have (SUP (g, k)eM. d-INk x + d-IN ¢ z) < weight T
apply(clarsimp dest!: Chains-FieldD[OF M] intro!: SUP-least)
subgoal premises that for € h
using currentD-weight-OUT|[OF h, OF that, where z=z| currentD-weight-IN[OF
h, OF that, where z=z]
countable-bipartite-web-minus-web| OF e-curr, THEN countable-bipartite-web.currentD-OUT”,
OF that h[OF that], where z=1]
currentD-OUT'[OF e-curr, OF that, where z=z| currentD-IN[OF
e-curr, OF that, of x] currentD-weight-IN[OF e-curr, OF that, where z=z]
by (auto simp add: ennreal-le-minus-iff image-comp
split: if-split-asm intro: add-increasing2 order-trans [rotated))
done
also have (SUP e€fst * M. d-IN ¢ z) = d-IN (Sup (fst * M)) z
using IN1 by (simp add: split-beta image-comp)
finally show d-IN h z < weight T x
using currentD-IN[|OF h[OF Field], of x| currentD-weight-OUT[OF SM1,
of ]
by (auto simp add: ennreal-minus-mono)
(auto simp add: ennreal-le-minus-iff add-increasing2)
show h e = 0 if e ¢ Egp for e using currentD-outside’|OF H, of €] that by
stmp
qed
from nempty have snd * M # {} by simp
from chain2 this - supp-flow2 show current: current I ?h

by (rule current-Sup)(clarify; rule hM2; simp)

have wM: wave T" h if (¢, h) € M for € h
proof
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let T'=T6o¢
have subset: TER,pr h € TER g h
using currentD-OUT'[OF SM1] currentD-OUT'[OF e-curr|OF Chains-FieldD[OF

M that]]] that

by(auto 4 7 elim!: SAT.cases intro: SAT .intros elim!: order-trans|[rotated]

intro: ennreal-minus-mono d-IN-mono intro': SUP-upper2 split: if-split-asm)

from h-w[OF Chains-FieldD[OF M], OF that] have separating I'' (TER gy

h) by(rule waveD-separating)

then show separating I' (TERop h) using subset by(auto intro: separat-

ing-weakening)

qed(rule hM2[OF that])
show wave: wave I' ?h using chain2 «snd ‘ M # {}» - supp-flow2
by (rule wave-lub)(clarify; rule wM; simp)

define f where f = F (Sup (fst * M), Sup (snd * M))
have supp-flow: countable (support-flow f)
using supp-flow! supp-flow2 support-flow-plus-current[of Sup (fst ¢ M) ?h]
unfolding f-def F-simps by (blast intro: countable-subset)
have f-alt: f = Sup ((A(e, h). plus-current € h) * M)
apply (simp add: fun-eq-iff split-def f-def nempty F-def image-comp)
apply (subst (1 2) add.commute)
apply (subst SUP-add-directed-ennreal)
apply (rule directed)
apply (auto dest!: Chains-FieldD [OF M])
done
have f-curr: current T f unfolding f-def F-simps using SM1 current by(rule

A~ N N

current-plus-current-minus)

have IN-f: d-IN fz = d-IN (Sup (fst ‘ M)) © + d-IN (Sup (snd ‘* M)) = for z
unfolding f-def F-simps plus-current-def
by (rule d-IN-add SM1 current)+

have OUT-f: d-OUT fx = d-OUT (Sup (fst * M)) x + d-OUT (Sup (snd *

M)) z for z

unfolding f-def F-simps plus-current-def
by (rule d-OUT-add SM1 current)+

show — hindered (T' © f) (is — hindered %)) — Assertion 6.11
proof
assume hindered: hindered 7S
then obtain g where g: current ?Q ¢g and g-w: wave 7 g and hindrance:

hindrance 7 g by cases

from hindrance obtain z where z: z € AT and 2&: 2 ¢ E9 (TER 2 9)
and OUT-z: d-OUT g z < weight %) z by cases auto

define § where 0 = weight ?Q z — d-OUT g z
have d-pos: 6 > 0 using OUT-z by(simp add: §-def diff-gr0-ennreal del:

minus-web-sel)

then have §-finite[simp]: § # T using z
by (simp-all add: §-def)
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have 3 (e, h) € M. d-OUT fa < d-OUT (plus-current € h) a + §
proof (rule ccontr)
assume — ?thesis
hence greater: d-OUT (plus-current e h) a + § < d-OUT fa if (e, h) € M
for ¢ h using that by auto

have chain'" Complete-Partial-Order.chain (<) ((A(e, h). plus-current € h)

¢ M)
using chain’ by(rule chain-imagel)(auto simp add: le-fun-def add-mono)
have d-OUT fa + 0 < d-OUT fa + ¢
using currentD-finite-OUT[OF f-curr, of a] by (simp add: §-pos)
also have d-OUT fa + § = (SUP (e, h)eM. d-OUT (plus-current € h) a)
+6

using chain'’ nempty supp-flow
unfolding f-alt by (subst d-OUT-Sup)
(simp-all add: plus-current-def [abs-def] split-def image-comp)
also have ... < d-OUT fa
unfolding ennreal-SUP-add-left[symmetric, OF nempty]
proof (rule SUP-least, clarify)
show d-OUT (plus-current € h) a + 6 < d-OUT fa if (e, h) € M for e h
using greater[OF that] currentD-finite-OUT[OF Chains-FieldD|OF M
that, THEN f], of al
by(auto simp add: ennreal-le-minus-iff add.commute F-def)
qed
finally show Fulse by simp
qed
then obtain ¢ h where hM: (e, h) € M and close: d-OUT fa < d-OUT
(plus-current € h) a + 0 by blast
have Field: (g, h) € Field leq using hM by(rule Chains-FieldD[OF M])
then have ¢: current I' €
and unhindered-h: — hindered (I © F (g, h))
and h-curr: current (I' © €) h
and h-w: wave (I' © €) h
and OUT-¢: ¢ # a = d-OUT € z = 0 for z
by (rule e-curr OUT-e h h-w unhindered’)+
let ?ch = plus-current € h
have ch-curr: current T' ?ch using Field unfolding F-simps|[symmetric]

by (rule f)

interpret h: countable-bipartite-web T' © ¢ using e by (rule countable-bipartite-web-minus-web)
interpret eh: countable-bipartite-web T' © %eh using eh-curr by(rule count-
able-bipartite-web-minus-web)
note [simp del] = minus-web-sel(2)
and [simp] = weight-minus-web[OF eh-curr] weight-minus-web[OF SM1,
simplified)

define k where k e = Sup (fst * M) e — ¢ e for ¢
have k-simps: k (z, y) = Sup (fst * M) (z, y) — € (z, y) for z y by(simp add:
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k-def)
have k-alt: k (z, y) = (if x = a A edge T z y then Sup (fst * M) (a, y) — ¢
(a, y) else 0) for z y
by (cases x = a)
(auto simp add: k-simps out-e [OF Field] currentD-outside [OF €] im-
age-comp
introl: SUP-eq-const [OF nempty| dest!: Chains-FieldD [OF M]
intro: currentD-outside [OF e-curr] out-g)
have OUT-k: d-OUT k z = (if x = a then d-OUT (Sup (fst ‘M)) a — d-OUT
€ a else 0) for x
proof —
have d-OUT k z = (if z = a then (3" y. Sup (fst * M) (a, y) — € (a, y))
else 0)
using currentD-outside[OF SM1] currentD-outside[OF e
by (auto simp add: k-alt d-OUT-def intro!: nn-integral-cong)
also have (31 y. Sup (fst * M) (a, y) — € (a, y)) = d-OUT (Sup (fst ‘M))
a— d-OUT € a
using currentD-finite-OUT[OF ¢, of a] hM unfolding d-OUT-def
by (subst nn-integral-diff [symmetric])(auto simp add: AE-count-space introl:
SUP-upper?2)
finally show ?thesis .
qed
have IN-k: d-IN ky = (if edge T a y then Sup (fst * M) (a, y) — € (a, y) else
0) for y
proof —
have d-IN ky = (3.t z. (if edge T z y then Sup (fst * M) (a, y) — € (a,
y) else 0) * indicator {a} z)
unfolding d-IN-def by(rule nn-integral-cong)(auto simp add: k-alt outgo-
ing-def split: split-indicator)
also have ... = (if edge " a y then Sup (fst * M) (a, y) — € (a, y) else 0)
using hM
by(auto simp add: max-def intro!: SUP-upper2)
finally show ?thesis .
qed

have OUT-ch: d-OUT %h x = d-OUT € x + d-OUT h z for z
unfolding plus-current-def by(rule d-OUT-add)+

have IN-eh: d-IN %h x = d-IN ¢ x + d-IN h z for x
unfolding plus-current-def by (rule d-IN-add)+

have OUTI-le’: d-OUT (Sup (fst‘M)) = < weight T z for x
using OUT1-le[of 2] unfolding OUT1 by (simp add: split-beta’)

have k: current (I' © %h) k
proof
fix =
show d-OUT k x < weight (I © %h) z
using a OUTI1-na|of x] currentD-weight-OUT[OF hM2[OF hM], of z
currentD-weight-IN[OF eh-curr, of ]
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currentD-weight-IN[OF e, of ] OUT1-le'[of x]
apply(auto simp add: diff-add-eq-diff-diff-swap-ennreal diff-add-assoc2-ennreal|symmetric]
OUT-k OUT-= OUT-eh IN-eh currentD-OUT'[OF ¢|
IN-¢[OF Field] h.currentD-OUT'[OF h-curr])
apply (subst diff-diff-commute-ennreal)
apply(intro ennreal-minus-mono)
apply(auto simp add: ennreal-le-minus-iff ac-simps less-imp-le OUT1)
done

have x: (| |za€M. fst za (a, )) < d-IN (Sup (fst‘M)) z
unfolding IN1 by (intro SUP-subset-mono) (auto simp: split-beta’
d-IN-ge-point)
also have ... < weight T' z
using INI-le[of z] IN1 by (simp add: split-beta’)
finally show d-IN k x < weight (T © %zh) z
using currentD-weight-IN[OF eh-curr, of ] currentD-weight-OUT[OF
eh-curr, of
currentD-weight-IN[OF hM2[OF hM)], of x] IN-¢[OF Field, of x] *
apply (auto simp add: IN-k outgoing-def IN-ch IN-e A-in diff-add-eq-diff-diff-swap-ennreal)
apply (subst diff-diff-commute-ennreal)
apply (intro ennreal-minus-mono[OF - order-refl])
apply (auto simp add: ennreal-le-minus-iff ac-simps image-comp intro:
order-trans add-mono)
done
show ke = 0 if e ¢ Ep o o, for e
using that by (cases e) (simp add: k-alt)
qed

define ¢ where ¢ = (3. " yeB (I' © %h). d-INky — d-OUT k y)
have g-alt: ¢ = (3.7 ye— A (' © %h). d-IN ky — d-OUT k y) using
disjoint
by (auto simp add: g-def nn-integral-count-space-indicator currentD-outside-OUT[OF
k] currentD-outside-IN|[OF k| not-vertex split: split-indicator introl: nn-integral-cong)
have g¢-simps: ¢ = d-OUT (Sup (fst * M)) a — d-OUT ¢ a
proof —
have ¢ = (3. " y. d-IN k y) using a INI OUT1 OUTI1-na unfolding g-alt
by (auto simp add: nn-integral-count-space-indicator OUT-k IN-e[OF Field]
OUT-e currentD-outside[ OF €| outgoing-def no-loop A-in IN-k introl: nn-integral-cong
split: split-indicator)
also have ... = d-OUT (Sup (fst * M)) a — d-OUT ¢ a using cur-
rentD-finite-OUT|OF e, of a] hM currentD-outside| OF SM1] currentD-outside| OF
é]
by (subst d-OUT-diff [symmetric])(auto simp add: d-OUT-def IN-k intro!:
SUP-upper2 nn-integral-cong)
finally show ?thesis .
qed
have ¢-finite: ¢ # T using currentD-finite-OUT[OF SM1, of a]
by (simp add: g-simps)
have ¢-nonneg: 0 < q using hM by (auto simp add: g-simps intro!: d-OUT-mono
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SUP-upper?2)
have ¢-less-0: ¢ < § using close
unfolding ¢-simps 6-def OUT-eh OUT-f
proof —
let ?F = d-OUT (Sup (fst‘M)) a and 2S5 = d-OUT (Sup (snd‘M)) a
and % = d-OUT ¢ a and ?h = d-OUT h a and %w = weight (I' © f) z
— d-OUT g =
have 2F + ¢?h < ?F + 2§
using hM by (auto introl: add-mono d-OUT-mono SUP-upper2)
also assume ?F + 95 < % + %h 4+ %w
finally have ?h + ?F < ?h + (2w + %)
by (simp add: ac-simps)
then show ?F — % < %w
using currentD-finite-OUT[OF e, of a] hM unfolding ennreal-add-left-cancel-less
by (subst minus-less-iff-ennreal) (auto introl: d-OUT-mono SUP-upper2
simp: less-top)
qed

define ¢’ where ¢’ = plus-current g (Sup (snd * M) — h)
have ¢’-simps: g’ e = g e + Sup (snd * M) e — h e for e
using hM by (auto simp add: g'-def intro!: add-diff-eq-ennreal intro: SUP-upper2)
have OUT-g": d-OUT ¢’ x = d-OUT g x + (d-OUT (Sup (snd ‘ M)) z —
d-OUT h z) for z
unfolding g¢’-simps[abs-def] using ch.currentD-finite-OUT|[OF k] hM
h.currentD-finite-OUT[OF h-curr] hM
apply (subst d-OUT-diff)
apply(auto simp add: add-diff-eq-ennreal[symmetric] k-simps intro: add-increasing
introl: SUP-upper2)
apply(subst d-OUT-add)
apply (auto simp add: add-diff-eq-ennreal[symmetric| k-simps intro: add-increasing
introl:)
apply(simp add: add-diff-eq-ennreal SUP-apply[abs-def])
apply(auto simp add: g’-def image-comp intro: add-diff-eq-ennreal[symmetric]
d-OUT-mono intro: SUP-upper?2)
done
have IN-g” d-IN g’ x = d-IN g x + (d-IN (Sup (snd * M)) x — d-IN h z) for
x
unfolding g’-simps|abs-def] using ch.currentD-finite-IN[OF k] hM h.currentD-finite-IN[OF
h-curr] hM
apply(subst d-IN-diff)
apply (auto simp add: add-diff-eq-ennreal[symmetric| k-simps intro: add-increasing
introl: SUP-upper?2)
apply(subst d-IN-add)
apply(auto simp add: add-diff-eq-ennreal[symmetric] k-simps intro: add-increasing
introl: SUP-upper)
apply (auto simp add: g’-def SUP-apply|abs-def] image-comp introl: add-diff-eq-ennreal[symmetric]
d-IN-mono intro: SUP-upper2)
done
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have h” current (I' © Sup (fst * M)) h using hM by(rule hM2)

let T=T6 %hok

interpret I': web 7T using k by(rule eh.web-minus-web)

note [simp] = ch.weight-minus-web|OF k] h.weight-minus-web[OF h-curr)]
weight-minus-web|OF f-curr] SM1.weight-minus-web[OF h', simplified]

interpret Q: countable-bipartite-web I' © f using f-curr by(rule count-
able-bipartite-web-minus-web)

have x: T © f =T & Sup (fst * M) © Sup (snd * M) unfolding f-def F-simps
using SM1 current by(rule minus-plus-current)
have OUT-k: d-OUT (Sup (fst * M)) ¢ = d-OUT € z + d-OUT k z for x
using OUT1'[of x| currentD-finite-OUT|[OF €] hM
by (auto simp add: OUT-k OUT-¢ add-diff-self-ennreal SUP-upper2)
have IN-¢k: d-IN (Sup (fst * M)) x = d-IN € x + d-IN k x for z
using IN1'[of z] currentD-finite-IN[OF ¢] currentD-outside[OF €| cur-
rentD-outside[OF e-curr]
by (auto simp add: IN-k IN-e[OF Field] add-diff-self-ennreal split-beta nempty
image-comp
dest!: Chains-FieldD[OF M) introl: SUP-eq-const intro: SUP-upper2[OF
hM))
have xx: ' =T & Sup (fst ‘M) © h
proof (rule web.equality)
show weight T' = weight (I' © Sup (fst * M) & h)
using OUT-ek OUT-ch currentD-finite-OUT|OF €| IN-ck IN-eh cur-
rentD-finite-IN[OF €]
by (auto simp add: diff-add-eq-diff-diff-swap-ennreal diff-diff-commute-ennreal)
qed simp-all
have ¢'-alt: g’ = plus-current (Sup (snd * M)) g — h
by (simp add: fun-eq-iff g’-simps add-diff-eq-ennreal add.commute)

have current (I' © Sup (fst * M)) (plus-current (Sup (snd * M)) g) using
current g unfolding *
by (rule SM1.current-plus-current-minus)
hence ¢”: current 7' ¢’ unfolding * *x g’-alt using hM2[OF hM|
by (rule SM1.current-minus)(auto introl: add-increasing2 SUP-upper2 hM)

have wave (I' © Sup (fst * M)) (plus-current (Sup (snd * M)) g) using current
wave g g-w
unfolding * by(rule SM1.wave-plus-current-minus)
then have g’-w: wave T" ¢’ unfolding * *x g’-alt using hM2[OF hM]
by (rule SM1.wave-minus)(auto intro!: add-increasing2 SUP-upper2 hM)

have hindrance-by " ¢’ q

proof
show z € A 7T" using z by simp
show z ¢ Eop (TERor ¢')
proof
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assume z € Eg0 (TERor ¢')
hence OUT-z: d-OUT g’ 2 = 0
and ess: essential I' (BT) (TER ¢ g') z by(simp-all add: SINK .simps)
from ess obtain p y where p: path T zpyand y: y € BT
and bypass: \z. z € set p = z ¢ RF (TERr g’) by(rule essentialE-RF')
auto
from y have y" y ¢ A I using disjoint by blast
from p z y obtain py: p = [y] and edge: edge T z y using disjoint
by(cases)(auto 4 & elim: rtrancl-path.cases dest: bipartite-E)
hence yRF: y ¢ RF (TER o g’') using bypass|of y] by(auto)
with wave-not-RF-IN-zero[OF g’ ¢'-w, of y] have IN-g’-y: d-IN ¢’ y = 0
by (auto intro: roofed-greaterl)
with yRF y y’ have w-y: weight I' y > 0 using currentD-OUT|OF g’,
of y]
by (auto simp add: RF-in-B currentD-SAT[OF ¢'| SINK .simps zero-less-iff-neq-zero)
have y ¢ SAT T 6 f) g
proof
assume y € SAT (T'6 f) g
with y disjoint have IN-g-y: d-IN g y = weight (I' © f) y by(auto simp
add: currentD-SAT[OF g))
have 0 < weight T' y — d-IN (| |JzeM. fst ) y — d-IN h y
using y’ w-y unfolding ** by auto
have d-IN ¢’ y > 0
using y’ w-y hM unfolding *x
apply(simp add: IN-g’ IN-f IN-g-y diff-add-eq-diff-diff-swap-ennreal)
apply (subst add-diff-eq-ennreal)
apply(auto introl: SUP-upper2 d-IN-mono simp: diff-add-self-ennreal
diff-gt-0-iff-gt-ennreal)
done
with IN-g’-y show Fualse by simp
qed
then have y ¢ TERp o 19 by simp
with p y py have essential I' (B I') (TERy ¢ ¢ g) 2 by(auto intro:
essentiall)
moreover with z waveD-separating]OF g-w, THEN separating-RF-A]
have z € £9q (TER9q 9)
by (auto simp add: RF-in-essential)
with z€ show Fulse by contradiction
ged
have 6 < weight T" z — d-OUT g’ z
unfolding *xx OQUT-g’ using z
apply (simp add: §-def OUT-f diff-add-eq-diff-diff-swap-ennreal)
apply (subst (5) diff-diff-commute-ennreal)
apply (rule ennreal-minus-mono[OF - order-refl])
apply (auto simp add: ac-simps diff-add-eq-diff-diff-swap-ennreal| symmetric]
add-diff-self-ennreal image-comp
introl: ennreal-minus-mono| OF order-refl] SUP-upper2[OF hM]
d-OUT-mono)
done
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then show ¢-z: ¢ < weight T' z — d-OUT g’ z using ¢-less-0 by simp
then show d-OUT g’ z < weight T' z using ¢-nonneg z
by (auto simp add: less-diff-eq-ennreal less-top[symmetric] ac-simps T.currentD-finite-OUT[OF
9’
intro: le-less-trans[rotated] add-increasing)
qed
then have hindered-by: hindered-by (' © %h © k) ¢ using g’ g’-w by (rule
hindered-by.intros)
then have hindered (I' © %h) using g¢-finite unfolding g¢-def by —(rule
eh.hindered-reduce-current| OF k])
with unhindered-h show Fualse unfolding F-simps by contradiction
qed
qed

define sat where sat =
(A(e, h).
let
f=F (57 h)7
k = SOME k. current (I © f) k A wave (I' © f) k A (VE'. current (T © f)
E'ANwawe (T ©f)K'NE< K — k=Fk
in
if d-OUT (plus-current f k) a < weight T' a then
let
Q=TIofok
y=SOME y. y € OUTq a A weight Q y > 0;
d =SOME 6.6 > 0 N6 < ennZreal (min (weight Q a) (weight Q y)) A
= hindered (reduce-weight Q y 0)

in
(plus-current € (zero-current((a, y) := 0)), plus-current h k)
else (g, h))

have zero: (zero-current, zero-current) € Field leq
by (rule F-I)(simp-all add: unhindered F-def)

have a-TER: a € TERp o g op k

if that: eh € Field leq

and k: current (I © F €h) k and k-w: wave (I' © F eh) k

and less: d-OUT (plus-current (F eh) k) a < weight T' a for eh k
proof(rule ccontr)

assume — ?Zthesis

hence €: a ¢ 7 ¢ p o, (TERy o p op, k) by auto

from that have f: current T' (F eh) and unhindered: — hindered (I' © F eh)

by (cases eh; simp add: f unhindered’; fail)+

from less have d-OUT k a < weight (I' © F €h) a using a currentD-finite-OUT|[OF
f, of d]
by(simp add: d-OUT-def nn-integral-add less-diff-eq-ennreal add.commute
less-top[symmetric])
with - £ have hindrance (' © F eh) k by(rule hindrance)(simp add: a)
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then have hindered (I' © F ¢h) using k k-w ..
with unhindered show Fualse by contradiction
qed

note minus-web-sel(2)[simp del]

let P-y = Xehky. y € OUTp g pop oo AN weight (T © Fehok)y>0
have Ex-y: Ex (?P-y €h k)

if that: eh € Field leq

and k: current (' © F €h) k and k-w: wave (I' © F eh) k

and less: d-OUT (plus-current (F eh) k) a < weight T’ a for eh k
proof(rule ccontr)

let =T o Fechok

assume x: - ?thesis

interpret I': countable-bipartite-web ' © F eh using f[OF that] by (rule count-
able-bipartite-web-minus-web)
note [simp] = weight-minus-web[OF f[OF that]] T.weight-minus-web|OF k]

have hindrance %) zero-current
proof
show a € A %) using a by simp
show a ¢ E9q (TER o zero-current) (is a ¢ £ ?TER)
proof
assume a € £y TER
then obtain p y where p: path %Q a p y and y: y € B 7Q
and bypass: N\z. z € set p = z ¢ RF o ?TER by(rule £-E-RF')(auto)
from a p y disjoint have Nil: p # [| by(auto simp add: rtrancl-path-simps)
hence edge %Y a (p! 0) p! 0 ¢ RF9q ?TER
using rtrancl-path-nth[OF p, of 0] bypass by auto
with x show Fulse by (auto simp add: not-less outgoing-def intro: roofed-greaterl)
qed

have d-OUT (plus-current (F' €h) k) x = d-OUT (F ¢h) z + d-OUT k z for

by (simp add: d-OUT-def nn-integral-add)
then show d-OUT zero-current a < weight 7 a using less a-TER[OF that
k k-w less] a

by(simp add: SINK .simps diff-gr0-ennreal)

qed
hence hindered 9

by (auto intro!: hindered.intros order-trans|OF currentD-weight-OUT[OF k||
order-trans|OF currentD-weight-IN[OF E]])
moreover have — hindered ?Q using unhindered’|OF that] k k-w by(rule
T.unhindered-minus-web)

ultimately show Fulse by contradiction
qed

have increasing: eh < sat eh A sat eh € Field leq if €h € Field leq for €h
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proof(cases €h)
case (Pair € h)
with that have that: (¢, h) € Field leq by simp
have f: current T' (F (e, h)) and unhindered: — hindered (I' © F (e, h))
and e: current I' €
and h: current (I' © €) h and h-w: wave (I' © €) h and OUT-¢: z # o =
d-OUT € 2 = 0 for x
using that by(rule f unhindered’ e-curr OUT-e h h-w)+
interpret T': countable-bipartite-web T’ & F (e, h) using f by(rule count-
able-bipartite-web-minus-web)
note [simp] = weight-minus-web[OF f]

let ?P-k = Mk. current (' © F (g, h)) k A wave (I' © F (g, b)) k A (VE"
current (I © F (g, h)) k' AN wave (I © F (e, b)) k' Nk < k' — k=Fk’)

define k£ where k = Eps 7P-k

have Er ?P-k by(intro ez-mazimal-wave)(simp-all)

hence ?P-k k unfolding k-def by(rule somel-ex)

hence k: current (I' © F (e, h)) k and k-w: wave (I' © F (e, h)) k

and mazimal: Ak’ [ current (T © F (e, h)) k'; wave (T © F (g, h)) k' k <

k'] = k = k' by blast+

note [simp] = T.weight-minus-web|OF k]

let ?fk = plus-current (F (g, h)) k

have IN-fk: d-IN ?fk © = d-IN (F (e, h)) z + d-IN k z for z
by (simp add: d-IN-def nn-integral-add)

have OUT-fk: d-OUT ?fk x = d-OUT (F (e, h)) ¢ + d-OUT k z for z
by (simp add: d-OUT-def nn-integral-add)

have fk: current T' 2fk using f k by(rule current-plus-current-minus)

show Zthesis
proof(cases d-OUT ?fk a < weight T a)
case less: True

define ) where Q =T © F (¢, h) © k
have B-Q [simp]: B Q = BT by(simp add: Q-def)

have loose: loose Q unfolding Q-def using unhindered k k-w mazimal by (rule
T.loose-minus-web)
interpret : countable-bipartite-web 2 using k unfolding -def
by (rule T'.countable-bipartite-web-minus-web)

have a-&: a € TERp ¢ p (¢ ) k using that k k-w less by(rule a-TER)
then have weight-Q-a: weight Q a = weight ' a — d-OUT (F (e, h)) a
using a disjoint by (auto simp add: roofed-circ-def Q-def SINK .simps)
then have weight-a: 0 < weight ) a using less a-E
by(simp add: OUT-fk SINK .simps diff-gr0-ennreal)

let P-y = A\y. y € OUT(q a A weight Q y > 0
define y where y = Eps ?P-y
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have FEz ?P-y using that k k-w less unfolding Q-def by(rule Fz-y)

hence ?P-y y unfolding y-def by(rule somel-ex)

hence y-OUT: y € OUT(q a and weight-y: weight Q y > 0 by blast+

from y-OUT have y-B: y € B Q by(auto simp add: outgoing-def Q2-def dest:
bipartite-F)

with weight-y have yRF: y ¢ RFp o p (e, h) (TERp & f (e, h) k)

unfolding Q-def using currentD-OUT[OF k, of y] disjoint
by (auto split: if-split-asm simp add: SINK.simps currentD-SAT|[OF k]

roofed-circ-def RF-in-B T.currentD-finite-IN[OF k])

hence IN-k-y: d-IN k y = 0 by(rule wave-not-RF-IN-zero|OF k k-w))

define bound where bound = enn2real (min (weight Q0 a) (weight Q y))
have bound-pos: bound > 0 using weight-y weight-a using Q.weight-finite
by (cases weight Q0 a weight Q y rule: ennreal2-cases)
(simp-all add: bound-def min-def split: if-split-asm)

let 2P-§ = X6. 6 > 0 A & < bound A — hindered (reduce-weight Q0 y 0)
define 6 where § = Eps ?P-)
let 2Q = reduce-weight Q y ¢

from Q.unhinder[OF loose - weight-y bound-pos| y-B disjoint

have Ez ?P-§ by(auto simp add: Q-def)

hence ?P-0 § unfolding ¢-def by(rule somel-ex)

hence §-pos: 0 < § and d-le-bound: 6 < bound and unhindered’: — hindered
2Q by blast+

from -pos have §-nonneg: 0 < § by simp

from §-le-bound §-pos have §-le-a: 6 < weight Q0 a and d-le-y: § < weight Q2

)
by (cases weight Q a weight Q y rule: ennreal2-cases;
simp add: bound-def min-def ennreal-less-iff split: if-split-asm)+
let ' =T © ?fk
interpret I': countable-bipartite-web 7T by (rule countable-bipartite-web-minus-web
)+

note [simp] = weight-minus-web[OF fk]

let %9 = zero-current((a, y) := 9)
have OUT-g: d-OUT %g z = (if x
proof (rule trans)

show d-OUT %9z = (3.1 2. (if z = a then § else 0) * indicator {y} 2)
unfolding d-OUT-def
by (rule nn-integral-cong) simp
show ... = (if £ = a then 0 else 0) using J-pos by (simp add: maz-def)
qed
have IN-g: d-IN ?g x = (if x = y then ¢ else 0) for z
proof (rule trans)
show d-IN ?g z = (3.1 2. (if x = y then § else 0) * indicator {a} 2)
unfolding d-IN-def
by (rule nn-integral-cong) simp

= a then ¢ else 0) for z
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show ... = (if x = y then ¢ else 0) using J-pos by (simp add: maz-def)
qed

have ¢: current " ?g
proof
show d-OUT ?g x < weight 7T x for z
proof(cases x = a)
case Fulse
then show ?thesis using currentD-weight-OUT|[OF fk, of z] cur-
rentD-weight-IN[OF fk, of z]
by (auto simp add: OUT-g zero-ennreal-def[symmetric])
next
case True
then show ?thesis using d-le-a a a-€ §-pos unfolding OUT-g
by (simp add: OUT-g Q-def SINK .simps OUT-fk split: if-split-asm)
qged
show d-IN ?g © < weight I" z for x
proof(cases x = y)
case Fulse
then show ?thesis using currentD-weight-OUT|[OF fk, of z] cur-
rentD-weight-IN[OF fk, of z]
by(auto simp add: IN-g zero-ennreal-def [symmetric])
next
case True
then show ?thesis using 0-le-y y-B a-E §-pos currentD-OUT[OF k, of y]
IN-k-y
by(simp add: OUT-g Q-def SINK.simps OUT-fk IN-fk IN-g split:
if-split-asm)
qed
show ?g e = 0 if e ¢ Egp for e using y-OUT that by(auto simp add: Q-def
outgoing-def)
qed
interpret I'': web T' © 2fk © ?¢ using g by (rule T'.web-minus-web)

let %2’ = plus-current ¢ (zero-current((a, y) := 9))
let ?h' = plus-current h k
have F: F (%', ?h’) = plus-current (plus-current (F (g, h)) k) (zero-current((a,
y) =) Gis - = 2
by (auto simp add: F-simps fun-eq-iff add-ac)
have sat: sat (¢, h) = (%', ?h’) using less
by (simp add: sat-def k-def Q-def Let-def y-def bound-def §-def)

have le: (g, h) < (%', ?h’) using J-pos
by (auto simp add: le-fun-def add-increasing2 add-increasing)

have current (I' © €) ((A-. 0)((a, y) := ennreal §)) using g

by (rule current-weight-mono)(auto simp add: weight-minus-web[OF ¢] introl:
ennreal-minus-mono d-OUT-mono d-IN-mono, simp-all add: F-def add-increasing2)

with ¢ have ¢ current T' %' by (rule current-plus-current-minus)
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moreover have eq-0: d-OUT %'z = 0 if z # a for z unfolding plus-current-def
using that
by (subst d-OUT-add)(simp-all add: 6-nonneg d-OUT-fun-upd OUT-)
moreover
from ¢’ interpret ¢”: countable-bipartite-web I' & %' by (rule countable-bipartite-web-minus-web)
from ¢ interpret ¢: countable-bipartite-web I' © € by (rule countable-bipartite-web-minus-web)
have ¢”: current (I' © ¢) ?g using ¢
apply(rule current-weight-mono)
apply (auto simp add: weight-minus-web|OF ¢] introl: ennreal-minus-mono
d-OUT-mono d-IN-mono)
apply(simp-all add: F-def add-increasing2)
done
have k’: current (I' © € © h) k using k unfolding F-simps minus-plus-current|OF
e hl.
with h have current (T © €) (plus-current h k) by (rule e.current-plus-current-minus)
hence current (I' © ¢€) (plus-current (plus-current h k) ?g) using g unfolding
minus-plus-current[ OF f k]
unfolding F-simps minus-plus-current[OF e h| €. minus-plus-current|OF h
k', symmetric|
by (rule e.current-plus-current-minus)
then have current (I' © € © ?g) (plus-current (plus-current h k) 29 — ?g)
using g’
by (rule e.current-minus)(auto simp add: add-increasing)
then have h': current (I' © %) 2’
by (rule arg-cong2[where f=current, THEN iffD1, rotated —1])
(simp-all add: minus-plus-current| OF e ¢'| fun-eq-iff add-diff-eq-ennreal[symmetric])
moreover have wave (I' © %) ?h’
proof
have separating (I' © ) (TERp o . (plus-current h k))
using k k-w unfolding F-simps minus-plus-current|OF ¢ h]
by (intro waveD-separating e.wave-plus-current-minus|OF h h-w])
moreover have TERy o . (plus-current h k) C TERp o 2’ (plus-current
h k)
by (auto 4 4 simp add: SAT.simps weight-minus-web[OF &] weight-minus-web[OF
] split: if-split-asm elim: order-trans[rotated] intro!: ennreal-minus-mono d-IN-mono
add-increasing? 0-nonneg)
ultimately show sep: separating (I' © %) (TERp o 4.0 ?h')
by (simp add: minus-plus-current[|OF ¢ g’ separating-weakening)
qged(rule h'")
moreover
have — hindered (T' © F (%', ?h’)) using unhindered’
proof (rule contrapos-nn)
assume hindered (I' © F (%', ?h’))
thus hindered )
proof (rule hindered-mono-web[rotated —1])
show weight %) z = weight (' © F (%', ?h")) zif 2z ¢ A (T & F (%,
?h")) for z
using that unfolding F'’

apply(cases z = y)
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apply (simp-all add: Q-def minus-plus-current[ OF fk g] T'".weight-minus-web[ OF
9] IN-g)
apply (simp-all add: plus-current-def d-IN-add diff-add-eq-diff-diff-swap-ennreal
currentD-finite-IN[OF f])
done
have y # a using y-B a disjoint by auto
then show weight (I' © F (%', ?h")) z < weight %Q zif z€¢ A (T' & F
(%', ?n")) for z
using that y-B disjoint §-nonneg unfolding F’
apply(cases z = a)
apply (simp-all add: Q-def minus-plus-current| OF fk g] T''.weight-minus-web] OF
9] OUT-g)
apply(auto simp add: plus-current-def d-OUT-add diff-add-eq-diff-diff-swap-ennreal
currentD-finite-OUT|OF f])
done
qed(simp-all add: Q-def)
qed
ultimately have (%', ?h") € Field leq by—(rule F-I)
with Pair le sat that show ?thesis by(auto)
next
case Fulse
with currentD-weight-OUT[OF fk, of a] have d-OUT ?fk a = weight T a by
stmp
have sat eh = eh using Fualse Pair by(simp add: sat-def k-def)
thus ?thesis using that Pair by(auto)
qged
qed

have bourbaki-witt-fixpoint Sup leq sat using increasing chain-Field unfolding
leg-def
by (intro bourbaki-witt-fizpoint-restrict-rel)(auto intro: Sup-upper Sup-least)
then interpret bourbaki-witt-fixpoint Sup leq sat .

define f where f = fizp-above (zero-current, zero-current)
have Field: f € Field leq using fizp-above-Field|OF zero] unfolding f-def .
then have f: current I' (F f) and unhindered: — hindered (I' © F f)
by (cases f; simp add: f unhindered’; fail)+
interpret I': countable-bipartite-web T' © F f using f by (rule countable-bipartite-web-minus-web)
note [simp] = weight-minus-web[ OF f]
have Field" (fst f, snd f) € Field leq using Field by simp

let ?P-k = \k. current (T © F f) k A wave (T © F f) kA (VE". current (T © F
HDENwawe TOFHENELSE —k=Fk

define k£ where k = Eps ?P-k

have Ezx ?P-k by(intro ez-mazimal-wave)(simp-all)

hence ?P-k k unfolding k-def by(rule somel-ex)

hence k: current (I' © F f) k and k-w: wave (I’ © F f) k

and mazimal: Nk’ [ current (T © F f) k' wave T © Ff) k' E<k' ] =k

= k' by blast+
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note [simp] = T".weight-minus-web[ OF k]

let ?fk = plus-current (F f) k

have IN-fk: d-IN ?fk © = d-IN (F f) © + d-IN k z for z
by(simp add: d-IN-def nn-integral-add)

have OUT-fk: d-OUT ?fk x = d-OUT (F f) z + d-OUT k z for z
by (simp add: d-OUT-def nn-integral-add)

have fk: current I' ?fk using f k by (rule current-plus-current-minus)

have d-OUT ?fk a > weight T" a
proof (rule ccontr)
assume — ?thesis
hence less: d-OUT ?fk a < weight T' a by simp

define () where Q =T o Ffo k
have B-Q [simp]: B Q = BT by(simp add: Q-def)

have loose: loose Q2 unfolding Q-def using unhindered k k-w mazimal by (rule
I'.loose-minus-web)
interpret ): countable-bipartite-web 2 using k unfolding Q-def
by (rule T'.countable-bipartite-web-minus-web)

have a-&: a € TERy ¢ k using Field k k-w less by(rule a-TER)
then have weight Q a = weight T a — d-OUT (F f) a

using a disjoint by (auto simp add: roofed-circ-def Q-def SINK .simps)
then have weight-a: 0 < weight Q o using less a-&

by (simp add: OUT-fk SINK .simps diff-gr0-ennreal)

let ?P-y = A\y. y € OUTq a A weight Q y > 0

define y where y = Eps ?P-y

have Ez ?P-y using Field k k-w less unfolding Q-def by(rule Ez-y)

hence ?P-y y unfolding y-def by(rule somel-ex)

hence y € OUT(, a and weight-y: weight Q0 y > 0 by blast+

then have y-B: y € B Q by(auto simp add: outgoing-def Q-def dest: bipartite-E)

define bound where bound = enn2real (min (weight 0 a) (weight 0 y))
have bound-pos: bound > 0 using weight-y weight-a Q.weight-finite
by (cases weight Q a weight  y rule: ennreal2-cases)
(simp-all add: bound-def min-def split: if-split-asm)

let 7P-§ = X6. 6 > 0 A & < bound A — hindered (reduce-weight Q@ y 0)

define 6 where § = Eps ?P-0

from Q.unhinder|OF loose - weight-y bound-pos] y-B disjoint have Fx ?P-§
by (auto simp add: Q-def)

hence ?P-¢ § unfolding J-def by(rule somel-ex)

hence d-pos: 0 < § by blast+

let ?f' = (plus-current (fst f) (zero-current((a, y) := 0)), plus-current (snd f)
k)
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have sat: ?f' = sat f using less by (simp add: sat-def k-def Q-def Let-def y-def
bound-def §-def split-def)
also have ... = f unfolding f-def using fizp-above-unfold|OF zero] by simp
finally have fst ?f' (a, y) = fst f (a, y) by simp
hence § = 0 using currentD-finite|OF e-curr|OF Field']] 6-pos
by (cases fst f (a, y)) simp-all
with §-pos show Fulse by simp
qed

with currentD-weight-OUT[OF fk, of o] have d-OUT %fk a = weight T' a by
stmp
moreover have current I' ?fk using f k by (rule current-plus-current-minus)
moreover have — hindered (I' © ?fk) unfolding minus-plus-current] OF f k]
using unhindered k k-w by(rule I'.unhindered-minus-web)
ultimately show ¢thesis by blast
qed

end

10.5 Linkability of unhindered bipartite webs

context countable-bipartite-web begin

theorem unhindered-linkable:
assumes unhindered: — hindered I'
shows linkable T’
proof(cases AT = {})
case True
thus ?thesis by (auto intro!: exl[where x=zero-current] linkage.intros simp add:
web-flow-iff )
next
case nempty: False

let P = Afa f'. current (T © f) f' A d-OUT [’ a = weight (T' © f) a A =
hindered (T © f © f7)

define enum where enum = from-nat-into (A T')

have enum-A: enum n € A T for n using from-nat-into|OF nempty, of n]
by (simp add: enum-def)

have vertex-enum [simp]: vertex T' (enum n) for n using enum-A[of n] A-vertex
by blast

define f where f = rec-nat zero-current (An f. let f' = SOME f'. ?P [ (enum
n) fin plus-current f f)

have f-0 [simp]: f 0 = zero-current by (simp add: f-def)

have f-Suc: f (Suc n) = plus-current (f n) (Eps (2P (f n) (enum n))) for n
by (simp add: f-def)

have f: current T (f n)
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and sat: Am. m < n = d-OUT (f n) (enum m) = weight T (enum m)
and unhindered: — hindered (I' © fn) for n
proof (induction n)
case (
{ case I thus ?case by simp }
{ case 2 thus ?Zcase by simp }
{ case 3 thus ?case using unhindered by simp }
next
case (Suc n)
interpret I': countable-bipartite-web T' © f n using Suc.IH(1) by(rule count-
able-bipartite-web-minus-web)

define f’ where f' = Eps (P (f n) (enum n))
have Ez (7P (fn) (enum n)) using Suc.IH(3) by(rule T.unhindered-saturatel )(simp
add: enum-A)
hence ?P (f n) (enum n) f’' unfolding f’-def by(rule somel-ex)
hence [ current (T © fn) [’
and OUT: d-OUT f' (enum n) = weight (I' © fn) (enum n)
and unhindered”. — hindered (T & fn S f') by blast+
have f-Suc: f (Suc n) = plus-current (f n) f' by(simp add: f’-def f-Suc)
{ case 1 show ?case unfolding f-Suc using Suc.IH(1) f’ by(rule cur-
rent-plus-current-minus) }
note [ = this
{ case (2 m)
have d-OUT (f (Suc n)) (enum m) < weight T' (enum m) using f’’ by (rule
currentD-weight-OUT)
moreover have weight T' (enum m) < d-OUT (f (Suc n)) (enum m)
proof(cases m = n)
case True
then show ?thesis unfolding f-Suc using OUT True
by(simp add: d-OUT-def nn-integral-add enum-A add-diff-self-ennreal
less-imp-le)
next
case Fulse
hence m < n using 2 by simp
thus ?thesis using Suc.IH(2)[OF «m < n»] unfolding f-Suc
by(simp add: d-OUT-def nn-integral-add add-increasing2 )
qed
ultimately show ?case by(rule antisym) }
{ case 3 show ?case unfolding f-Suc minus-plus-current|OF Suc.IH(1) ]
by (rule unhindered’) }
qed
interpret I': countable-bipartite-web T' & f n for n using f by(rule count-
able-bipartite-web-minus-web)

have Fz-P: Ex (?P (fn) (enum n)) for n using unhindered by (rule I".unhindered-saturatel)(simp
add: enum-A)
have f-mono: fn < f (Suc n) for n using somel-ex[OF Ez-P, of n|
by (auto simp add: le-fun-def f-Suc enum-A intro: add-increasing2 dest: )
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hence incseq: incseq f by(rule incseg-Sucl)
hence chain: Complete-Partial-Order.chain (<) (range f) by (rule incseg-chain-range)

define g where g = Sup (range f)
have support-flow ¢ C E
by (auto simp add: g-def support-flow.simps currentD-outside [OF f] image-comp
elim: contrapos-pp)
then have countable-g: countable (support-flow g) by(rule countable-subset) simp
with chain - - have g: current T' g unfolding g-def by(rule current-Sup)(auto
simp add: f)
moreover
have d-OUT gz = weight T z if x € AT for z
proof(rule antisym)
show d-OUT g z < weight I' x using g by (rule currentD-weight-OUT)
have countable (A T') using A-vertex by(rule countable-subset) simp
from that subset-range-from-nat-into[OF this] obtain n where z = enum n
unfolding enum-def by blast
with sat[of n Suc n| have d-OUT (f (Suc n)) x > weight T z by simp
then show weight I' x < d-OUT g x using countable-g unfolding g-def
by (subst d-OUT-Sup|OF chain])(auto intro: SUP-upper2)
qged
ultimately show ?thesis by (auto simp add: web-flow-iff linkage.simps)
qed

end

context countable-web begin

theorem loose-linkable: — Theorem 6.2
assumes loose T’
shows linkable T’
proof —
interpret bi: countable-bipartite-web bipartite-web-of T by (rule countable-bipartite-web-of)
have — hindered (bipartite-web-of T') using assms by (rule unhindered-bipartite-web-of)
then have linkable (bipartite-web-of T)
by (rule bi.unhindered-linkable)
then show %thesis by (rule linkable-bipartite-web-ofD) simp
qed

lemma ex-orthogonal-current: — Lemma 4.15
3fS. web-flow T' f N separating ' S A orthogonal-current T' f S

by (rule ex-orthogonal-current’)(rule countable-web.loose-linkable] OF countable-web-quotient-web))

end

10.6 Glueing the reductions together

context countable-network begin
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context begin

qualified lemma maz-flow-min-cut”:

assumes source-in: \z. = edge A z (source A)

and sink-out: A\y. - edge A (sink A) y

and undead: Az y. edge A zy = (Fz. edge A y z) V (2. edge A z 1)

and source-sink: = edge A (source A) (sink A)

and no-loop: N\z. — edge A z z

and capacity-pos: Ne. e € E = capacity A e > 0

shows 3f 5. flow A f A cut A S A orthogonal A f S

by (rule maz-flow-min-cut’)(rule countable-web.ex-orthogonal-current|OF count-
able-web-web-of-network], fact+)

qualified lemma maz-flow-min-cut'”:

assumes sink-out: N\y. - edge A (sink A) y

and source-in: N\x. = edge A x (source A)

and no-loop: \z. — edge A z z

and capacity-pos: Ne. e € E = capacity A e > 0

shows 3f S. flow A f A cut A S A orthogonal A f S
proof —

interpret antiparallel-edges A ..

interpret A’ countable-network A" by(rule A''-countable-network)

have 31 5. flow A" f A cut A" S A orthogonal A" f S

by (rule A”.maz-flow-min-cut’)(auto simp add: sink-out source-in no-loop ca-

pacity-pos elim: edg.cases)

then obtain f S where f: flow A" f and cut: cut A" S and ortho: orthogonal
A’ f S by blast

have flow A (collect f) using f by(rule flow-collect)

moreover have cut A (cut’ S) using cut by(rule cut-cut’)

moreover have orthogonal A (collect f) (cut’ S) using ortho f by(rule orthog-
onal-cut’)

ultimately show ?thesis by blast
qed

qualified lemma mazx-flow-min-cut’":

assumes sink-out: A\y. - edge A (sink A) y

and source-in: N\x. = edge A x (source A)

and capacity-pos: Ne. e € E = capacity A e > 0

shows 3f S. flow A f A cut A S A orthogonal A f S
proof —

interpret antiparallel-edges A ..

interpret A’": countable-network A’ by(rule A''-countable-network)

have 3/ S. flow A" f A cut A" S A orthogonal A" f S

by (rule A".maz-flow-min-cut'’)(auto simp add: sink-out source-in capacity-pos

elim: edg.cases)

then obtain f S where f: flow A" f and cut: cut A’ S and ortho: orthogonal
A" f S by blast

have flow A (collect f) using f by(rule flow-collect)
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moreover have cut A (cut’ S) using cut by(rule cut-cut’)

moreover have orthogonal A (collect f) (cut’ S) using ortho f by(rule orthog-
onal-cut”)

ultimately show “thesis by blast
qed

theorem mazx-flow-min-cut:

JfS. flow A f A cut A S A orthogonal A f S
proof —

interpret A’ countable-network A" by(rule A'’'-countable-network)

have 31 5. flow A" f A cut A" S A orthogonal A" f S by(rule A" .maz-flow-min-cut'"’)
auto

then obtain f S where f: flow A"’ f and cut: cut A"’ S and ortho: orthogonal
A’ f S by blast

from flow-A""[|OF this| show %thesis by blast
qed

end
end

end

theory Max-Flow-Min-Cut-Countable imports
MFMC-Bounded
MFMC-Unbounded

begin

11 The Max-Flow Min-Cut theorem

theorem maz-flow-min-cut-countable:
fixes A (structure)
assumes countable-E [simp]: countable E
and source-neg-sink [simp]: source A # sink A
and capacity-outside: Ve. e ¢ E — capacity A e = 0
and capacity-finite [simpl: ¥ e. capacity A e £ T
shows 3f S. flow A f A cut A S A orthogonal A f S
proof —
interpret countable-network A using assms by (unfold-locales) auto
show ?thesis by(rule maz-flow-min-cut)
qed

hide-const (open) A B weight
end

theory Rel-PMF-Characterisation imports
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Matriz-For-Marginals
begin

12 Characterisation of rel-pmf

proposition rel-pmf-measurel:

fixes p :: ‘a pmf and q :: 'b pmf

assumes le: \A. measure (measure-pmf p) A < measure (measure-pmf q) {y.
Jz€A. Rz y}

shows rel-pmf R p ¢
proof —

let A = set-pmf p and ?f = A\z. ennreal (pmf p x)

and B = set-pmf ¢ and ?g = A\y. ennreal (pmf q y)
define R’ where R’ = {(z, y)€?A x ?B. R z y}

have (3.1 z€?A. ?fz) = (3T ye?B. %g y) (is ?lhs = ?rhs)
and (3.1 ye?B. ?gy) # T (is Zbounded)
proof —
have ?lhs = (3T z. ?fx) ?rhs = (3T y. %9 v)
by (auto simp add: nn-integral-count-space-indicator pmf-eq-0-set-pmf introl:
nn-integral-cong split: split-indicator)
then show %lhs = ?rhs ?bounded by (simp-all add: nn-integral-pmf-eq-1)
qed
moreover
have (3T zeX. 2fz) < (3T yeR’ “ X. ?gy) (is ?lhs < ?rhs) if X C set-pmf
p for X
proof —
have ?lhs = measure (measure-pmf p) X
by (simp add: nn-integral-pmf measure-pmf.emeasure-eq-measure)
also have ... < measure (measure-pmf q) {y. 3z€X. R z y} by(simp add: le)
also have ... = measure (measure-pmf q) (R’ ** X) using that
by(auto 4 8 simp add: R’-def AE-measure-pmf-iff intro!: measure-eq-AE)
also have ... = ?rhs by (simp add: nn-integral-pmf measure-pmf .emeasure-eq-measure)
finally show ?thesis .
qed
moreover have countable ?A countable ?B by simp-all
moreover have R’ C ?A x ¢B by(auto simp add: R’-def)
ultimately obtain A
where supp: Azy. 0 < hzy = (z, y) € R’
and bound: Nz y. hxy # T
and p: N\z. 2 € A= (3. T ye?B. hzy) = 7«
and ¢ \y.y€ ?B= (DT z€?A. hzy) = %9y
by (rule bounded-matriz-for-marginals-ennreal) blast+

let 2z = Az, y). enn2real (h z y)

define z where z = embed-pmf 7z

have nonneg: Azy. 0 < %z zy by clarsimp

have outside: hzy = 0 if © ¢ set-pmfp V y ¢ set-pmf gV — Rz y for z y
using supplof = y| that by(cases h x y > 0)(auto simp add: R’-def)
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have prob: (3. xy. 22 2y) = 1
proof —

have (3" zy. Zzxy) = 0.7 z. 3T 4. (ennreal o 22) (z, y))
unfolding nn-integral-fst-count-space by (simp add: split-def o-def)

also have ... = (3% z. (3. Ty. h z y)) using bound
by (simp add: nn-integral-count-space-reindex ennreal-enn2real-if )
also have ... = (3.1 ze€?4. (3 tye?B. hxy))

by (auto intro!: nn-integral-cong nn-integral-zero’ simp add: nn-integral-count-space-indicator
outside split: split-indicator)
also have ... = (3.1 z€?A. ?fz) by(auto simp add: p intro!: nn-integral-cong)
also have ... = (3.1 z. 7 x)
by(auto simp add: nn-integral-count-space-indicator pmf-eq-0-set-pmf intro!:
nn-integral-cong split: split-indicator)
finally show ?thesis by (simp add: nn-integral-pmf-eq-1)
qed
note z = nonneg prob
have z-sel [simp]: pmf z (z, y) = ennZreal (h z y) for z y
by(simp add: z-def pmf-embed-pmf[OF z])

show ?thesis
proof
show R z y if (z, y) € set-pmf z for x y using that
using that outside|of = y] unfolding set-pmf-iff
by (auto simp add: enn2real-eq-0-iff)

show map-pmf fst z = p
proof (rule pmf-eql)
fix z
have pmf (map-pmf fst z) z = (3.7 e€range (Pair x). pmf z e)
by (auto simp add: ennreal-pmf-map nn-integral-measure-pmf nn-integral-count-space-indicator
introl: nn-integral-cong split: split-indicator)

alsohave ... = (X" y. hzy)
using bound by (simp add: nn-integral-count-space-reindex ennreal-enn2real-if )
also have ... = (3" tye?B. h z y) using outside

by (auto simp add: nn-integral-count-space-indicator introl: nn-integral-cong
split: split-indicator)
also have ... = ?f z using p[of z] apply(cases x € set-pmf p)
by (auto simp add: set-pmf-iff AE-count-space outside intro!: nn-integral-zero”’)
finally show pmf (map-pmf fst z) © = pmf p x by simp
qed

show map-pmf snd z = q
proof (rule pmf-eql)
fix y
have pmf (map-pmf snd z) y = (3. e€range (A\z. (z, y)). pmf z e)
by (auto simp add: ennreal-pmf-map nn-integral-measure-pmf nn-integral-count-space-indicator
introl: nn-integral-cong split: split-indicator)
alsohave ... = (X" z. hzy)
using bound by (simp add: nn-integral-count-space-reindex ennreal-enn2real-if )
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also have ... = (3" tz€?A. h z y) using outside
by (auto simp add: nn-integral-count-space-indicator intro!: nn-integral-cong
split: split-indicator)
also have ... = ?g y using ¢[of y] apply(cases y € set-pmf q)
by (auto simp add: set-pmf-iff AE-count-space outside intro!: nn-integral-zero”’)
finally show pmf (map-pmf snd z) y = pmf q y by simp
qed
qed
qed

12.1 Code generation for rel-pmf

proposition rel-pmf-measurel”:

fixes p :: ‘a pmf and ¢ :: 'b pmf

assumes le: NA. A C set-pmf p = measure-pmf.prob p A < measure-pmf.prob
q {y € set-pmf q. 3z€A. R z y}

shows rel-pmf R p ¢
proof (rule rel-pmf-measurel)

fix A

let YA = A N set-pmf p

have measure-pmf.prob p A = measure-pmf.prob p ?A by(simp add: measure-Int-set-pmf)

also have ... < measure-pmf.prob q {y € set-pmf q. 3z€?A. R z y} by(rule le)
stmp

also have ... < measure-pmf.prob q {y. 3z€A. R z y}

by (rule measure-pmf.finite-measure-mono) auto

finally show measure-pmf.prob p A < ... .

qed

lemma rel-pmf-code [code]:
rel-pmf R p q «—
(let B = set-pmf q in
YV A€ Pow (set-pmf p). measure-pmf.prob p A < measure-pmf.prob ¢ (snd *
Set.filter (case-prod R) (A x B)))
unfolding Let-def
proof (intro iffI strip)
have eq: snd ‘ Set.filter (case-prod R) (A x set-pmf q) = {y. Jz€A. R z y} N
set-pmf q for A
by (auto intro: rev-image-eql simp add: Set.filter-def)
show measure-pmf.prob p A < measure-pmf.prob q (snd * Set.filter (case-prod
R) (A x setpmf q))
if rel-pmf R p ¢ and A € Pow (set-pmf p) for A
using that by(auto dest: rel-pmf-measureD simp add: eq measure-Int-set-pmf)
show rel-pmf R p q if VA€ Pow (set-pmf p). measure-pmf.prob p A < mea-
sure-pmf.prob q (snd ¢ Set.filter (case-prod R) (A x set-pmf q))
using that by (intro rel-pmf-measurel’)(auto intro: ord-le-eq-trans arg-cong2[where
f=measure] simp add: eq)
qed

end
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theory Rel-PMF-Characterisation-MFMC
imports

MFMC-Bounded

MFMC-Unbounded

HOL— Library.Simps-Case-Conv
begin

13 Characterisation of rel-pmf proved via MFMC

context begin
private datatype (‘a, 'b) vertex = Source | Sink | Left 'a | Right b

private lemma inj-Left [simp]: inj-on Left X
by (simp add: inj-on-def)

private lemma inj-Right [simp]: inj-on Right X
by (simp add: inj-on-def)

context fixes p :: ‘a pmf and ¢ :: ‘b pmf and R :: 'a = 'b = bool begin

private inductive edge’ :: (‘a, 'b) vertex = (‘a, 'b) vertex = bool where
edge’ Source (Left x) if x € set-pmf p

| edge’ (Left ) (Right y) if R x y © € set-pmf p y € set-pmf q

| edge’ (Right y) Sink if y € set-pmf q

private inductive-simps edge’-simps [simp]:
edge’ zv (Left )
edge’ (Left z) (Right y)
edge’ (Right y) yv
edge’ Source (Right y)
edge’ Source Sink
edge’ xv Source
edge’ Sink yv
edge’ (Left z) Sink

private inductive-cases edge’-SourceE [elim!]: edge’ Source yv
private inductive-cases edge’-LeftE [elim!]: edge’ (Left z) yv
private inductive-cases edge’-RightE [elim!]: edge’ zv (Right y)
private inductive-cases edge’-SinkE [elim!]: edge’ zv Sink

private function cap :: (‘a, 'b) vertex flow where

cap (zv, Left x) = (if zv = Source then ennreal (pmf p z) else 0)
| cap (Left x, Right y) =

(if Rz y Nz € set-pmfp Ay € set-pmf q

then pmf q y — Return pmf ¢ y so that total weight of z’s neighbours is finite,
i.e., the network satisfies bounded-countable-network.
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else 0)
| cap (Right y, yv) = (if yv = Sink then ennreal (pmf q y) else 0)
| cap (Source, Right y) = 0
| cap (Source, Sink) = 0
| cap (zv, Source) = 0
| cap (Sink, yv) = 0
| cap (Left x, Sink) = 0
by pat-completeness auto
termination by lexicographic-order

private definition A :: (‘a, 'b) vertex network
where A = (edge = edge’, capacity = cap, source = Source, sink = Sink)

private lemma A-sel [simp]:
edge A = edge’
capacity A = cap
source A = Source
sink A = Sink
by (simp-all add: A-def)

private lemma IN-Left [simp]: INA (Left ) = (if z € set-pmf p then {Source}
else {})

by (auto simp add: incoming-def)
private lemma OUT-Right [simp]: OUTA (Right y) = (if y € set-pmf q then
{Sink} else {})

by (auto simp add: outgoing-def)

interpretation network: countable-network A
proof
show source A # sink A by simp
show capacity A e = 0 if e ¢ Ex for e using that
by (cases e; cases fst e; cases snd e)(auto simp add: pmf-eq-0-set-pmf)
show capacity A e # top for e by(cases e rule: cap.cases)(auto)
have Ep C ((Pair Source o Left) * set-pmf p) U (map-prod Left Right ¢ (set-pmf
p X set-pmf q)) U ((Ay. (Right y, Sink)) ¢ set-pmf q)
by (auto elim: edge’.cases)
thus countable EA by(rule countable-subset) auto
qged

private lemma OUT-cap-Source: d-OUT cap Source = 1
proof —
have d-OUT cap Source = (3, y€range Left. cap (Source, y))
by(auto 4 4 simp add: d-OUT-def nn-integral-count-space-indicator intro!:
nn-integral-cong network.capacity-outside[simplified] split: split-indicator)

also have ... = (3. y. pmf p y) by(simp add: nn-integral-count-space-reindex)
also have ... = 1 by(simp add: nn-integral-pmf)
finally show ?thesis .

qed

private lemma IN-cap-Left: d-IN cap (Left ©) = pmfp x
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by (subst d-IN-alt-def [of - A])(simp-all add: pmf-eg-0-set-pmf nn-integral-count-space-indicator
maz-def)
private lemma OUT-cap-Right: d-OUT cap (Right y) = pmf q y

by (subst d-OUT-alt-def [of - A])(simp-all add: pmf-eq-0-set-pmf nn-integral-count-space-indicator
max-def)

private lemma rel-pmf-measurel-aux:

assumes ezx-flow: Af S. flow A f N cut A S N\ orthogonal A f S

and le: A\ A. measure (measure-pmf p) A < measure (measure-pmf q) {y. Jz€A.
Rz y}

shows rel-pmf R p ¢
proof —

from ez-flow obtain f S

where f: flow A f and cut: cut A S and ortho: orthogonal A f S by blast
from cut obtain Source: Source € S and Sink: Sink ¢ S by cases simp

have f-finite [simp]: f e < top for e
using network.flowD-finite[OF f, of €] by (simp-all add: less-top)

have IN-f-Left: d-IN f (Left x) = f (Source, Left x) for z
by (subst d-IN-alt-def[of - A])(simp-all add: nn-integral-count-space-indicator
maz-def network.flowD-outside[ OF f])
have OUT-f-Right: d-OUT f (Right y) = f (Right y, Sink) for y
by (subst d-OUT-alt-def [of - A])(simp-all add: nn-integral-count-space-indicator
maz-def network.flowD-outside| OF f])

have value-flow A f < 1 using flowD-capacity-OUT[OF f, of Source] by (simp
add: OUT-cap-Source)
moreover have I < value-flow A f
proof —
let ?L = Left —° S N set-pmf p
let ?R' = {yly z. € set-pmfp A Leftx € S AN Rz y Ay € set-pmf ¢ A\ Right
y €S}
let R" ={ylyz. z € set-pmfp A Leftz € SANRzy Ay € set-pmf g A —
Right y € S}
have value-flow A f = (3. T x€range Left. f (Source, z)) unfolding d-OUT-def
by(auto simp add: nn-integral-count-space-indicator introl: nn-integral-cong
network. flowD-outside[OF f] split: split-indicator)
also have ... = (31 z. f (Source, Left ) x indicator ?L z) + (3. . f
(Source, Left x) x indicator (— ?L) x)
by (subst nn-integral-add[symmetric])(auto simp add: nn-integral-count-space-reindex
introl: mn-integral-cong split: split-indicator)
also have (3" 1 z. f (Source, Left z) = indicator (— ?L) z) = (3, ze— ?L.
cap (Source, Left 1))
using orthogonalD-out] OF ortho - Source]
apply(auto simp add: set-pmf-iff network.flowD-outside[ OF f] nn-integral-count-space-indicator
introl: nn-integral-cong split: split-indicator)
subgoal for = by(cases x € set-pmf p)(auto simp add: set-pmf-iff net-
work.flowD-outside[ OF f])
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done
also have ... = (3. " ze— ?L. pmf p 1) by simp
also have ... = emeasure p (— ?L) by(simp add: nn-integral-pmf)
also have (3" z. f (Source, Left x) * indicator ?L z) = (3.t z€?L. d-IN f
(Left x))
by (subst d-IN-alt-def[of - A])(auto simp add: network.flowD-outside] OF f]
nn-integral-count-space-indicator introl: nn-integral-cong)

also have ... = (3.1 z€?L. d-OUT [ (Left z))
by (rule nn-integral-cong flowD-KIR|OF f, symmetric])+ simp-all
also have ... = (3" z. 3" y. f (Left z, y) = indicator (range Right) y *

indicator ?L x)
by (auto simp add: d-OUT-def nn-integral-count-space-indicator intro!: nn-integral-cong
network. flowD-outside[OF f] split: split-indicator)
also have ... = (3_ 1 yerange Right. >+ z. f (Left z, y) * indicator ?L x)
by (subst nn-integral-fst-count-space[where f=case-prod -, simplified))
(simp add: nn-integral-snd-count-space[where f=case-prod -, simplified]
nn-integral-count-space-indicator nn-integral-cmult[symmetric] mult-ac)

also have ... = (3° %1 y. > x. f (Left z, Right y) x indicator ?L x)
by (simp add: nn-integral-count-space-reindex)
also have ... = (3% y. > " z. f (Left », Right y) = indicator ?L = x indicator
R’ y) +

" F 4. SoF a. f (Left x, Right y) * indicator 2L z * indicator 2R y)
by (subst nn-integral-add]symmetric]; simp)
(subst nn-integral-add]symmetricl; auto intro!: nn-integral-cong split: split-indicator
introl: network.flowD-outside[OF f])
also have (3. y. >° T z. f (Left =, Right y) * indicator ?L z x indicator ?R’
- 4. Stz f (Left x, Right y) x indicator ?R’ y)
apply (clarsimp simp add: network.flowD-outside| OF f] introl: nn-integral-cong
split: split-indicator)
subgoal for y = by(cases edge A (Left x) (Right y))(auto intro: orthogo-
nalD-in[OF ortho] network.flowD-outside[OF f])

done

also have ... = (3.7 y. >_ " z€range Left. f (z, Right y) * indicator 2R’ y)
by (simp add: nn-integral-count-space-reindex)

also have ... = (3.t ye?R’. d-IN f (Right y))

by (subst d-IN-alt-def[of - Al)(auto simp add: network.flowD-outside[OF f]
nn-integral-count-space-indicator incoming-def intro!: nn-integral-cong split: split-indicator)

also have ... = (3. " ye?R’". d-OUT f (Right y)) using flowD-KIR[OF f] by
stmp
also have ... = (3" ye€?R’. d-OUT cap (Right y))

by (auto 4 8 introl: nn-integral-cong simp add: d-OUT-def network.flowD-outside[ OF
f] Sink dest: intro: orthogonalD-out[OF ortho, of Right - Sink, simplified])

also have ... = (3. " ye?R’. pmf q y) by(simp add: OUT-cap-Right)

also have ... = emeasure ¢ ?R’ by(simp add: nn-integral-pmf)

also have (3. y. > " z. f (Left , Right y)  indicator ?L z  indicator ?R"
y) > emeasure ¢ R’ (is ?lhs > -)

proof —

have ?lhs = (31 y. D> 1 . (if R z y then pmf q y else 0) * indicator ?L x
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* indicator 7R y)
by (rule nn-integral-cong)+(auto split: split-indicator simp add: network.flowD-outside[ OF
1] simp add: orthogonalD-out[|OF ortho, of Left - Right -, simplified])
also have ... > (3° 1 y. pmf q y x indicator ?R" y)
by (rule nn-integral-mono)(auto split: split-indicator intro: order-trans[OF -
nn-integral-ge-point])
also have (3.1 y. pmf q y * indicator ?R" y) = (3. T ye?R". pmf q y)
by (auto simp add: nn-integral-count-space-indicator intro!: nn-integral-cong
split: split-indicator)
finally show ?thesis by(simp add: nn-integral-pmf)
qed
ultimately have value-flow A f > emeasure ¢ R’ + emeasure ¢ ?R’ +
emeasure p (— ?L)
by (simp add: add-right-mono)
also have emeasure ¢ R’ + emeasure q R = emeasure q {y|ly x. © € set-pmf
pALeftz € SANRxzy Ay € set-pmf q}
by (subst plus-emeasure)(auto introl: arg-cong2|where f=emeasure])
also have ... > emeasure p ?L using le[of ?L]
by (auto elim!: order-trans simp add: measure-pmf.emeasure-eq-measure A E-measure-pmf-iff
introl: measure-pmf.finite-measure-mono-AE)
ultimately have value-flow A f > emeasure (measure-pmf p) ?L + emeasure
(measure-pmf p) (— ¢L)
by (smt (verit, best) add-right-mono inf.absorb-iff2 le-inf-iff)
also have emeasure (measure-pmf p) ¢L + emeasure (measure-pmf p) (— ¢L)
= emeasure (measure-pmf p) (?L U — ?L)
by (subst plus-emeasure) auto
also have 7L U —?L = UNIV by blast
finally show ?thesis by simp
qed
ultimately have val: value-flow A f = 1 by simp

have SAT-p: f (Source, Left x) = pmf p z for
proof(rule antisym)
show [ (Source, Left ) < pmf p « using flowD-capacity[OF f, of (Source, Left
z)] by simp
show pmf p z < f (Source, Left z)
proof (rule ccontr)
assume *: — ?thesis
have finite: (3. % y. f (Source, Left y) x indicator (— {z}) y) # oo
proof —
have (3" y. f (Source, Left y) * indicator (— {z}) y) < 3.1 ye€range
Left. f (Source, y))
by (auto simp add: nn-integral-count-space-reindex introl: nn-integral-mono
split: split-indicator)
also have ... = value-flow A f
by(auto simp add: d-OUT-def nn-integral-count-space-indicator introl:
nn-integral-cong network.flowD-outside[OF f| split: split-indicator)
finally show ?thesis using val by (auto simp: top-unique)
qed
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have value-flow A f = (3. % yerange Left. f (Source, y))
by(auto simp add: d-OUT-def nn-integral-count-space-indicator intro!:
nn-integral-cong network.flowD-outside|OF f| split: split-indicator)
also have ... = (3_ %" y. f (Source, Left y) * indicator (— {z}) y) + O
y. [ (Source, Left y) * indicator {z} y)
by (subst nn-integral-add]symmetric])(auto simp add: nn-integral-count-space-reindex
introl: nn-integral-cong split: split-indicator)
also have ... < (3. y. f (Source, Left y) * indicator (— {z}) y) + O_ T
y. pmf p y x indicator {z} y) using x finite
by (auto simp add:)
also have ... < (X" y. pmf p y * indicator (— {z}) y) + " y. pmfpy
* indicator {z} y)
using flowD-capacity|OF f, of (Source, Left -)]
by (auto introl: nn-integral-mono split: split-indicator)
also have ... = (3. y. pmfp y)
by (subst nn-integral-add[symmetric])(auto intro!: nn-integral-cong split:
split-indicator)

also have ... = I unfolding nn-integral-pmf by simp
finally show Fulse using val by simp
qed
qged

have IN-Sink: d-IN f Sink = 1
proof —
have d-IN f Sink = (3.1 z€range Right. f (z, Sink)) unfolding d-IN-def
by (auto introl: nn-integral-cong network. flowD-outside[OF f] simp add: nn-integral-count-space-indicator
split: split-indicator)

also have ... = (3. " y. d-OUT f (Right y)) by (simp add: nn-integral-count-space-reindex
OUT-f-Right)

also have ... = (3_ %1 y. d-IN f (Right y)) by(simp add: flowD-KIR[OF f])

also have ... = (3.1 y. (0. z€range Left. f (z, Right y)))

by (auto simp add: d-IN-def nn-integral-count-space-indicator introl: nn-integral-cong
network. flowD-outside[OF f] split: split-indicator)
alsohave ... = (3. " 4. > " . f (Left z, Right y)) by (simp add: nn-integral-count-space-reindez)
also have ... = (3_ " 2. 3" y. f (Left z, Right y))
by (subst nn-integral-fst-count-space[where f=case-prod -, simplified])(simp
add: nn-integral-snd-count-space[where f=case-prod -, simplified])

also have ... = (3.1 z. (3. y€range Right. f (Left z, y)))
by (simp add: nn-integral-count-space-reindex)
also have ... = (3_ %" 2. d-OUT f (Left z)) unfolding d-OUT-def

by (auto intro!: nn-integral-cong network. flowD-outside[ OF f] simp add: nn-integral-count-space-indicator
split: split-indicator)

also have ... = (3. z. d-IN f (Left z)) by(simp add: flowD-KIR|OF f])
also have ... = (3. z. pmf p z) by(simp add: IN-f-Left SAT-p)
also have ... = I unfolding nn-integral-pmf by simp
finally show ?thesis .
qed

have SAT-q: f (Right y, Sink) = pmf q y for y
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proof(rule antisym)
show f (Right y, Sink) < pmf q y using flowD-capacity[OF f, of (Right vy,
Sink)] by simp
show pmf q y < f (Right y, Sink)
proof (rule ccontr)
assume *: - ?thesis
have finite: (3. z. f (Right z, Sink) x indicator (— {y}) z) # oo
proof —
have (37 z. f (Right z, Sink) * indicator (— {y}) z) < 0.1 zE€range
Right. f (x, Sink))
by (auto simp add: nn-integral-count-space-reindex introl: nn-integral-mono
split: split-indicator)
also have ... = d-IN f Sink
by(auto simp add: d-IN-def nn-integral-count-space-indicator intro!:
nn-integral-cong network.flowD-outside[OF f] split: split-indicator)
finally show ?thesis using IN-Sink by (auto simp: top-unique)
qed
have d-IN f Sink = (3. + z€range Right. f (z, Sink))
by (auto simp add: d-IN-def nn-integral-count-space-indicator introl: nn-integral-cong
network. flowD-outside[OF f] split: split-indicator)
also have ... = (3. T z. f (Right z, Sink) * indicator (— {y}) z) + O_ 1 z.
f (Right z, Sink) * indicator {y} )
by (subst nn-integral-add]symmetric])(auto simp add: nn-integral-count-space-reindex
introl: mn-integral-cong split: split-indicator)
also have ... < (3T z. f (Right z, Sink) * indicator (— {y}) z) + O_ T z.
pmf q x % indicator {y} x) using * finite
by auto
also have ... < (3.1 z. pmf q z * indicator (— {y}) z) + O z. pmf q =
* indicator {y} x)
using flowD-capacity|OF f, of (Right -, Sink))
by (auto introl: nn-integral-mono split: split-indicator)
also have ... = (3" z. pmf q z)
by (subst nn-integral-add[symmetric])(auto intro!: nn-integral-cong split:
split-indicator)

also have ... = I unfolding nn-integral-pmf by simp
finally show Fulse using IN-Sink by simp
qged
qed

let 72 = Az, y). enn2real (f (Left z, Right y))
have nonneg: Azy. 0 < 2z zy by clarsimp
have prob: (3.1 zy. 2z ay) = 1
proof —
have (3" zy. Zzzy) = O_ T z. X7 4. (ennreal o 22) (z, y))
unfolding nn-integral-fst-count-space by (simp add: split-def o-def)

also have ... = (3_ 1 2. (3] Tyerange Right. f (Left z, y)))
by (auto simp add: nn-integral-count-space-reindex introl: nn-integral-cong)
also have ... = (3" z. d-OUT f (Left x))

by (auto simp add: d-OUT-def nn-integral-count-space-indicator split: split-indicator
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introl: nn-integral-cong network.flowD-outside[ OF f])

also have ... = (3. z. d-IN f (Left z)) using flowD-KIR[OF f] by simp

also have ... = (3. ™ z€range Left. f (Source, x)) by(simp add: nn-integral-count-space-reindex
IN-f-Left)

also have ... = value-flow A f

by (auto simp add: d-OUT-def nn-integral-count-space-indicator intro!: nn-integral-cong
network. flowD-outside[OF f] split: split-indicator)
finally show ?thesis using val by(simp)
qed
note z = nonneg prob
define z where z = embed-pmf 7z
have z-sel [simp]: pmf z (z, y) = ennZreal (f (Left z, Right y)) for = y
by (simp add: z-def pmf-embed-pmf[OF z])

show ?thesis
proof
show R z y if (z, y) € set-pmf z for z y
using that network.flowD-outside[OF f, of (Left x, Right y)] unfolding
set-pmf-iff
by (auto simp add: enn2real-eq-0-iff)

show map-pmf fst z = p
proof (rule pmf-eqI)
fix z
have pmf (map-pmf fst z) z = (3.7 e€range (Pair x). pmf z e)
by (auto simp add: ennreal-pmf-map nn-integral-measure-pmf nn-integral-count-space-indicator
introl: mn-integral-cong split: split-indicator)
also have ... = (3 T yerange Right. f (Left x, y)) by (simp add: nn-integral-count-space-reindez)
also have ... = d-OUT f (Left x)
by(auto simp add: d-OUT-def nn-integral-count-space-indicator intro!:
nn-integral-cong network.flowD-outside[OF f] split: split-indicator)

also have ... = d-IN f (Left z) by(rule flowD-KIR[OF f]) simp-all
also have ... = f (Source, Left z) by(simp add: IN-f-Left)
also have ... = pmf p z by(simp add: SAT-p)
finally show pmf (map-pmf fst z) © = pmf p x by simp
qed

show map-pmf snd z = q
proof (rule pmf-eqI)
fix y
have pmf (map-pmf snd z) y = (3. e€range (A\z. (z, y)). pmf z )
by (auto simp add: ennreal-pmf-map nn-integral-measure-pmf nn-integral-count-space-indicator
introl: mn-integral-cong split: split-indicator)
also have ... = (3. z€range Left. f (z, Right y)) by(simp add: nn-integral-count-space-reindez)
also have ... = d-IN f (Right y)
by (auto simp add: d-IN-def nn-integral-count-space-indicator introl: nn-integral-cong
network. flowD-outside[OF f] split: split-indicator)
also have ... = d-OUT f (Right y) by(simp add: flowD-KIR[OF f])
also have ... = f (Right y, Sink) by(simp add: OUT-f-Right)
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also have ... = pmf q y by(simp add: SAT-q)
finally show pmf (map-pmf snd z) y = pmf q y by simp
qed
qed
qed

proposition rel-pmf-measurel-unbounded: — Proof uses the unbounded max-flow
min-cut theorem

assumes le: \A. measure (measure-pmf p) A < measure (measure-pmf q) {y.
Jz€A. Rz y}

shows rel-pmf R p ¢

using assms by (rule rel-pmf-measurel-auz[OF network.maz-flow-min-cut])

interpretation network: bounded-countable-network A
proof
have OUT-Left: d-OUT cap (Left ) < 1 for z
proof —
have d-OUT cap (Left ©) < (3. yerange Right. cap (Left z, y))
by (subst d-OUT-alt-def [of - A])(auto intro: network.capacity-outside[simplified]
introl: nn-integral-mono simp add: nn-integral-count-space-indicator outgoing-def
split: split-indicator)

also have ... = (3. " . cap (Left z, Right y)) by (simp add: nn-integral-count-space-reindez)
also have ... < (3. y. pmf q y) by(rule nn-integral-mono)(simp)
also have ... = 1 by(simp add: nn-integral-pmf)
finally show ?thesis .

qged

show d-OUT (capacity A) x < T if x € VA © # source A © # sink A for z
using that by(cases z)(auto simp add: OUT-cap-Right intro: le-less-trans|OF
OUT-Left))
qed

proposition rel-pmf-measurel-bounded: — Proof uses the bounded max-flow min-
cut theorem

assumes le: AA. measure (measure-pmf p) A < measure (measure-pmf q) {y.
JzeA. Rz y}

shows rel-pmf R p ¢

using assms by (rule rel-pmf-measurel-auz| OF network.max-flow-min-cut-bounded))

end

end

interpretation rel-spmf-characterisation by unfold-locales(rule rel-pmf-measurel-bounded)
corollary rel-pmf-distr-mono: rel-pmf R OO rel-pmf S < rel-pmf (R OO S)

— This fact has already been proven for the registration of ‘a pmf as a BNF, but this

proof is much shorter and more elegant. See [3] for a comparison of formalisations.

proof (intro le-funl le-booll rel-pmf-measurel-bounded, elim relcomppE)
fixpgrA
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assume pq: rel-pmf R p q and gr: rel-pmf S q r

have measure (measure-pmf p) A < measure (measure-pmf q) {y. 3z€A. R = y}
(is - < measure - ¢B) using pq by(rule rel-pmf-measureD)

also have ... < measure (measure-pmf r) {z. 3y€?B. Sy z}
using ¢r by(rule rel-pmf-measureD)

also have {z. Jye?B. Sy z} = {z. Jz€A. (R OO0 S) z z} by auto

finally show measure (measure-pmf p) A < measure (measure-pmf r) ...

qed

end
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